R.W. Sharpe 


Differential Geometry 


Cartan’s Generalization 
of Klein’s Erlangen Program 


Foreword by S.S. Chern 


With 104 Illustrations 


> Springer 


R.W. Sharpe 

Department of Mathematics 
University of Toronto 
Toronto, M5S 1A1 

Canada 


Editorial Board 


S. Axler F.W. Gehring P.R. Halmos 
Department of Department of Department of 
Mathematics Mathematics Mathematics 


Michigan State University | University of Michigan Santa Clara University 
East Lansing, MI 48824 Ann Arbor, MI 48109 Santa Clara, CA 95053 
USA USA USA 


Mathematics Subject Classification (1991): 53-01, 53A40, 53A20, 53B21 


Library of Congress Cataloging-in-Publication Data 
Sharpe, R.W. (Richard W.) 
Differential geometry : Cartan’s generalization of Klein’s 
Erlangen program / by R.W. Sharpe. 
p. cm. — (Graduate texts in mathematics ; 166) 
Includes bibliographic references and index. 
ISBN 0-387-94732-9 (hard : alk. paper 
1. Geometry, Differential. I. Title. II. Series. 
QA641.S437 1996 
516.3’6—dc20 96-13757 


Printed on acid-free paper. 


© 1997 R.W. Sharpe 

All rights reserved. This work may not be translated or copied in whole or in part without 
the written permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Av- 
enue, New York, NY 10010, USA), except for brief excerpts in connection with reviews or 
scholarly analysis. Use in connection with any form of information storage and retrieval, 
electronic adaptation, computer software, or by similar or dissimilar methodology now 
known or hereafter developed is forbidden. 

The use of general descriptive names, trade names, trademarks, etc., in this publication, 
even if the former are not especially identified, is not to be taken as a sign that such 
names, as understood by the Trade Marks and Merchandise Marks Act, may accordingly 
be used freely by anyone. 


Production managed by Robert Wexler; manufacturing supervised by Jacqui Ashri. 
Photocomposed pages prepared by Sirovich, Warren, R.I. in TẸX using Springer’s svsing 
macro. 

Printed and bound by R.R Donnelley and Sons, Harrisonburg, VA. 

Printed in the United States of America. 


987654321 


ISBN 0-387-94732-9 Springer-Verlag New York Berlin Heidelberg SPIN 10534001 


Foreword 


I am honored by Professor Sharpe’s request to write a forward to his beau- 
tiful book. 

In his preface he asks the innocent question, “Why is differential ge- 
ometry the study of a connection on a principal bundle?” The answer is 
of course very simple; because Euclidean geometry studies a connection 
on a principal bundle, and all geometries are in a sense generalizations of 
Euclidean geometry. 

In fact, let E” be the Euclidean space of n dimensions. We call an or- 
thonormal frame z, €1,...,€n (n+1 vectors), where z is the position vector 
and e; have the scalar products 


(ei, €j) = bi, 1S j <n. 


Then the space of all orthonormal frames is a principal fiber bundle with 
group O(n) and base space E”, the projection being defined by mapping 
T, €1,---,€n to x. The equations 


de; = ` WijEj, l<i<n, 
1<j<n 


define the Maurer-Cartan forms w;;, with 
Wij + WwWji =Q, LS 9 Sn: 


They satisfy the Maurer—Cartan equations 
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This is Euclidean geometry by moving frames. The w;,; define the paral- 
lelism or connection. The Maurer—Cartan equations say that the connection 
is flat. This formulation has a great generalization. 

As in all disciplines, the development of differential geometry is tortuous. 
The basic notion is that of a manifold. This is a space whose coordinates 
are defined up to some transformation and have no intrinsic meaning. The 
notion is original, bold, and powerful. Naturally, it took some time for the 
concept to be absorbed and the technology to be developed. For example, 
the great mathematician Jacques Hadamard “felt insuperable difficulty ... 
in mastering more than a rather elementary and superficial knowledge of 
the theory of Lie groups,” a notion based on that of a manifold [1]. Also, 
it took Einstein seven years to pass from his special relativity in 1908 to 
his general relativity in 1915. He explained the long delay in the following 
words: “Why were another seven years required for the construction of the 
general theory of relativity? The main reason lies in the fact that it is not so 
easy to free oneself from the idea that coordinates must have an immediate 
metrical meaning.” [2] 

On the technology side the breakthrough was achieved by the tensor 
analysis of Ricci calculus. The central theme was Riemannian geometry, 
which Riemann formulated in 1854. Its fundamental problem is the “form 
problem”: To decide when two Riemannian metrics differ by a change in 
coordinates. This problem was solved by E. Christoffel and R. Lipschitz 
in 1870. Christoffel’s solution introduces a covariant differentiation, which 
could be given an elegant geometrical setting through the parallelism of 
Levi-Civita. Tensor analysis is extremely effective and has dominated dif- 
ferential geometry for a century. 

Another technical tool, which has not quite received the recognition it 
deserves, is the exterior differential calculus of Elie Cartan. This was intro- 
duced by Cartan in 1922, following the work of Frobenius and Darboux. All 
the exterior differential forms on a manifold form a ring. It depends only 
on the differentiable structure of the manifold and not on any additional 
structure such as a Riemannian metric or an affine connection. Topolog- 
ically it leads to the de Rham theory. Less known is its effectiveness in 
treating local problems. 

A fundamental question is the equivalence problem for G-structures: 
Given, on an n-dimensional manifold with coordinates u’*, a set of linear 
differential forms w’, a similar set w*? with coordinates u*’, and a subgroup 
G C Gl(n, R), determine the conditions under which there exist functions 


uJ =u (u),...,u™), I<ajsn, 


such that after substitution the w* differ from the wf by a transformation 
of G. The form problem in Riemannian geometry is the case G = O(n). 
The solution of the form problem by Cartan’s method of equivalence 
leads automatically to the tensor analysis. Thus, the method of equiva- 
lence is more general. In the case G = O(n), this leads to the Levi-Civita 
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parallelism and the Riemannian geometry. In this way Euclidean geome- 
try generalizes to Riemannian geometry. For a general G, the solution of 
the equivalence problem is not always easy (cf. the Preface), although it is 
proved that it can always be achieved in a finite number of steps. Philo- 
sophically nice problems have nice answers. 

Klein geometry can be developed through the Maurer—Cartan equations. 
The generalization of the above discussion, from O(n) to G, gives Cartan’s 
generalized spaces, essentially a connection in a principal bundle. 

A fundamental problem is the relation of the local geometry with the 
global properties of the spaces in question. Such a result is the so-called 
Chern—Weil theorem that the characteristic classes can be represented by 
differential forms constructed explicitly from the curvature. The simplest 
result is the Gauss—Bonnet formula. 

I wish to take this occasion to mention some recent developments on 
Finsler geometry [3]. This is the geometry of a very simple integral and 
was discussed in problem 23 of Hilbert’s Paris address in 1900. By a proper 
interpretation of the analytical results, Finsler geometry now assumes a 
very simple form showing it to be a family of geometries quite analogous 
to the Riemannian case. 

Differential geometry offers an open vista of manifolds with structures, 
finite or infinite dimensional. There are also simple and difficult low-dimen- 
sional problems, of the garden variety. If one switches between the two, life 
is indeed very enjoyable. 

It is a great mystery that the infinitesimal calculus is a source of such 
depth and beauty. 
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Preface 


This book is a study of an aspect of Elie Cartan’s contribution to the 
question “What is geometry?” 

In the last century two great generalizations of Euclidean geometry ap- 
peared. The first was the discovery of the non-Euclidean geometries. These 
were organized into a coherent whole by Felix Klein, who recognized them 
as various examples of coset spaces G/H of Lie groups. In this book we refer 
to these latter as Klein geometries. The second generalization was Georg 
Riemann’s discovery of what we now call Riemannian geometry. These two 
theories seemed largely incompatible with one other.! 

In the early 1920s Elie Cartan, one of the pioneers of the theory of 
Lie groups, found that it was possible to obtain a common generalization 
of these theories, which he called espaces généralizés and we call Cartan 
geometries (see diagram). 


Euclidean generalization Klein 
Geometry > Geometries 


generali- generali- 
zation zation 


Riemannian generalization Cartan 
Geometry Geometries 


The only relationship was the “accident” that some of the non-Euclidean 
geometries could be regarded as special cases of Riemannian geometries. 
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Looking at this diagram vertically, we can say that just as a Riemannian 
geometry may be regarded, locally, as modeled on Euclidean space but 
made “lumpy” by the introduction of a curvature, so a Cartan geometry 
may be regarded, locally, as modeled on one of the Klein geometries but 
made “lumpy” by the introduction of curvature appropriate to the model 
in question. Looking at the same diagram horizontally, a Cartan geometry 
may be regarded as a non-Euclidean analog of Riemannian geometry. 

Cartan actually gave the first example of a Cartan geometry more than 
a decade earlier, in the remarkable tour de force [E. Cartan, 1910]. In that 
paper he considered the case of a two-dimensional distribution on a five- 
dimensional manifold. He showed that such a distribution determined, and 
was determined by, a Cartan geometry modeled on the homogeneous space 
G2/H, where H is a certain nine-dimensional subgroup of the fourteen- 
dimensional exceptional Lie group G2. This process of associating a Car- 
tan geometry to a raw geometric entity (the distribution) is an example 
of “solving the equivalence problem” for the entity in question. Although 
the solution of an equivalence problem is not always a Cartan geometry, 
in many important cases it is. When it is, the invariants of the geometry 
(curvature, etc.) are a priori invariants of the raw geometric entity. We rec- 
ommend [R.B. Gardner, 1989] for an account of the method of equivalence. 

To be a little more precise, a Cartan geometry on M consists of a pair 
(P,w), where P is a principal bundle H — P — M and w, the Cartan 
connection, is a differential form on P. The bundle generalizes the bundle 
H — G — G/H associated to the Klein setting, and the form w generalizes 
the Maurer—Cartan form wg on the Lie group G. In fact, the curvature of 
the Cartan geometry, defined as dw + iw, w], is the complete local obstruc- 
tion to P being a Lie group. 

One reason for the power of Cartan’s method comes from the fact that 
these new geometries maintain the same intimate relation with Lie groups 
that one sees in the case of homogeneous spaces. This means, for example, 
that constructions in the theory of homogeneous spaces often generalize 
in a simple manner to the general “curved” case of Cartan geometries. 
It also means that the differential forms that appear are always related 
to components of the Maurer—Cartan form of the Lie group, a context in 
which their significance remains clear. 

In the particular case of a Riemannian manifold M, Cartan’s point of 
view offered a new and profound vantage point that is largely responsible 
for the modern insistence on “doing differential geometry on the bundle P 
of orthonormal frames over M.” 

The history of the study of Cartan geometries is somewhat troubled. First 
is the difficulty Cartan faced in trying to express notions for which there was 
no truly suitable language.* Next is the widely noted difficulty in reading 


*This difficulty was resolved with the introduction of the notion of a principal 
bundle and of vector-valued forms on such a bundle. 
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Cartan. In his paper [C. Ehresmann, 1950] Charles Ehresmann gave for 
the first time a rigorous global definition of a Cartan connection as a special 
case of a more general notion now called an Ehresmann connection (or more 
simply, a connection). For various reasons* the Ehresmann definition was 
taken as the definitive one, and Cartan’s original notion went into a more 
or less total eclipse for a long time. The beautiful geometrical origin and 
insight connected with Cartan’s view were, for many, simply lost. In short, 
although the Ehresmann definition gives us a good notion, it hides the real 
story about why it is so good. In this connection, the following quotation 
is interesting [S.S. Chern, 1979]: 


The physicist C.N. Yang wrote [C.N. Yang, 1977]: “That non- 
abelian gauge fields are conceptually identical to ideas in the 
beautiful theory of fibre bundles, developed by mathematicians 
without reference to the physical world, was a great marvel to 
me.” In 1975 he mentioned to me: “This is both thrilling and 
puzzling, since you mathematicians dreamed up these concepts 
out of nowhere.” 


Far from arising “out of nowhere,” the simple and compelling geometric 
origin of a connection on a principal bundle is that it is a generalization 
of the Maurer—Cartan form. Moreover, a study of the Cartan connection 
itself can illuminate and unify many aspects of differential geometry. 


Novelties 


Aside from the fact that one cannot find a fully developed, modern ex- 
position of Cartan connections elsewhere, what is new or different in this 
book? 


New Treatment 


This book is written at a level that can be understood by a first- or second- 
year graduate student. In particular, we include the relevant theory of man- 
ifolds, distributions and Lie groups. For us, a manifold is, by definition, a 


3To paraphrase Robert Bryant, “You read the introduction to a paper of 
Cartan and you understand nothing. Then you read the rest of the paper and 
still you understand nothing. Then you go back and read the introduction again 
and there begins to be the faint glimmer of something very interesting.” 

4At that stage it was easier to read Ehresmann than Cartan. There was also 
the attraction of a more general and global notion. 
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locally Euclidean, paracompact Hausdorff space. This is the same as a lo- 
cally Euclidean Hausdorff space each of whose components has a countable 
basis. In particular, Lie groups are defined to be manifolds in this sense. 
The result of Yamabe and Kuranishi ({H. Yamabe, 1950]) that a connected 
subgroup of a Lie group is a Lie subgroup implies that any subgroup of a 
Lie group is a Lie group in the present sense. The discussion of subman- 
ifolds given in Chapter 1 is broad enough to include these subgroups as 
submanifolds. 

In our coverage of bundle theory, we emphasize the abstract principal 
bundles rather than bundles of frames. Of course, these two views are re- 
ally equivalent. In the case of the “first-order” geometries, the equivalence is 
quite simple. However, in the case of “higher-order” geometries, the choice 
of the higher-order frames usually seems to be decided on a rather ad 
hoc basis and can be complicated. Here the bundle approach gives a real 
advantage, and the right choice of frames becomes clear (if needed) once 
the bundle is understood. Another important advantage of working with 
the bundles themselves is that they give a common language, facilitating 
comparison between geometries and emphasizing the relation to the model 
space. In this sense, comparing Cartan geometries is like comparing Klein 
geometries. 

Chapter 3 contains a complete and economical development of the Lie 
group—Lie algebra correspondence based on the fundamental theorem of 
non-abelian calculus. One of the novelties here is the characterization of 
a Lie group as a manifold equipped with a Lie algebra-valued form on it 
satisfying certain properties. This characterization prepares the reader for 
the generalization to Cartan geometries in Chapter 5. 

Finally, in Appendix B we explain how one manifold may roll with- 
out slipping or twisting on another in Euclidean space. We also show how 
this notion yields a differential system that contains both the Levi-Civita 
connection and the Ehresmann connection on the normal bundle for a sub- 
manifold of Euclidean space. 


New Results 


Let us move on to some results we believe are new. In Chapter 4 we in- 
troduce the fundamental property of Klein geometries characterizing the 
kernel of such a geometry. This result is used in Chapter 5 in an essential 
way to show the equivalence of the base and bundle definitions of Cartan 
geometries in the effective case. In Chapter 5 we introduce and classify 
Cartan space forms. These geometries generalize the classical Riemannian 


©The usual definition requires a manifold to have a countable basis (cf., e.g., 
[Boothby, W. 1986, p. 6]). 

°In much the same way, one might emphasize an abstract Lie group rather 
than a matrix group realizing it. 


Preface xiii 


space forms.” One important ingredient of this classification is the property 
(apparently new) of a Cartan geometry called “geometric orientability.” 
Another is the notion of “model mutation.” Finally, in Chapter 7 we give 
a classification of the submanifolds of a Möbius geometry. This classifica- 
tion is more general than that of [A. Fialkow, 1944] in that ours allows the 
presence of umbilic points. 


Prerequisites and Conventions 


This book assumes very few prerequisites. The reader needs to be familiar 
with some basic ideas of group theory, including the notion of a group 
acting on a set. Results from the calculus of several variables, point set 
topology, and the theory of covering spaces are used in various places, and 
the long, exact sequence of homotopy theory is used once (at the end of 
Chapter 5). Aside from this, most of the material is developed ab initio. 
However, the reader is invited to shoulder some of the burden of the work 
in that essential use is made of a few of the exercises. These exercises are 
denoted by an asterisk to the right of the exercise number. 

The numbering follows a single sequence throughout the book, with all 
items (definitions, theorems, figures, etc.) in a single stream. Thus 4.3.2 
refers to Chapter 4, Section 3, item 2. For references to items occurring in 
the same chapter, we omit the chapter number, so that in Chapter 4, 4.3.2 
becomes 3.2. 

We use the following dictionary of symbols to denote the ends of various 
items: 


symbol end of 


B definition 
E exercise 
E proof 

+ example 


Although it will often be convenient for us to write column vectors as 
row vectors, the reader should remember that all vectors are in fact column 
vectors. 


In fact, this notion is general enough to immediately allow a description of 
general symmetric spaces. 
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Limitations 


The reader will find no mention here of some basic topics in differential 
geometry, such as Stokes’ theorem, characteristic classes, and complex ge- 
ometries. Also, our approach to Lie theory is “elementary” in that we do 
not discuss or use the classification theory of Lie groups, with its attendant 
study of roots, weights, and representations. 

Originally, we had wished to include more than the three examples of 
Cartan geometries studied here; but in the end, the pressures of time, space, 
and energy limited this impulse. The three geometries we do study are not 
developed in complete analogy to each other. For example, the discussion 
of immersed curves in a Möbius geometry in terms of the normal forms 
given in Chapter 7 does of course have a Riemannian analog, but that is 
not studied in this book. And one may study subgeometries of projective 
geometries just as one studies subgeometries of Riemannian and Möbius 
geometries, but we do not do so here. We have also resisted the impulse 
to make a “dictionary” translating among the various versions of Cartan’s 
view, Ehresmann’s view,® and the view expressed in [L.P. Eisenhart, 1964]. 
In the end, however, for those who are interested in it, it should be abun- 
dantly clear how Cartan’s view does illuminate the others. 


Some Personal Remarks 


An author often writes a book in order to sort out his or her own under- 
standing of the subject. This is the circumstance in the present case. When 
I was an undergraduate, differential geometry appeared to me to be a study 
of curvatures of curves and surfaces in RÌ. As a graduate student I learned 
that it is the study of a connection on a principal bundle. I wondered what 
had become of the curves and surfaces, and I studied topology instead. 
The reawakening of my interest in this subject began in 1987 when Tom 
Willmore very kindly wrote me a note thanking me for a preprint and men- 
tioning his great interest in what is known as the Willmore conjecture (cf. 
7.6). This led me once again to look at principal bundles and connections. 
In particular, I wondered whether there was an intrinsically defined Ehres- 
mann connection on a surface in S° that was invariant under the group 
of Mobius transformations of S3. It turns out there is no such connection. 
However, after calculating normal forms for surfaces in the Mobius sphere 
S? (cf. [G. Cairns, R. Sharpe, and L. Webb, 1994]), it became clear to me 
that there must be some other kind of invariantly defined structure inher- 
ited on the surface from its embedding in S*. (In Chapter 7 it is shown 


SSee, however, the discussion in Appendix A dealing with the relationship 
between Cartan and Ehresmann connections. 
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that a Cartan connection is defined in this situation, and, in fact, Cartan 
also knew this [E. Cartan, 1923].) 

During this time it began to seem strange to me that Ehresmann connec- 
tions play such a prominent role in modern differential geometry. In some 
cases, such as the Levi-Civita connection, the connection is determined 
by the geometry. In many cases, however, one makes use of an arbitrary 
connection that one proves to exist by a general technique. This is the ap- 
propriate point of view for the construction of the characteristic classes of 
Chern and Pontryagin. There one may use any connection, since the aim 
is to obtain topological invariants for which the particular choice of con- 
nection does not matter. But these considerations seem to be at their base 
topological rather than differential geometric. My innocent question, left 
over from my undergraduate days, was “Why is differential geometry the 
study of a connection on a principal bundle?” And I began, rather imper- 
tinently, to ask this question at every opportunity, usually picking on some 
unsuspecting differential geometer who did not know me very well. 

During one of these sessions, Min Oo remarked that Elie Cartan had 
considered connections with values in a Lie algebra larger than that of the 
fiber.? Later I read, and translated,!° Cartan’s book [E. Cartan, 1935]. I 
browsed through Cartan’s collected works and through those of his suc- 
cessors and interpreters. It became clear to me that Cartan had a subtle 
and really wonderful idea, which gives a fully satisfying explanation for the 
modern, and approximately true, notion that differential geometry is the 
study of an Ehresmann connection on a principal bundle. There seems to be 
no treatment of these things in the standard texts on differential geometry. 
In the few books where the Cartan connections are mentioned at all (e.g., 
[J. Dieudonné 1974], [W.A. Poor, 1981], and [M. Spivak, 1979]), they make 
only a brief appearance, perhaps in the exercises or toward the end of the 
book, and one is left with the impression that the notion is only a quaint 
curiosity left over from bygone days. Six years ago I began to scribble some 
notes about these things and to talk about them; after a number of months 
had passed, I realized I was writing a book on the subject. 


I would like to thank everyone who has had an influence on this book. 
In addition to those mentioned above, I am grateful to Bernard Kamte, 
Joe Repka, Qunfeng Yang, and my wife, Mary, for their comments on por- 
tions of the manuscript. I would also like to acknowledge my gratitude to 


*See [E. Ruh, 1993] for a brief recent overview of Cartan connections and some 
of their applications. 

10A copy of my translation, which is only a rough draft, can be found in the 
Mathematics Library at the University of Toronto. 
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the National Science and Engineering Research Council of Canada for its 
support of this project through grant #OGP0004621. 

Finally, I would like to thank Velamir Jurdjevic for his encouragement 
over the years. It was Vel who suggested that, although it is perhaps im- 
possible to catch all the errors before a book reaches print, the principal 
demand is that a book be interesting. As for the first part of his remark, 
the responsibility for any remaining errors lies with me. I will leave it to 
the reader to judge whether or not this principal demand has been met. 


Richard Sharpe 
Toronto, Canada 
October 16, 1995 
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In the Ashes of the Ether: 
Differential Topology 


It must be agreed that “hypergeometry” seems to have been de- 
vised in order to strike the imagination of people who have not 
enough mathematical knowledge to be aware of the true charac- 
ter of an algebraic construction expressed in geometric terms, 
for that is what “hypergeometry” really is. —R. Guénon, 1945 


Is Euclidean geometry true? It has no meaning. ... One ge- 
ometry cannot be more true than another; it can only be more 
convenient. -H. Poincaré, 1902 


I attach special importance to the view of geometry which I have 
just set forth, because without it I should have been unable to 
formulate the theory of relativity. —A. Einstein, 1922 


Although several mathematicians, especially C.F. Gauss, studied the no- 
tion of a smooth manifold in special cases, the idea of an abstract manifold 
of arbitrary finite dimension seems to be due to Riemann. Mathematicians 
were led to these notions only slowly. As the idea of a vector space of di- 
mension higher than three became acceptable in the last century, algebraic 
geometers began to study the solutions of polynomial equations in many 
variables. For example, they studied the algebraic curves in the complex 
projective plane, which in the real sense is roughly the study of ordinary 
surfaces in four-dimensional space. At the same time, mathematical physi- 
cists interested themselves in six-dimensional space, the state space of a 
single particle with three position and three momentum variables; if N 
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particles are considered, the dimension of the state space jumps to 6N. 
The seamless algebraic passage between the ordinary notions of space and 
their higher-dimensional analogs must have prepared the way for the ac- 
ceptance of Riemann’s abstract manifolds. But the willingness and even 
the necessity of regarding these developments as truly geometrical was slow 
to take hold and was fiercely resisted in some quarters.! 

Riemann’s work was followed with papers by Christoffel, Ricci, and Levi- 
Civita. Klein and Lie were interested in the study of Lie groups and their 
homogeneous spaces, which are again examples of manifolds, albeit very 
special ones. A real boost to the subject came with Ejinstein’s discovery of 
general relativity in 1915. At this stage it became much clearer that the 
fourth dimension might be scientifically regarded as more than some geo- 
metrical fantasy. Einstein himself regarded the abstract four-manifold? as 
what remains of the “ether” in general relativity (cf. [A. Einstein, 1922]). 
In the early years these spaces were thought about only locally, as pieces 
of four-dimensional Euclidean space. Later the notion of “cosmology” ap- 
peared (cf. [D. Howard and J. Stachel, eds., 1989]) and began to show 
the influence of the global topology. Perhaps we may say that in studying 
smooth manifolds we are studying the possible shapes of the ether. 

In the hierarchy of geometry (whose “spine” rises from homotopy theory 
through cell complexes, through topological and smooth manifolds to ana- 
lytic varieties), the category of smooth manifolds and maps lies “halfway” 
between the global rigidity of the analytic category and the almost total 
flabbiness of the topological category. We might say that a smooth mani- 
fold possesses full infinitesimal rigidity governed by Taylor’s theorem while 
at the same time having absolutely no rigidity relating points that are not 
“infinitesimally near” each other, as is seen by the existence of partitions 
of unity (cf. [W. Boothby, 1986], pp. 193-195). Smooth manifolds are suff- 
ciently rigid to act as a support for the structures of differential geomtery 
while at the same time being sufficiently flexible to act as a model for 
many physical and mathematical circumstances that allow independent lo- 
cal perturbations. Perhaps the smooth “substance” may be regarded as a 
mathematical model for Aristotle’s materia prima or the Hindu prakriti. 

In this chapter we show how the differential calculus lives on after the 
death of a preferred coordinate system. In particular, we discuss some of the 
beautiful and elementary constructions surrounding the notion of a smooth 


‘Cf. [M. Monastyrski, 1987], pp. 22 and 64. 

*Einstein admits [A. Einstein, 1922] his difficulty in conceiving space-time 
without a metric. In fact, he spent the rest of his life searching for a geometric 
structure on a four-manifold supplementing the metric to include electromag- 
netism within a unified field theory generalizing his general theory of relativ- 
ity. The general question of “what geometry on a manifold supports physics?” 
remains vital to the present day. On the other hand, the context for all such 
structures seems to continue to include a smooth manifold. 
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manifold. Care is taken to show the relation between the forms of these con- 
structions for the concrete situation of manifolds embedded in an ambient 
Euclidean space and those for an abstract, coordinate-independent, mani- 
fold. 


§1. Smooth Manifolds 


The definitive modern definition of a smooth manifold seems to have been 
given by Hassler Whitney ([H. Whitney, 1936]), in which a smooth manifold 
is presented as floppy pieces of Euclidean space glued together with a sort 
of differentiable glue. But in order to gain perspective, we start our more 
detailed discussion with topological manifolds. 


Topological Manifolds 


Definition 1.1. Let M be a paracompact? Hausdorff space. We call M an 
n-dimensional topological manifold (and write it M” if we wish to denote 
the dimension) if for each point p € M there is an open set U in M 
containing p such that U is homeomorphic to an open subset of R” by some 
homeomorphism y.* Such a pair (U,) is called a local coordinate system 
or (in the maritime terminology) a chart on M. On the other hand, 7t 
is called a local parameterization of M. Often, however, speaking loosely, 
both y and y™! are referred to as coordinate systems. æ 


We note that if M is an n-manifold, then so is every open subset of it; 
in particular, the components of M are also manifolds. On the other hand, 
manifolds are quite badly behaved with respect to quotients. Taking the 
quotient of a manifold by almost any equivalence relation on it leads out 
of the category of manifolds. Some notable exceptions to this are studied 
later under the name of fiber bundles. 


Example 1.2 (the n-sphere). Let M” = S" = {x € R”! | x-z = 1}. 
Set U = {x € S” | tn+1 > —1}. Then U is an open subset of S”, as is its 
homeomorphic image p(U), where p: R”+! — R”*! is the reflection in the 
hyperplane £n+1ı = 0. The open sets U and p(U) together form a covering 
for S”. We can see that U (and hence p(U)) is homeomorphic to R” by 
considering the stereographic projection y from the point —en+1 given by 


3This is equivalent to each component of M having a countable basis for its 
topology (cf. [J. Dugundiji, 1966], p. 241). 

“We note that only the topological structure of R” is brought into play here. 
In particular, neither the Euclidean structure nor the affine space structure has 
any role. Nevertheless, we shall continue to refer to R” as Euclidean space. 
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y:U — R” sending 


1 
1 op = —— (t, T 
( l; n+1) 1 oa a 1 , w) 
This situation is pictured below. + 
Xn+1 


(P(x), 1) 


(Nis Wiis 


Example 1.3 (Projective space). Let P”(R) = the set of one-dimensional 
subspaces of R”*+!. The surjective map p:R”*! — {0} — P”(R), sending 
v +> (v) (= the line spanned by v), induces the quotient topology on P” (R). 

Let us show that the topological space P”(R) is Hausdorff. Any two dis- 
tinct points of P” (R) may be represented by vectors v1, v2 € S” satisfying 
vı - V2 > 0. Choose £ > 0 to be less than half the distance from v to 
v2. Then no line through the origin meets both B,(v1) and B,(v2), where 
B,.(v) denotes the open ball in R”t! of radius € about v. It follows that 
(v1), (v2) € P” (R) lie in disjoint, open sets p(B.-(vi)), p(B.(v2)) C P”(R). 

If a:R” — R”+t! is any affine map whose image does not contain the 
origin, then the composite map pa: R” — P”(R) is injective and continu- 
ous. 


lines = points of 


=e image of a 
projective space 8 


SA 


Moreover, if V C R” is open, then 


p'(pa(V)) = {Av E R"*! | Ae R*,v ea(V)} 
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is open in R”*!. Thus, pa is a homeomorphism onto its image. It is called 
the affine parameterization, and its inverse is called the affine coordinate 
system for P”(R) arising from the affine map a. 

Since every point of P”(R) lies in the image of some of the affine para- 
meterization, it follows that P”(R) is a topological manifold. 

A similar construction may be made for an arbitrary vector space V, 
yielding the projective space P(V) canonically associated to V. + 


Smooth Manifolds 
The following definition comes into sharper focus if the meanings of the 


maritime terminology of “charts” and “atlas” are given due consideration. 


Definition 1.4. If M™ is a topological manifold, then a (smooth) atlas on 
M is a collection A = {(U;, pi)} of charts such that 


(i) the U;s form an open covering of M, and 
(ii) for each pair of charts (U, p) and (V, Y) in A, the map 
P = pp™ | Y(UUNV): p(UNV) > PUNV) 


is a smooth?” (i.e., C%°) map between open sets in Euclidean space 
(change of coordinates; see Figure 1.6). For brevity, we may speak of 
the chart p, leaving U = domain(y) nameless. & 


Example 1.5. Continuing Example 1.2 of the n-sphere, we have the follow- 
ing atlas consisting of two charts, A = {(U, p), (p(U), yo) }. The composite 
(ppt): R”+t — {0} — R”+! — {0} is easily seen to be smooth, so A is a 
smooth atlas. + 


FIGURE 1.6. Change of coordinate system. 


Exercise 1.7. show that the affine coordinate systems described in Exam- 
ple 1.3 constitute an atlas for P” (R). = 


SHere we use not only the topological structure of R” but also its affine 
structure so that the notion of differentiation makes sense. The choice of origin 
and the Euclidean inner product are not involved. 
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The main point of introducing smooth atlases is to be able to unambigu- 
ously differentiate the composite appearing in Definition 1.4(ii) as often as 
we please. For this simple purpose the particular choice of atlas is not im- 
portant, so we are led to make the definition that two atlases are equivalent 
if their union is also an atlas. This in turn leads to the following definition. 


Definition 1.8. A smooth structure on a topological manifold is an equiva- 
lence class of atlases, and a smooth manifold is a topological manifold with 
a specified smooth structure. & 


For example, the atlas for the n-sphere above endows it with a smooth 
structure called the canonical smooth structure. 

Starting with a given atlas, we can enlarge it to the union of all the 
atlases equivalent to it. This will give a unique mazimal atlas equivalent 
to the given one, and the smooth structure may be identified with the 
corresponding maximal atlas. In particular, if y is a chart in the maximal 
atlas of a smooth manifold, and f is a local diffeomorphism of R” with 
image(y) C domain(f), then fy is also a chart in the maximal atlas. This 
kind of procedure allows a great deal of flexibility in the choice of chart. 
For example, we can “tidy up” the chart p with respect to a point p € U 
by following y with a translation in R” so that the new chart sends p to 
0 € R”. We may further follow y by some linear transformation of R” 
to move the various directions into convenient positions. We shall always 
implicitly assume we are dealing with a maximal atlas, even if it is described 
by a particular choice of a nonmaximal one. 


Orientability 


Definition 1.9. Let (U, y) and (V, y) be two charts for the smooth mani- 
fold M”. We say these charts are compatible on W C UNV if the change 
of coordinate mapping ® = wp! | y(U N V) has positive Jacobian de- 
terminant at each point of p(W). We say they are compatible if they are 
compatible on UNV. B® 


Remark 1.10. Since the sign of the determinant of the Jacobian matrix 
(Yot) (x) is constant on each component of y(U NV), it follows that if 
(U,y) and (V, y) are compatible at x € UNV, then they are compatible 
on the component of U N V containing x. On the other hand, if they are 
not compatible at a point x € U N V, then the charts (U, y) and (V, dw) 
are compatible, where ¢ is any linear transformation of R” of negative 
determinant. 


Definition 1.11. Let M be a smooth manifold. An atlas for M is oriented 
if any two charts in it are compatible. M is called topologically orientable 
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if it has an oriented atlas. A maximal such atlas is called a topological 
orientation for M. ® 


Given an oriented atlas for M, we can always enlarge it to obtain a 
unique maximal, oriented atlas containing it. Thus, an oriented atlas for 
M determines an orientation of M. 


Exercise 1.12. Show that a connected, orientable, smooth manifold M 
has exactly two orientations. LJ 


The question of whether or not a given manifold is orientable can be 
determined by studying the loops on it. In preparation for this, we are 
going to study paths on M of the form 


o:(I,0,1) — (M, p,q). 


Definition 1.13. Let ø be a path on M”. Suppose we are given a partition 
0 = to < tı <... < tk = 1 and a family of charts (Ui,y;), 1 < i < k, 
such that o(|t;i—1,t:]) C U;, 1 < i < k. We call these charts compatible 
along o if (Ui, yi) and (Ui+1, Pi+1) are compatible at o(t;) € Ui N Ui+ı for 
1<i<k-l. & 


Lemma 1.14. For any path o on M” there exists a family of compatible 
charts along o. 


Proof. Since J is compact and 
{o—*(U) | U a connected open set arising from a chart} 


is an open cover of J, this covering has a Lebesgue number e > 0 (cf. |J. 
Dugundji, 1966], p. 234). Choose an integer k > 1/e, and set t; = i/k, 
0 < i < k, so that 0 = tọ < tı < ... < ty = 1 is a partition of J and 
o(|ti—1,t:]) C Ui, where U; is the open set of some chart (Uj, pi). 

We may assume inductively that (U;, y;) and (Ui+1, Yi41) are compatible 
at o(t;) for i < s. If (Us, Ys) and (Us+1, Ys41) are compatible at o(t,), 
we have the induction step. Otherwise we replace Ys+1 by $541, where 
ġ: R” — R” is any linear map of negative determinant so that (Us, Ys) and 
(Us+1, Ps+1) are compatible at o(t,). Renaming ØYs+1 as Y;41 completes 
the inductive step. ml 


Lemma 1.15. Let 0: (I,0,1) — (M,p,q) be a path on M, and let (U;, pi), 
1<i<k, and (Vj, pj), 1 < j < l, be two compatible families of charts 
along o. Then (Ui, 1) is compatible with (Vi, Yı) at p => (Uk, pk) is com- 
patible with (Vi, Yı) at q. 
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Proof. Let 0 = so < sı < ... < Sk = l and 0 = tọ < ti <... <4 =1 
be the partitions of I corresponding to the compatible families of charts 
(Ui pi), 1 < i< k, and (Vj, Yj), 1 < j < l, respectively. Let S; = [si—1, s;] 
and T; = [t;~1,t,;]. The proof is by induction, where the inductive step is 


Suppose that S; N T; # @ and (U;,y;) is compatible with (V;,~,;) on 
a(S; T;). Then, either 


(i) Si+ıNT; Æ O and (Ui41, Yi41) is compatible with (Vj, Yj) on o(Si+1N 
T5) 


or 


(ii) S: N Tj+ı 4 0 and (U;, y;) is compatible with (Vj41, Yj+1) on 0 (SEN 
Tj+1). 


Since (U1, %1) is compatible with (V1, Yı) at p, it will follow inductively 
that (Uk, pk) is compatible with (Vi, y1) at q. 

Let us verify the inductive step. If s; < tj, then s; € Si N Si+ı N Tj, so 
Si+ı NT; #0. Now (Ui, pi) and (Ui+1, Pi+1) are compatible at o(s;), so it 
follows from the inductive hypothesis that (Ui+1, Yi+ı1) is compatible with 
(Vj, Yj) at o(s;). Hence, by Remark 1.9, (Ui+1, ~i41) is compatible with 
(Vj, Yj) on o(Si+ı N 7;). This verifies condition (i). Similarly, in the case 
t; < si, we get condition (ii). wi 


Now we are ready for the notion of an orientation-preserving loop, which 
is the key to the question of the orientability of a manifold. 


Definition 1.16. Let à: (I,0,1) — (M, p,p) be a loop on M. We say that 
à is orientation preserving if there is a compatible family of charts (U;, y;), 
1<i<hk, along A such that (U1, %1) is compatible with (Uk, pk) at p. ® 


Note that, by Lemma 1.15, if a loop J is orientation preserving, then any 
family of charts compatible along A will have the property described in Def- 
inition 1.16. Now we are ready for our characterization of the orientability 
of manifolds in terms of loops. 


Proposition 1.17. Let M be a smooth manifold. Then 


M is orientable & every loop on M is orientation preserving. 


Proof. =: Given a loop à: (1,0,1) — (M,p,p) on M, we may select a 
family of charts, (U;, p:i), 1 < i < k, from an oriented atlas for M as in the 
proof of Lemma 1.14. These charts will automatically be compatible since 
the atlas is oriented. In particular, (U1, 1) is compatible with (Ux, Yk) at 
p, so the loop 4 is orientation preserving. 


81. Smooth Manifolds 9 


<: It suffices to consider the case when M is connected. Fix a point 
p € M, and choose a connected chart (U, p) with p € U. For every point 
x E€ M, choose a path o: (1,0,1) — (M,p, x) joining p to x, and choose a 
family of connected charts (U;,y;), 1 < i < k, compatible along ø, starting 
with (U1, 91) = (U, p). Set (Uz, Pz) = (Uk, px). Then {(Uz, px) | £ E€ M} 
is an atlas for M. We claim that it is oriented. It suffices to show that any 
two charts (Uz, yz) and (Uy, py) are compatible at every point z € U,NUy. 
Suppose that (U;,y~;), 1 < i < k, is the compatible family of charts used 
to obtain (Uz, Yz) and that (V;, Yi), 1 <i < l, is the compatible family of 
charts used to obtain (U,, Yy). 


Since U; and U, are connected, we can join x to z in U, and y to z in Uy. 
These paths, together with the paths from p to x and y, give a loop based at 
z. Since this loop is orientation preserving and the family of charts along it 
corresponding to the open sets Uz = Uk, ..., U2, U1 =U = Vi, Vo,...,Vi = 
U, is compatible, it follows that (Uz,y,) and (Uy, py) are compatible at 
zE€UzNU,. E 


Corollary 1.18. Let M be a connected, smooth manifold and let p € M. 
Then 


M is orientable & every loop on M based at p is orientation preserving. 


Proof. In the proof of the proposition, the only loops we needed were ones 
that passed through the fixed point p. Thus it suffices to show that if, for a 
given orientation-preserving loop, we change the point on it that we regard 
as the base point, then the new loop is still orientation preserving. But this 
is clear. E 
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Examples of Smooth Manifolds 


The fundamental example of a smooth n-manifold is of course R” itself 
with its atlas consisting of the identity map alone. More generally, any 
finite dimensional real vector space V carries a canonical smooth structure 
in the following manner. If dim(V) = n, we take the atlas consisting of 
all linear isomorphisms y:V — R”. The collection of such maps is an 
atlas since for any two, y and w, the change of coordinates is a linear map 
wp ':R” — R” and hence smooth. Although we do not prove it here, it 
turns out that the canonical structure on V is, up to diffeomorphism (see 
Definition 1.20 ahead), the unique smooth structure except in the case with 
dim(V) = 4. In the latter case it turns out that there are infinitely many 
smooth structures on V. (Cf. [D. Freed and K. Uhlenbeck, 1984], pp. 17-19, 
and [R. Kirby, 1989].) 

We shall deal only with the canonical smooth structures on vector spaces. 
In particular, if V and W are finite-dimensional real vector spaces, then 
Hom(V,W) is a vector space whose dimension is dim(V) - dim(W) and 
hence has a canonical smooth structure. The special case when V = W = 
R” is of particular interest to us. It is the space of real n x n matrices, 
which we denote by M,,(R). 


Example 1.19. Let M be an open subset of R” (or more generally an 
open set in any finite-dimensional vector space). Then the inclusion map 
M c R” is an atlas with one chart that provides a smooth structure on 
M. In particular, 


Gl,(R) = {A € M,(R) | det(A) # 0}, 


is an open set in the vector space M,,(R) since det: M,(R) — R is a con- 
tinuous map. (In fact, it is a polynomial map.) Thus Gl, (R) is, canonically, 
a smooth manifold. We can say even more. Both of the maps 


u: Gla (R) x Gln (R) — Gla (R) (matrix multiplication), 


t: Gla (R) > Gl a(R) (inversion) 


are continuous (and even rational) maps. Thus Gl,,(R) is an example of a 
topological group. + 


Now consider two smooth manifolds M™ and N”. We can form their 
Cartesian product M x N. If (p,q) € M x N, we may choose charts (U, y) 
and (V, y) around p and q, respectively. Then U x V is open in M x N, 
and (U x V, x #) is a chart around (p,q). It is easy to verify that the 
collection of all such charts is an atlas for M x N and so determines a 
smooth structure on it. For example, the canonical smooth structure on 
R™+” is the product of the canonical structures on the factors R™ x R”. 
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Two great questions in the study of smooth manifolds, which were largely 
answered in the 1960s, were “Does a given topological manifold necessarily 
have a smooth structure?” and “If a topological manifold has a smooth 
structure, is it unique?” The answers to both of these questions is generally 
no. For example, it is known that the spheres of dimension <6 have unique 
smooth structures, but there are 28 distinct smooth structures on the 7- 
sphere. For n > 7, there is generally more than one smooth structure on 
the n-sphere (cf. [A. Kosinski, 1993]). 


Smooth Maps 


Not only does a smooth structure allow us unambiguously to differentiate 
the composites ® appearing in the definition of atlases, it also allows us 
to differentiate certain maps between manifolds. It will take us a while to 
see how this may be done, and the full story will only appear in §4. Here 
we prepare the way by describing the functions that we will eventually 
differentiate. 


Definition 1.20. A map f: M — N between smooth manifolds is called 
smooth (or C®™) if it is continuous and for each point p € M there is a chart 
(U,p)on M with p € U and a chart (V, y) on M with f(p) € V such that 
the composite ® = y fyt is smooth. ® is called the coordinate expression 
for f. The map f is called a diffeomorphism if it is smooth and bijective 
with a smooth inverse. 8 


N 


f fp) 


l Ca, |O 


It is clear that the smoothness of a map is independent of the choice of 
charts on M and N. What is more, we even have the notion of the rank of 
a smooth map at a point. 
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Definition 1.21. The rank of a smooth map f: M — N at a point p € M, 
denoted by rank,(f), is the rank of the Jacobian matrix 


®'(y(p)) = (fe Y (elp), 


where y and wy are charts containing p and f(p), respectively. æ 


Varying the choice of the charts merely left and right composes ® with 
local diffeomorphisms of Euclidean space which, by the chain rule, left and 
right multiplies ®’(y(p)) by invertible matrices, and this will not change 
the rank. 


Differentiable topology is the study of the properties of smooth manifolds 
that are preserved by diffeomorphism. 


Here is a criterion for a smooth homeomorphism to be a diffeomorphism. 


Theorem 1.22. Let f:M — N be a smooth bijection between smooth 
manifolds on the same dimension m. Then f is a diffeomorphism if and 
only if its rank at each point of M is m. 


Proof. Both the condition on the rank and the smoothness are local 
conditions, so it suffices to consider the case when M and N are open 
subsets of Euclidean space. Let g: N — M be the inverse function for 
f. Now if g is smooth, then applying the chain rule to g(f(z)) = z 
yields g'(f(x)) f'(x) = I and hence det(g’(f(x))) det(f’(z)) = 1, so that 
det(f’(x)) # 0 and thus rank, f = m. Conversely, if rank, f = m, then 
det(f’(p)) Æ 0 and the inverse function theorem says that there is a unique 
local inverse h for f satisfying h(f(p)) = p and that h is smooth. The 
uniqueness tells us that g = h on their common domain, so that g = f~! 
is smooth. x 


Lie Groups 


We now introduce some of the main players in the study of differential 
geometry; these are the Lie groups studied by Sophus Lie, Felix Klein, and 
Wilhelm Killing and developed by Elie Cartan. They constitute the basic 
symmetry groups of differential geometry, and of nature too. 


Definition 1.23. A Lie group is a group G that is also a smooth manifold 
in a way that is compatible with the group structure in the sense that the 
maps 


(i) (multiplication) u: G x G > G, 


(ii) (inversion) +: G > G 


are both smooth. B® 
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Example 1.24. Any finite-dimensional real vector space V is a smooth 
manifold in a canonical fashion and is an abelian group under vector ad- 
dition. Since addition and subtraction of vectors are smooth, V is a Lie 
group. + 


Example 1.25. We have already seen that Gla (R) = {x € M,(R) | 
det(x) # 0} is a topological group and that multiplication and inversion 
are the restriction of rational functions M,,(R) x M,(R) — M,,(R) and 
M,(R) — M,(R). Hence they are smooth and Gl,(R) is a Lie group. @ 


More examples of Lie groups may be found at the end of this chapter, 
on page 63. 


Definition 1.26. A homomorphism between Lie groups G and H is a 
smooth map y:G — H, which is also a homomorphism in the sense of 
group theory. Æ 


Example 1.27. The exponential mapping exp: (R, +) > (Rt, x) is an iso- 
morphism of Lie groups (i.e., it and its inverse are both homomorphisms). 
Although he did not have the larger concept of Lie groups, it was the exis- 
tence of this isomorphism that made possible Napier’s (1614) construction 
of his table of logarithms turning multiplication into addition. + 


Smooth Maps of Constant Rank 


Now we study the most important species of smooth maps, those of con- 
stant rank. For clarity, we begin with three local results that will soon be 
rephrased in terms of smooth manifolds. 


Lemma 1.28. Let f: (R"+™,0) — (R”,0) be a smooth map defined on a 
neighborhood of 0 which satisfies f'(0) = (I,0).6 Then there is a diffeomor- 
phism J: (R”+™,0) — (R"*™,0) defined on a neighborhood of 0 such that 
foJ is a restriction of the canonical first factor projection mapping 

Tt: R” x R” — R”. 


(x,y) > = 


Proof. Define 
G: R” x R” — R’ x R”. 
(x,y) => (F(z,y),y) 
I O0 
0 I 
of (R” x R™,0) with inverse J, say. Since 1 o G(x, y) = f(z, y), we have 


foJ=nrnoGoJ=nr. | 


Now G is smooth and G’(0,0) = ( . Thus G is a local diffeomorphism 


°So, in particular, f has rank r at the origin. 
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Now we apply this lemma to study maps of constant rank. 


Proposition 1.29. Let f:(R’*™,0) — (R”*”,0) be a smooth map of con- 


stant rank r defined on a neighborhood of 0 that satisfies f'(0) = A ; 


Then there are diffeomorphisms, also defined on a neighborhood of 0, of the 
form H:(R"+”,0) > (R"+”,0) and J:(R™+™,0) — (R"™*™,0) such that, 
on some neighborhood of 0, Ho fo J is a restriction of the canonical map 


nm: R” x R” —R’ x R”. 
(x,y) ++  (z,0) 


Proof. Write f as f = (fi, f2): Rrt™ — R” x R”, that is, fı is the first r 
components of f and fz is the last n components. Then fi(0) = (J,0), so 
by Lemma 1.28 there is a local diffeomorphism of the form J:(R™™,0) > 
(R"+™ 0) defined on a neighborhood of 0 such that 


(R" x R™,0) 2°5 (R’, 0) 


is a restriction of the canonical projection. Therefore, replacing f by fo J, 
we may assume that f(x,y) = (2, fo(z, y)). It follows that 


F 0 
f'(z,y) = i (24) ) 
Oy 
Now the condition that f has constant rank r, which is still true for our 
new f, means that the Jacobian matrix (Of2/Oy) vanishes so that f(x,y) 
is independent of the variable y. Thus, we may write fo(z, y) = h(x), say. 
Define H: (R™+”,0) — (R™t”,0) by H(z, y) = (x,y — h(z)). Then H is a 
local diffeomorphism and 


H f(x,y) = H(z, h(x)) = (2,0). E 


Exercise 1.30. Show that in general, Proposition 1.28 becomes false if we 
insist that either H or J must be the identity. E 


Now we put Proposition 1.29 in terms of an arbitrary smooth map of 
constant rank. 


Theorem 1.31. Let f: M™ — N” be a smooth map with constant rank 
r. For each point p € M, there are charts (U, p) and (V, %) around p and 
f(p), respectively, such that p(p) = 0, ¥(f(p)) = 0, f((U) C V, U and V 
are connected, and fp ' is a restriction of the canonical map 


R’ x R™' — R" x Re". 
(x,y) Zi (x,0) 
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Proof. Choose arbitrary charts (U, p) and (V, y) around p and f(p). Af 
ter translation we may assume that y(p) = 0 and wf(p)) = 0. Then 
wfy *:(R™,0) > (R”, 0) is defined on a neighborhood of 0, and since the 
nxm matrix (wfy~*)’(0) has rank r, we may choose matrices A € Gl, (R) 
and B € Gl»(R) such that 


(AUBAN = AGB = (F 9). 


Replacing w and y by Ay and By, respectively, we may assume that w 
and y satisfy the hypotheses of Proposition 1.29. Thus there are diffeomor- 
phisms 


H:(R",0) > (R”,0) and J:(R™,0) — (R™,0) 


defined on a neighborhood of 0, such that Hoyo f op !oJ:(R™,0) > 
(R”,0) is a restriction of 


R” x R” — R” xR”. 
(x,y) > (x,0) 


Replacing y by Hy and y by J~'y finishes the proof, except for the con- 
ditions on U and V, which we leave to the reader. w 


Now let us mention the following two extreme cases of maps of constant 


rank. 


Definition 1.32. Let f: M™ — N” be a smooth map with constant rank. 
Then f is called an immersion if the rank is m, and a submersion if the 
rank is n. 8 


We apply Theorem 1.31 to these special cases to obtain the following 


result. 


Corollary 1.33. Let f: M™ — N” be a smooth map. Then, 


(i) f is an immersion 


for each point p € M there are coordinate systems (U, p), (V, Y) 
= 4 about p and f(p), respectively, such that the composite wfy7! 
is a restriction of the coordinate inclusion 1:R™ — R” x R"-™, 


(ii) f is an submersion 


for each point p E€ M there are coordinate systems (U, p), (V, Y) 
4 about p and f(p), respectively, such that the composite Yy fy! 
is a restriction of the coordinate projection m: R” x R™—-" — R”. 


16 1. In the Ashes of the Ether: Differential Topology 


Proof. In each case, < is obvious, and = comes from Theorem 1.31. B 


Exercise 1.34. Let M™ be a smooth manifold, and let 1: M — R” be a 
smooth injective map. Show that + is an immersion if and only if, for each 
point p € M, there is an m-dimensional coordinate subspace V C R” such 
that the composite with the orthogonal projection onto V, m: M —> V, has 
rank nm at p. E 


Exercise 1.35. Show that in Corollary 1.33 the equivalences are still true 
if in (i) we prescribe the coordinate system (U, p) and in (ii) we prescribe 
the coordinate system (V, p). 


Proper Maps, Embeddings, and Weak Embeddings 


We conclude this section with a discussion of some variations on the theme 
of well-behaved mappings. We begin with a discussion of the important 
notion of proper mappings. 


Definition 1.36. Let f: X — Y be a continuous map with X, Y Hausdorff. 
Then f is called proper if f~'(K) is compact for every compact KCY. 
(Note that if X is compact, then f is automatically proper.) & 


Proposition 1.37. Let X and Y be topological spaces that are Hausdorff 
and first countable. Let f:X — Y be a continuous proper injection. Then 
f:X — f(X) is a homeomorphism (where the topology on f(X) is the 
subspace topology), and f(X) is a closed subset of Y. 


Proof. Since f:X — f(X) is a continuous bijection, we need only see 
that it maps open sets to open sets, or equivalently, that it maps closed 
sets to closed sets. Let C be closed in X. Suppose that y lies in the clo- 
sure of f(C) in Y. Since Y is first countable, there is a sequence of points 
£1, £2,... E€ C such that f(x;) = y; — y. Now the set K = {y, Yi, Y2,---$ 
is compact. Because f is proper, f —!(K) is also compact. Since X is first 
countable, the sequence 21,22,... lying in f —1(K) NC has a convergent 
subsequence, converging to x € C, say. Since Y is Hausdorff, the corre- 
sponding subsequence of the yi, y2,... must then converge to f (x), and 
hence y = f(x) € f(C). Thus f(C) is closed in Y and f maps closed sets 
to closed sets. In particular, taking C = X shows f(X) is a closed subset 
of Y. w 


Definition 1.38. An embedding is a one-to-one immersion f: M — N such 
that the mapping f: M — f(M) is a homeomorphism (where the topology 
on f(M) is the subspace topology inherited from N ). & 


Proposition 1.39. A proper one-to-one immersion is an embedding. 
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Proof. This is a simple consequence of Proposition 1.37. E 


Definition 1.40. A weak embedding is a one-to-one immersion f: M — N 
such that, for every smooth map g: S — N with g(S) C f(M), the induced 
map ĝ: S — M, defined by g = f 04, is smooth. & 


Lemma 1.41. If f: M — N is a weak embedding, there is a unique smooth 
structure on M for which this is true. 


Proof. Let Mı be M with a possibly distinct smooth structure such that 
the map fı: Mı — N (which is the same as f) is also a weak embedding. 
Then the induced map id: Mı — M is smooth. Similarly, the induced map 
id: M — M; is smooth, so the two smooth structures are identical. E 


Exercise 1.42. Let A € Glnii(R), and consider the mapping 
$a: P”(R) > P"(R) defined by ġ4(1) = Al. 


(a) Let an affine coordinate system on P” (R) arise from the affine map 


f:R” — R”*! given by f(z1,..., £n) = (1,21,...,2n). Show that in 
this coordinate system 


ax +b d 
palz) = ad where A = a a , with dal x 1 block 
and a an n x n block. 
(b) Show that ¢4 is a diffeomorphism. m 


§2. Submanifolds 


Originally, manifolds were regarded as subsets of Euclidean space; certainly 
these are the easiest ones to visualize. 


In this section we study how one manifold may be situated inside another 


one. We give various definitions of increasing simplicity corresponding to 
the following picture. 
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immersed manifolds submanifolds 


regular submanifolds proper submanifolds 


Whereas all of these pictures intuitively represent one-dimensional mani- 
folds in the plane, the first two kinds are not generally manifolds in the sub- 
space topology. The first, an immersed submanifold, has one or more “bad 
points” (the double point in this picture) or odd convergent sequences in 
the subspace topology; the second can also have odd convergent sequences. 

We study a general notion of submanifold which includes all but the 
immersed manifolds. The latter will be mentioned again at the end of this 
section. 

Let M™ be a smooth manifold and let N” be a subset. The idea is that 
N will be a submanifold if there are charts (U,y) on M which, locally, 
straighten out N. 


Definition 2.1. Let (U,y) be a chart on M. The components of N MU 
are called the plaques of N in this chart. The chart (U, p) on M is said to 
straighten out a plaque W if » restricts to a homeomorphism between W 
and an open set in some n-dimensional affine subspace’ A c R”. In this 
case, the plaque is called a flat plaque of dimension n and the restriction 
yp |W:W — A is called the plaque chart. If N is covered by flat plaques, 
we say that N is locally flat in M. 8 


The picture corresponding to Definition 2.1 is the following one. 


“An affine subspace of R™ is a set of the form {v +a € R” |v € V}, where 
V is a vector subspace of R” and a € R”. 
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Note that in this picture N meets U in two plaques, but here only one gets 
straightened out by this coordinate system. There is no limitation on the 
number of plaques in a chart; it may even be infinite. 


Definition 2.2. Let M™ be a smooth manifold. A subset N of M is called 
a smooth (n-dimensional) submanifold if there is a covering {Ua} of N by 
open sets of M such that the components of Ua N N are all flat plaques of 
dimension n.8 & 


Of course we may always “tidy up” y so that the affine subspace A is a 
coordinate subspace, say the coordinate subspace corresponding to the first 
n coordinates, and so that y(p) = 0; but this is not always appropriate. 
The coordinate charts guaranteed by the definition tell us that “locally” 
the pair (M, N) looks like the pair (R™,R”). This eliminates some of the 
phenomena of strange convergent sequences and the phenomena of limit 
points of nontrivial topology such as appear in Figure 2.3. 


(a) (b) 
FIGURE 2.3. Odd limit points. 


This definition and the lemma and theorem that follow were inspired by a 
discussion in [P. Molino, 1988], pp. 11-12. We note, however, that the property 
that every plaque in U N N is flat is not easily verified unless N has some other 
special property allowing us to assume that UN N has just one plaque. The aim is 
to have a definition broad enough to include nonclosed subgroups of a Lie group 
and, more generally, the leaves of a foliation (cf. Chapter 2) for which this “one 
plaque” property may fail. 
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Figure 2.3(a) is an example of what is called an immersed submanifold,’ 
which is the image of a manifold under a one-to-one immersion. 

We are going to define a topology and a smooth structure on a subman- 
ifold N. The topology is called the submanifold topology; it generally has 
more open sets than the induced topology. Note that each plaque of a sub- 
manifold inherits the induced topology from M, and in this topology the 
flat plaques are homeomorphic to open sets in R”. 


Definition 2.4. The submanifold topology on N is the one for which a set 
U c N is open if it meets every flat plaque in an open set (in the induced 
topology on the plaque). w 


Exercise 2.5. Suppose that N is a submanifold of the smooth manifold 
M. Show that if {Wa} is a given covering of N by flat plaques, then U C N 
is open if and only if U N Wa is open for every index a. E 


To study the submanifold topology, we shall use the following observa- 
tion. 


Lemma 2.6. Suppose that N is a submanifold of the smooth manifold M. 
If W CN is a flat plaque and V C M is an open set, then WV isa 
union of at most countably many flat plaques. 


Proof. Let (U,y) be a chart on M that straightens out W. This means 
that y(W) c R” is an open subset of an n-dimensional affine subspace A. 
Write W N V = UWa, where the Wa are the path components of W N V. 
Then each W, is an open set in W N V and hence in W as well. Hence 
each y(Wa) C R” is open in A. Thus, Wa is a flat plaque straightened out 
by the chart (UNV, y | UNV) on M. Moreover, there can be at most 
countably many of the plaques Wa; otherwise the open set Ua ¢(Wa) CA 
would have uncountably many components, contradicting the fact that A, 
and therefore all its subspaces, have countable bases for their topologies. E 


Theorem 2.7. Let M be a smooth manifold and N a submanifold equipped 
with the submanifold topology. Then 


(i) N is a topological manifold, 


(ii) the plaque charts provide a smooth atlas and hence a smooth structure 
for N, 


Suppose f: N — M is a one-to-one immersion. It would clearly be a difficult 
matter, and perhaps even impossible, to reconstruct the manifold N and the 
immersion f merely from the immersed submanifold itself, that is, from the image 
set f(N) C M. The definition we give for submanifold is intermediate between 
the notion of an immersed submanifold and that of a regular submanifold. 
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(iii) the inclusion map N C M is a weak embedding. 


Proof. (i) To see that the inclusion N C M is continuous, it suffices to 
show that any open set V C M meets any plaque of N in an open subset 
of that plaque. But since the topology on a plaque is just the induced 
topology as a subset of M, this is clear. Since N C M is continuous and 
M is Hausdorff, it follows that N is Hausdorff. The flat plaque charts show 
that N is locally Euclidean. 

It remains to see that N is paracompact in the submanifold topology. For 
this it suffices to show that each component of N is a countable union of flat 
plaques. Without loss of generality, we may assume N is path connected. 
Since M is a paracompact Hausdorff space, so is N, and we may choose 
a locally finite refinement of the open cover {Ug}acr of N (see Definition 
2.2). Calling this locally finite refinement {Ux }acr again, we note that by 
Lemma 2.6 it still has the property that each component of Ua QAN is a 
flat plaque. 

Fix a base point x € N. Now if J = {aj,...,a,} is a sequence of 
elements of J, we let Ay denote the subset of N which may be joined to x 
by a piecewise smooth path on M that lies on N and passes successively 
through Uar Cass oon Ca. 


Uo 
U Ql Uo 


Of course, there may be no overlap between successive Us, in which case 
A; = 9. 

First note that, because N is assumed path connected and the unit in- 
terval is compact, each point y E M may be joined to x by a path in Az 
for some J; thus Uj, Ay = N. Next note that Ay C Ua, N N is a union 
of components of Ua, N N, each one of which is a flat plaque. If we can 
show that the number of components of A, is at most countable, we will 
be finished since the local finiteness of the covering {Ua}aer implies that 
{J | #J < k and Aj; Æ 0} is finite and hence N is covered by at most 
countably many flat plaques. 

We show by induction on #J that the number of components of A, is 
at most countable. If #J = 1, then clearly A; has at most one component. 
Suppose that 


J= {ay,..., Qk}, J= {@1,---;Qk-1}, 
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and we already know that Ay has at most countably many components. 
By Lemma 2.6, each plaque of Az meets at most countably many plaques 
in U;, N N. Thus, Az has at most countably many components. 

(ii) The smooth compatibility of the plaque charts is an immediate con- 
sequence of the smooth compatibility of the charts on M. 

(iii) First note that the inclusion N C M is obviously a one-to-one im- 
mersion. Now let g:S — M be a smooth map, with g(S) c N. To check 
that the induced map f:S — N is smooth, let (W, | W) be a plaque 
chart. Then by definition, 


f | f7'(W) is smooth & (y | W)(f | f71(W)) is smooth. 


But (| W)o(f | f-(W)) = ( | W) o (g | 97+ (W)) = (v9 | A 
smooth. 


Regular Submanifolds 


Now we pass to the definition of regular submanifolds, which are simpler 
and more important than the general submanifolds studied above. They 
intersect more neatly with coordinate charts of the ambient manifold; in 
particular, the various components of this intersection do not pile up. How- 
ever, we pay for the simplicity of regular submanifolds by the exclusion of 
important examples, including the nonclosed subgroups of Lie groups and 
the leaves of some foliations. 


Definition 2.8. An n-dimensional submanifold N C M is regular if there 
is a covering {Ua} of N by open sets of M such that, for each a, Ua N N 
is a Single flat plaque of dimension n. & 


Proposition 2.9. For a regular submanifold, the subspace topology is the 
same as the submanifold topology. 


Proof. Let N C M be a regular submanifold. Since this inclusion map 
is continuous when N is given the submanifold topology, to show that 
the two topologies are the same, it suffices to show that given any subset 
V c N open in the submanifold topology, there is an open set V’ C M 
with NV’ = V so that V is also open in the subspace topology. 

Since V is a union of flat plaques, it is sufficient to find V” in the case that 
V itself is a flat plaque. Choose a chart (U, p) that straightens this plaque 
and contains no other plaques. We may assume y: (U,V) — (R” x R™~”, 
R” x 0). Then V’ = y~1(y(V) x B,(0)) will do the job, where B,(0) is the 
open € ball about the origin in R™~”. w 


Proper Submanifolds 


Even more restrictive than regular submanifolds are the proper submani- 
folds. 
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Definition 2.10. A submanifold N C M is called proper if it meets every 
compact subset of M in a compact subset of N (in the submanifold topol- 
ogy). Note that this is equivalent to saying that the inclusion map N C M 
is proper. 8 


Theorem 2.11. Let N C M be a proper submanifold. Then M is regular. 


Proof. Fix p € N. Take a chart (U,y) for M, with U compact, that 
straightens out the plaque W = U N N containing p. Now, as in the last 
paragraph of the proof of Proposition 2.9, we may assume that y(U) = 
(W) x B-(0). We may choose a sequence of open sets U; = y~!(y(W) x 
B./;(0)), j =1,2,..., so that (U;,¢ | U;) is also a chart straightening out 
the plaque W and {),., Uj; = W. We want to show that some U; meets N 
in just the single plaque W, which will prove regularity. Suppose otherwise. 
Then we could find an infinite sequence of points 71, 72,... on N—W, with 
zi E€ U; C U each in a distinct plaque of U. Since U is compact, there is a 
convergent subsequence whose points, together with their limit, constitute 
a closed and therefore compact set K C U N N. Repeating this argument 
with a slightly smaller plaque W’ c W’ c W, we obtain K c U N N. But 
this is impossible since each point of K lies in a distinct plaque of U and 
these plaques constitute an open cover of K in the submanifold topology 
having no finite subcover, which contradicts the compactness of K. E 


Exercise 2.12. Show that neither the union nor the intersection of two 
proper submanifolds need be a submanifold. E 


Submanifolds Described Implicitly 


Here is a simple criterion for the smoothness of a submanifold described 
implicitly. 


Theorem 2.13. Let M™ and N” be smooth manifolds with m > n, and 
let f: M — N be a smooth map. For y € N, we set M, = f~*(y). Assume 
that f has constant rank, r say, on a neighborhood of M,. Then M, is a 
smooth proper submanifold of M of dimension m — r. 


Proof. Let p € M,. Since the rank is constant on a neighborhood of p, 
by Theorem 1.31 there are coordinate charts (U, p) and (V,w) around p 


and f(p), respectively, such that y(p) = 0, y(f(p)) = 0, and pfy! is a 
restriction of the canonical map 


m: R” x R” — R’ x R”™. 
(x,y) œ (x,0) 


Thus (U N My) COxR™~ in R” x R™-". Hence M, has just one plaque 
in U and ọ straightens out this plaque. This shows that M, is a regular 
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A= 1/2 


FIGURE 2.15. Various elliptic curves. 


submanifold. Since M; is closed and M is Hausdorff, it follows that Myn K 
is compact for every compact K C M. Thus My is proper. a 


Example 2.14. Let My = {(a,y) € R? | y? = r(x — 1)(x — A)}, which 
is the Weierstrass normal form of the general cubic (elliptic) curve. A is a 
parameter that we will take to be real. Thus M) is given implicitly as the 
zero set of the function f:R? — R, where 


f(z,y) =y? — r(x — 1)(z-— à) = y’ — z? + (À + 1)2? — Ag. 


Calculating, we have f'(x, y) = (—3x? + 2(A + 1)x — A, 2y). The maximal 
possible rank for the derivative is 1, and we can find all points on M, where 
this fails by solving the system 


x(x — 1)(x — à) 
3r? — 2(A + 1) + 


y’, 
1=0, 
y= 0. 
The only solutions are (x,y, àA) = (0,0,0) and (1,0,1), which shows that 
M, is a smooth submanifold unless À = 0 or 1 and that, in these exceptional 
cases, My — {(0,0)} and M; — {(1,0)} are also smooth submanifolds of R’. 


Figure 2.15 shows these singular points on Mo and M1, as well as one of 
the more typical cases of a nonsingular M). + 


Example 2.16. Let us reconsider the n-sphere 
S” = {z Ee R"! |x-s=1}. 


Thus, S” = F~1({1}), where F: R”+! — R given by F(z) = zx -x. Calcu- 
lating from first principles, F’(x)v = 2x v. Thus, F has rank 1 everywhere 
on S”. It follows from Theorem 2.13 that S” is a smooth submanifold of 
R°+1!, r 
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Example 2.17. Let O,(R) = {A € M,(R) | AA’ = I} = the orthogonal 


group. Define F: M (R) > M,(R) by F(A) = AA‘, so that O,(R) = 
F-1(1). Now F is smooth and we may calculate 


F'(A)V = lim {F(A + AV) — F(A)} 


1 

= lim ¢{(A + hV)(A+ hv)’ — AA*} 
1 

= lim z {AVA +hAV* +h?VV*} 

= VA + AV*. 


In the particular case that A = I, we have ker F'(I) = 0,,(R), the vector 
space of all n x n skew-symmetric matrices. Note that dim 0,(R) = $n(n— 
1). More generally we have an isomorphism on (R) ~ ker F'(A), which sends 
S + SA for any A € O,(R). In particular, the rank of F is constant along 
On(R), so O,(R) is a smooth submanifold of M,,(R). + 


Exercise 2.18. Note that the smooth map det: On (R) — R has values +1 
(since 1 = det(AA*) = det(A) det( A+) = det(A)?), so it follows that On (R) 
is the disjoint union of two open sets. Show that these are the components 
of On (R). m 


Exercise 2.19. Assume the situation of Theorem 2.12; let W C N bea 
submanifold; and assume for each x € f~1(W) that f,(Tz;M) +TjiæW = 
T;(z)N. Show that f~'(W) is a submanifold of M. m 


Submanifolds Described Parametrically 


Now we pass to the dual situation of a manifold described parametrically. 


Theorem 2.20. Let M™ and N” be smooth manifolds, and let f: M — N 
be a proper one-to-one immersion. Then f(M) is a regular submanifold of 
N and the map f:M — f(M) is a diffeomorphism. 


Proof. We first show that f(M) is a regular manifold. Choose p € M, 
and set q = f(p). Since f is an immersion, its rank is m everywhere. Then 
by Corollary 1.33 there are connected coordinate charts (U, p) and (V, 4%) 
around p and q, respectively, such that y(p) = 0, w(q) = 0, f(U) c f(V), 
and Wfy7? is the restriction to y(U) of the canonical inclusion 


t: R” — R” x R”™. 
T œ (x,0) 


Thus y(f(U)) lies in an open subset of R™ x 0 C R™ x R”-™. Using the 
fact that f is proper, an argument similar to the proof of Theorem 2.11 


26 1. In the Ashes of the Ether: Differential Topology 


allows us to shrink U and V so that f(U) NV = f(M) NV is connected. 
Since (V, Y) straightens out the unique plaque f(M)/NV in V, it follows 
that f(M) is a regular submanifold. 

By Theorem 2.7(iii), f(M) c N is a weak embedding. Since f: M — N 
is smooth, it follows (cf. Definition 1.40) that the map f: M — f(M) is also 
smooth. Since both f(M) C N and f: M — N are one-to-one immersions, 
it follows that f: M — f(M) is a bijective immersion. Then by Theorem 
1.22, f is a diffeomorphism. a 


This theorem shows that the image of a proper embedding is a smooth 
submanifold. We remark that the embedding theorem of Whitney tells us 
that every smooth n-manifold admits a proper embedding as a smooth 
submanifold of Euclidean space of dimension 2n + 1 (cf. [J. Milnor, 1965)). 


Immersed Manifolds and Immersed Submanifolds 


Definition 2.21. An immersed manifoldin M is the image of an immersion 
f:N — M. (Note that the image is not in general a submanifold!) An 
immersed submanifold is the image of a one-to-one immersion f:N — M. 


B 


For example, the elliptic curve Mı appearing in Example 2.14 may be 
regarded as an immersed manifold in R?. In such a case, it is still true 
that each point p € N has a neighborhood U C N such that f(U) is a 
submanifold of M diffeomorphic to U. 


Exercise 2.22. Show that the curve Mı = {(z,y) E€ R? | y? = r(x — 1)*} 
is an immersed submanifold of R? by parametrizing it by the slope of the 
line through (z, y) E€ Mı and (1,0). q 


Exercise 2.23. Show that all of the following inclusions are proper inclu- 
sions: 


submanifolds embedded D {submanifolds} 


{ immersed i Meany 
D, 
submanifolds 


3 regular 5 proper 
submanifolds submanifolds | ` 
(Hint: To show that the first and second inclusions are proper, consider 
Figure 2.3.) E 


The following exercise provides a preview of the “second fundamental 
form” of a submanifold of R”. 
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Exercise 2.24.* Suppose that M C R% is given implicitly in a neighbor- 
hood of p € M by the zero set of a function of maximal rank F: RY — R”. 
The tangent space to M at x is defined to be the kernel of the linear 
surjection F'(x): R — R” and is denoted T,(M). Define the second fun- 
damental form of M at x by the formula 


B,:T,(M) x T,(M) => R“ /T(M), 
F'(x)(Bz(u, v)) = F” (x)(u, v). 


It follows that the symmetric bilinear form Bz (u, v) € R /T(M) is defined. 

(i) Let a(t) be path on M C R% through z and v(t) a vector field tangent 
to M along ø. Show that at x, ù = —B,(6,v) mod T,(M). 

(ii) Use (i) to show that B,:T,(M) x T,(M) — R” /Tz(M) is indepen- 
dent of the choice of F. 

(iii) Show that by using the Euclidean metric on R^ we can reinterpret 
B, asa map B,:T,(M)xT,(M) — T,(M)+ (orthogonal complement) and 
then define the “transpose” 


Bt:T,(M) x T,(M)* > T,(M), 
(u, Bi(v,w)) = (Bz(u,v),w) for all u,v €T,(M), w € T,(M)+. 


Show that if o(t) is a path on M C R through z and w(t) a vector field 
normal to M along ø, then at z, ù = Bt(o,w) mod T,(M)+. 
(iv) Find an analog of (iii) that does not rely on using a Euclidean metric. 


m 


In this formulation of the second fundamental form, it is clear that it has 
fairly strong invariance properties. The following exercises make this more 
precise. 


Exercise 2.25. Suppose that M c R“ is given implicitly in a neighbor- 
hood of p € M as the zero set of a function of maximal rank F: R” — R”, 
and let ¢: R — R” be a diffeomorphism. Set F = Fo 4, and let B 
and B be the second fundamental forms associated to M = F —1(0) and 
M = F-!(0), respectively. Show ¢/,(B(a@,)) = B(u,v) + 6% (u,%) mod 
T(2)(M) for all u,v € T,(M), where u = ¢/,(u) and v = ¢/,(0). m 


Exercise 2.26. Let M c R^ and let ¢: R — R” be any invertible affine 
map. Let B, (respectively, By(z)) denote the second fundamental form of 
M at x (respectively, of #(M) at ¢(x)). Show that 


;,(Bz(u,v)) = Ber) (zu, ¢.,v)mod T,(M) for allu,v€T,(M). Q 


Exercise 2.27. Assume the hypotheses of Exercise 2.26, and let p: R^ — 
R be a smooth function. Define y = 50: RY — RY, and show that 


ol!(u,v) = AOLA (u) + o, (u)g, (vyu — ġ!(u v)} mod (a) 
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for all u,v € RX. 


(Of course, we must avoid points where p vanishes.) Using the results of 
§4, deduce the analog of Exercise 2.26 for a submanifold M C P™ (R) and 
an invertible projective transformation ¢: P”(R) —> P”(R). m 


Exercise 2.28. Assume the hypotheses and notation of Exercises 2.25 and 
2.27. Let p(x) = x/(x-x) (inversion). Show that, in this case, ¢,(Bz(u, v)) = 
Bsta) (u, v) — 2(u-v/p(2))9(2). 


Note that Exercise 2.28 shows that the “raw” second fundamental form 
fails to be invariant under inversion. Nevertheless, we can obtain an in- 
variant second fundamental form by taking the “traceless” version of B, as 
indicated in the following exercise. 


Exercise 2.29.* Let V be a Euclidean space (with inner product “-”) and 
W a vector space. Let B: V x V — W be a symmetric form. Define Trace 
B = J cicdim y Blei ei) € W, where {e;} is an orthonormal basis for V. 
Define Bolu, v) = B(u, v) — (Trace B/dim V)u- v. 


(a) Show that Trace B is independent of the choice of the basis. 


(b) Assuming the hypotheses of Exercise 2.28, show that ¢!,(Bo(ŭ, č)) = 
Bo (u, v). m 


We shall revisit some of the ideas of these exercises in Chapters 6 and 7. 
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Everyone knows the usefulness in advanced calculus of studying vector- 
valued functions. Consider, for example, the velocity field of a particle 
moving along a fixed curve y in R?. This field is described by a function 
v:7 — R? defined along the curve. From another point of view, this same 
field may be regarded as a function whose value at x € y lies in the one- 
dimensional subspace V, of R? that is parallel to the tangent line T, to the 
curve at 7. 


xS 


v(x) 
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We emphasize that {V, | x € y} is a family of subspaces parametrized by 


Fiber bundles formalize the notion of a “parametrized family of so-and- 
so’s.” The “so-and-so” is called the fiber and may be a vector space as 
in the example above (corresponding to a vector bundle) or a Lie group 
(corresponding to a principal G bundle). These two are the most important 
cases, although other fibers may also serve as necessary. Sections (or in 
the case of vector bundles, one often says vector fields or tensors), which 
generalize functions, are functions on the parameter space whose value at 
x lies in “the so-and-so at x.” If the parametrized family is constant, then 
fields (sections) reduce to ordinary functions. 

The justification for the degree of generality employed here will appear 
first in the next section, where it is shown that a smooth manifold has a tan- 
gent bundle intrinsically associated with it, and again in Chapter 5, where 
it is shown that a Cartan geometry has a principal G bundle intrinsically 
associated with it. 

As with manifolds, it is possible to discuss both topological and smooth 
bundles. Of course, our principal interest is in the smooth case. 


Topological Bundles and Smooth Bundles 


Definition 3.1. Let F be a topological space and m: E — B a continuous 
map. We call the quadruple £ = (E, B,z,F) a (locally trivial) fiber bun- 
dle with (abstract) fiber F if, for each point b € B, there is an open set 
U C B containing p such that m~'(U) is homeomorphic to U x F by a 
homeomorphism y such that the following diagram commutes. 


wt (U) ELAM, 


Ç% 


The pair (U, y) is called a chart (or local bundle coordinate system). & 


Note that 2~1(b), the fiber over B, denoted Fy, is homeomorphic to F 
for all b € B. B is called the base space and E the total space of the 
bundle. Given a bundle £, we sometimes denote by B(&), E(€), etc., the 
corresponding parts of the bundle. If the base, fiber, and total spaces are 
smooth manifolds, 7 is a smooth map, and the charts may always be chosen 
to be smooth maps, then we have a smooth bundle. Two bundles €, and 
€> over the same base B are said to be isomorphic if there is a homeomor- 
phism (diffeomorphism) y between the total spaces such that the following 
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diagram commutes. y is called a bundle isomorphism or, in the case when 
E&i = £2 a bundle automorphism. 


p 
2 emma ae 
N / 
B 


Example 3.2. The simplest example of a bundle is the product bundle 
E = B x F with n = 7 (projection on the first factor). This bundle is 
also called the trivial bundle. If E is a locally compact Hausdorff space, 
then a necessary and sufficient condition that a bundle £ = (E, B, n, F) be 
(isomorphic to) the trivial bundle is the existence of a trivialization, which 
is a continuous (smooth) map t: E — F that induces a homeomorphism 
(diffeomorphism) upon restriction to each fiber 7~1(b). In this case the map 
(p,t): E — B x F is a homeomorphism (diffeomorphism) commuting with 
the canonical projection to B. + 


Example 3.3. Perhaps the simplest example of a nontrivial bundle is the 
Möbius band E pictured in Figure 3.4. It is clear that if we remove any 
point from the base B, we get an open set U homeomorphic to the interval 
(0,1) and m™}(U) is homeomorphic to (0,1) x [0,1]. Thus it is a bundle 
over B = Șt with fiber I = [0,1]. But it is not a trivial bundle; if it were, 
the boundary would consist of two components, whereas in fact it has only 
one (Figure 3.4). + 


UXF 


a | projection on | 
"3 4 l | the first factor 


FIGURE 3.4. Möbius band. 
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Example 3.5. The canonical line bundle over projective space general- 
izes the Möbius band. This is the bundle t: E — P”(R), where E = 
{(l,v) € P”(R) x R”+! | v € l} and z(l,v) = l. To see this is a bun- 
dle, let a: R” — R”+! be an affine map whose image does not contain 
the origin (cf. Example 1.3). Then U, = pa(R”) is open in P”(R) and 
pa: R” — U, is a diffeomorphism. We define y3 *:Ua x R — 1~*(Ua) by 
(L, A) + (l, Aa(pa)~*(1)). It is easily checked that y7? is a diffeomorphism 
that is linear on fibers, and that the pairs {(Ua, Pa)} constitute an atlas 
for the line bundle E. 

In a similar fashion we may describe the canonical line bundle E over 
the projective space P(V) associated to any vector space V. + 


Example 3.6. By definition, every covering space m: E — B is a fiber 
bundle with discrete fiber. + 


G Bundles 


Now we consider the following, more refined notion of a bundle in which a 
Lie group of symmetries appears. 


Definition 3.7. Let € = (E, B, n, F) be a smooth fiber bundle, and suppose 
that G is a Lie group that acts smoothly on F as a group of diffeomor- 
phisms. A G atlas for € is a collection A = {(U;,y;)} of charts for € such 
that 


(i) the U; cover B, 
(ii) for each pair of charts (U, p) and (V, y) in A the map 
= ypt: (UNV) x F->(UNV)xF, 


called a coordinate change, has the form ®(u, f) = (u, h(u)f), where 
h:U NV — G is a smooth map called a transition function. 8 


Note that in the case when the homomorphism G — Diff(F’) has a kernel 
H, then H is a closed’? normal subgroup and the action factors through 
G/H, so the bundle may also be regarded as a G/H bundle."! Thus there is 
nothing lost if we make the restriction that G acts effectively on F, namely, 
that H = 1. In this case we may speak of an effective G bundle. Just as in 
the case of manifolds, we call two G atlases equivalent if their union is also 
a G atlas. 


het A = {(x,x) € Fx F |x € F}. Since the action is a smooth map 
Gx F — F, the graph of this map, given by T = {(g,2,y) € Gx Fx F | gx =y}, 
is closed and hence so is the intersection TN Gx A= H x A. 

11In Chapter 4 it will be shown that H and G/H are again Lie groups. 
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Definition 3.8. A G structure on the smooth bundle € is an equivalence 
class of G atlases on £, anda G bundle is a smooth bundle € with a specified 
G structure. & 


Exercise 3.9 (Product bundles). Let €; = (Ej, Bj, tj, Fj,G;), j = 1,2, be 
two “G” bundles. Show that Ey x £5 = (Fy x Fa, Bı X Bo, Tı X 72, Fi x Fo, 
G, x G2) is a G1 x G2 bundle in a canonical fashion. q 


Exercise 3.10 (Induced, or pullback bundles). Let € = (£,B,7, F, G) 
be a smooth G bundle and let f: X — B be a smooth map. Let f*(€) = 
(E1, X, m1, F, G), where E, = {(x,e) € X xE | f(x) = n(e)} and m(z,e) = 
x. Show that it is a smooth G bundle. E 


Definition 3.11. A G bundle is flat if all the transition functions 
h:U NV — G are constant. (This happens, in particular, if G is a dis- 
crete group. )!? & 


Exercise 3.12. Let B be a manifold with universal cover B. Show that a 
flat G-bundle over B with fiber F induces a trivial bundle over B with a 
canonical trivialization and that the action of the group of covering trans- 
formations on the fiber is a representation mı(B,b) — G. Conversely, show 
that every representation 7,(B,b) — G arises in this way. LJ 


Given a G atlas, we can consider the union of all G atlases equivalent 
to it to obtain the unique maximal atlas equivalent to the given one. The 


12The reader may wonder about the origin and importance of flat bundles 
in geometry. It often happens that one makes some locally defined geometrical 
construction on a manifold which depends on a choice in some discrete universe 
of possible choices. By the discreteness any choice can be extended smoothly 
over small neighborhoods, but globally one may not be able to do this. The 
appearance of this situation is a sure sign of the presence of a helpful flat bundle 
that resolves the global ambiguity. For example, at a nonumbilic point p on an 
oriented surface in 3-space, there are two principal tangent lines corresponding to 
the two principal curvatures. Although we may choose two unit vectors e; and e2 
in these two directions at p, there is no unique choice. Of course, we may assume 
that the basis (e1,e2) gives the correct orientation for the surface, but that still 
leaves the choice between +(e1, e2). If we work only locally, we may just choose 
one of the two, say (e1,€2), and be done with it. It is a fact, however, that as we 
push our choice (e1, €2) along a loop enclosing a single (generic) umbilic point, it 
will come back to p as the other choice, — (e1, e2). This indicates the presence of 
a flat bundle, in this case the flat line bundle L with discrete group +1, with the 
property that the fiber turns over every time we pass around a generic umbilic. 
Rather than regarding e1 and e2 as sections of the tangent bundle T of the surface, 
which would run into sign trouble as we pass around an umbilic, we regard them 
as sections of the tensor product T & L. The rectification of the sign is built 
into L. And, moreover, rather than saying that we have now accommodated the 
frame by a clever construction, it is more true to say that the frame was always 
geometrically comprised of sections of T @ L but we just didn’t know it before. 
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G structure may be identified with this maximal atlas, and the remarks 
about tidying up the coordinate charts in the corresponding situation for 
smooth manifolds apply here as well. Two G bundles are isomorphic if they 
are isomorphic as bundles by an isomorphism identifying the G structures. 


Example 3.13. A finite covering space r: M — M is a G bundle with 
discrete fiber whose group is the permutation group of the fiber. (If the 
fiber is not finite, the permutation group is not countable.) + 


Example 3.14. We sketch a more complicated example of a G bundle, 
the Hopf fibration S! — S? — S2. The Lie group St = {AE C | |A| = 1} 
acts smoothly on S$? = {w = (wọ, w1) € C? | [wo]? + |wi|? = 1} by the 
formula À- (wo, w1) = (Awo, Aw,). We shall regard S? as the union of two 
copies of C with identifications, S? = Co Up Ci, where y: C — C7} is 
given by (zo) = 2% 1. The map y may be regarded as arising from two 
stereographic projections from the sphere of radius 1/2 in R as in the 
following figure. (The complex planes are arranged so that their positive 
real axes are parallel.) 


0 Zis =O) 


C; (= copy of Co 
“turned over”) 


Co (= C) 0 Zo 


Now the map 7: S3 — S? is given by 


7 w,/wo € Cı if wo Æ 0, 
mw) a en E€ Co if wi F 0. 


Note that if wo, w1 Æ 0, the two definitions agree. It is easy to verify that 
m(u) = 1(v) & u = Av for some à € St. The trivializations are 


nt *(Co) œ Co x St, nq 41(C,) = C, x St, 
(wo, w1) => (wı/wo, Wo/|wol), (wo, w1) > (wo/wi,wi/|wil), 
and the coordinate change between these is seen to be 
Cixs'-Cixs', 
(z,A) = (1/z, Az/|z)). 


Since this is of the form (z,A) + (y(z),h(z)A), we have an St bundle 
over S*. The inverse image of a circle on S? in SÌ is a torus. Picturing 
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FIGURE 3.15. The Hopf fibration. 


S minus the north pole as R via stereographic projection, Figure 3.15 
shows an accurate cutaway perspective view in R3 of the fibers on the three 
tori lying over the equator, and the +45 degree parallels of S*. The fibers 
themselves correspond to the places where the ratio w;/wo is constant and 
appear as circles in Figure 3.15. The fibers over the north and south poles, 
namely, the z-axis and the “central circle,” are also shown. In fact, the 
subset of RÌ consisting of R3 — z-azis — central circle is “foliated” by the 
tori lying over the lines of latitude on the 2-sphere. 

All but two of the fibers of the Hopf bundle lie on these tori in R3. On 
each torus the fibers run around “once in each direction.” The base S? 
may be regarded as “the space of fibers” in the sense that m establishes a 
bijection between the set of fibers and the base. Moreover, the topology on 
the base indicates the mutual disposition of the fibers in the sense that two 
fibers are “near” each other when the corresponding points in B are “near” 
each other. Figure 3.16 shows how the “space of fibers” of the Hopf bundle 
fit together topologically to form the 2-sphere. One of the tori of Figure 
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complementary 
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sectional 
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one of the fibers 
on the torus 


FIGURE 3.16. Topology of the space of fibers. 


3.16 has been singled out. A cross-sectional disc for the corresponding solid 
torus meets every fiber inside the torus just once. The “complementary 
disc” meets each fiber outside the torus once. The fibers on the torus meet 
each disc once in its bounding circle and provide a diffeomorphism between 
these two circles. Thus the “space of fibers” is made up of two 2-discs glued 
together by a diffeomorphism of their boundaries, which is just the 2-sphere. 
$ 


Exercise 3.17. Show that the Möbius band is a G bundle with G = Z/2. 
m 


Construction of Bundles 


Now that we have seen an interesting example of a G bundle, let us return 
to the definition to see what ingredients are required for the construction of 
a G bundle. It is clear from the definition that if we are given an effective 
G bundle, then we are given 


(i) a Lie group G acting smoothly on a smooth manifold F, 
(ii) an open covering {Ua} of a manifold B, 


(iii) smooth maps hga: Ua NUg — G related by the property that if Ux N 
Ug N U, #9, then on this intersection we have hghga = hya. 


The latter property is a consequence of the existence of the effective G 
bundle and may be seen as follows. We may assume that the open sets Ua 
are indexed by the trivializations 


ain (Ua) > Uy x F. 
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The coordinate changes are Bat: (Ua N Ug) x F — (Ua N Ug) x F, where 
Bag (u, f) = (u, hga f). Thus, the obvious identity y867t BaT! = ya~* is 
equivalent to hygħga = Rya. 

It is quite clear that this procedure may be reversed in that if we are 
given the data of (i), (ii), and (iii), we can construct a G bundle by forming 
the disjoint union of the products Ug x F and dividing by the equivalence 
relation generated by making the identifications 


Ua x F Ug x F 
U U 
(U~NUg)x F => (Ua N Ug) x F 
(u, f) > (u, haf). 


Exercise 3.18. Verify that this procedure does yield a smooth G bundle 
over B with fiber F and that if the data (i), (ii), and (iii) arose from a G 
bundle, this procedure reconstructs that G bundle (up to isomorphism). U 


Principal Bundles 


A special type of G bundle is the one for which the group G “is the same 
as” the fiber F in the sense that for some (and hence any) point fo € F, the 
map G — F sending g — g fo is a diffeomorphism. (For example, the Hopf 
bundle fits this description.) It then follows that the G bundle is effective, 
so the transition maps h: U N V — G are determined by the bundle. Note 
that the diffeomorphism G — F does not yield a canonical identification of 
G with the abstract fiber F, because the bijection will vary with the choice 
of fo € F. Nevertheless, once we have chosen such an identification, we can 
reconstruct the bundle using G itself as the (abstract) fiber together with 
the left action of G on itself, as may be seen from the following diagram. 


(u, gf) m lu, hg fy) 


UxF D (UAV) ===> (UNV) XF C VXF 
UxG D (UAVYXG ===> (UAV) KG C VxG 


(u, 8)  — lu, Aug) 


Moreover, it further follows from this diagram that a principal G bundle 
has a smooth right G action, as may be seen by comparing the coordinate 
changes before and after we identify the fiber with G. The right G action 
commutes with the coordinate changes, which themselves involve only the 
left G action. This leads us to the following definition. 
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Definition 3.19. A principal!’ G bundle is a smooth fiber bundle € = 
(P, B, 7, F) together with a right action P x G — P that is fiber preserving 
and acts simply transitively on each fiber. g% 


Example 3.20. A regular covering space 7: M > M isa G bundle with 
discrete fiber whose group is 71(M, b)/N, where N = Image z,:71(M,b) > 
Ti (M, b). & 


Exercise 3.21. Verify that a principal G bundle does in fact possess a 
canonical effective G bundle structure. | Hint: the coordinate changes must 
commute with the G action.| m 


Exercise 3.22.* Let € = (P, B,n, F) be a principal G bundle. Show that 
the action P x G — P is proper in the sense that if A and B are compact 
subsets of P then {g € G | (gA) A B Æ 0} is compact. m 


Exercise 3.23.* Let H — P — M be a principal bundle, and suppose 
that M is connected. Fix a component Pı of P and an element pı € P, 
and set Hı = {h € H | pıh € Py}. 


(i) Show that H, is a codimension-zero subgroup of H. 
(ii) Show that P Hı C P. 
(iii) Show that Hı — P, — M is a principal H, bundle. m 


The case of a principal G bundle is fundamental because of the inverse 
constructions that allow us to pass back and forth between effective G 
bundles with fiber F and principal G bundles. These passages may be 
described as follows. An effective G bundle with fiber F' determines the 
transition functions h: U N V — G, and hence, as above, we can construct 
a principal G bundle called the associated G bundle. Conversely, given a 
principal G bundle € and a smooth effective action of G on a manifold F, we 
can use the action to construct a G bundle with fiber F denoted by E xg F. 
These two constructions are inverse to each other. Therefore, we may say 
that the fiber of an effective G bundle may be regarded as a variable for 
which we may substitute any manifold on which G acts effectively. 


Vector Bundles 


A special case of a G bundle is a real vector bundle. In this case the fiber is 
a real finite-dimensional vector space V and the group is the general linear 
group G = GI(V ). An isomorphism of vector bundles is an isomorphism of 


'SThis term apparently arises because a principal bundle generalizes the so- 
called principal group of a Klein geometry (cf. Chapter 4). 
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bundles that is linear on the fibers. Since the action of G on V is transitive 
and effective, it follows that we may pass back and forth between the vector 
bundle and the principal G bundle €. What is more, given any smooth linear 
representation p: G — G(W), we can pass from the original vector bundle 
to the associated principal bundle € and then to the G bundle with fiber W 
denoted by £x „W. In fact, the fibers of the canonical map x W — €x,W 
are just the orbits of the left G action G x € x W — €x W given by 


g- (x,w) = (£g™*, p(g)w). 


Example 3.24 (Exterior power). If € is a vector bundle with fiber V, with 
group GI(V) acting on V by the standard representation, then GI(V) also 
act on AP(V), the pth exterior power. Thus, we have an associated bundle 
AP (£), called the pth exterior power of £. + 


Exercise 3.25 (Whitney sum). Let €; and 2 be two vector bundles over 
the same base B, and let A: B — B x B be the diagonal map. Then the 
Whitney sum of the bundles is £; @€2 = A* (£1 x €2). Show that the Whitney 
sum is associative and commutative (up to bundle isomorphism). E 


Exercise 3.26 (Quotient Bundle). Let € and &2 be two vector bundles over 
the same base B, and let y:£; — z be a smooth injection covering the 
identity on B and linear on fibers. Show that there is a canonical quotient 
bundle 2/1 over B whose fibers are the quotients of the corresponding 


fibers of €, and &o. Lj 


Sections 


Now let us consider sections (also called fields or tensors, in the case of vec- 
tor bundles), the generalization of functions mentioned in the introduction 
to this section. 


Definition 3.27. Let € = (E,B,7, F) be a bundle. A section over U C B 
is a continuous (or smooth, in the case of a smooth bundle) map o: U — E 
such that mo = idg. The space of all (smooth) sections of 7 is denoted by 
r(n). & 


In general, a field in an n-dimensional real vector bundle may be regarded 
as a generalization of a vector-valued function on the base, which is locally, 
of course, exactly what a field is in this case. In fact, the same may be said 
about sections on a general bundle. The advantage of the generalization is 
that, in many geometric circumstances, fields correspond more closely to 
the nature of things than do functions. The close relationship between fields 
and functions accounts for the fact that in the presence of a trivial bundle 
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with a canonical trivialization t: E — F, there is a tendency to identify the 
field o: B — E with the corresponding function to: B — F. 

Let € = (E, B, n, G) be a principal G bundle over B, and consider the 
bundle 7 = €xqF with fiber F, associated to € by a smooth effective action 
p of G on a manifold F. There is an important bijective correspondence 


yp: A°(E, p) > T(n) 


where 


A°(E, p) = {f:E — F | f is smooth, and f(pg) = p(g97*) f (p)} 


and the section 7(f): B — 7 is induced by the map P — P x F sending 
p> (p, f (p)). 


Exercise 3.28.* Verify that the above correspondence is well defined and 
bijective. J 
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Tangent vectors have a schizophrenic nature. On the one hand, they have 
a geometric aspect in which they appear as directions in space: if I stand in 
a manifold, I can move in a variety of directions, which may be described 
as the tangent vectors at my position. On the other hand, they have an 
analytical aspect in which they appear as “directional derivatives,” which 
is to say as first-order partial differential operators that, when applied to a 
smooth function, give its rate of increase in the given direction. Although 
these are “the same” notion in some sense, they nevertheless have a different 
development. While “directions” strike the mind as a primarily geometric 
notion, differential operators lie in the domain of analysis and can, for 
example, be composed to yield partial differential operators of arbitrary 
order whose geometric significance is often unclear.!4 


Geometric Vectors 


We start with the geometric view of vectors. In courses on advanced cal- 
culus, we learn how, at least in certain cases, to find the tangent plane at 
a point p of a submanifold M™ C R”. There are two methods, depending 
on whether the submanifold is described parametrically or implicitly. Of 


‘In fact, we are simplifying matters somewhat. The schizophrenic nature of 
tangent vectors also includes a third personality, an algebraic one. If mz is the 
ideal of smooth functions on M which vanish at the point x, then the space 
of tangent vectors at x can also be identified with the dual space (m,/m?2)*. 
However, we do not pursue this aspect of tangent vectors here. 
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course, in cases where both methods apply, they lead to the same tangent 
plane which we shall denote by T p(M )geometric. Later we shall drop the 
term geometric. 


The Parametric Method. Let p € M™, where M™ is a submanifold of 
R”. Assume that p lies in a neighborhood of M™ which is defined para- 
metrically by a parameterization f:(U,0) — (M™,p), where U is an open 
set in R™ and ranko(f) = n. Then the tangent plane Tp(M) geometric is also 
described parametrically as the image of the affine map A: R” — R” given 


by Av = f(0) + f’(0)v. 


Exercise 4.1. Let 0,(R) = {X € M,(R) | Xt = —X} be the n(n — 1)- 
dimensional vector space of skew-symmetric matrices. Show that the Cayley 
parameterization 


f:on(R) > M,(R), where f(X)=(I+X)I-X)™ 
is a smooth embedding whose image is an open subset of SO,(R). 


Example 4.2. Let us find the tangent plane at the identity J = f(0) of 
the submanifold described parametrically by f in Exercise 4.1. Calculating 
the derivative f’(0) from first principles, we have 


lim +{/(AY) — f(O)} = lim ={(1 +AY)(I — hY)™ — 1) 
= lim -{q +hY)—(1—hY)}(1-hY)7’ 
= 2Y. 


Thus, the tangent plane at the identity is (a translated copy of) on(R) 
itself, parametrized by the affine map A:o0,(R) — M,(R) given by A(Y) = 
P+ 2Y. & 


The Implicit Method. Let p e€ M™, where M is a submanifold of R”. 
Assume that p € U C R”, where U N M is defined implicitly as the zero 
set of a smooth map F: U — R”~™ such that rankp(F) = n— m. Then the 
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T(S) 
{v eR?| F'(p) -p)=0} 


PS) = T,(S') 
T(S) = {v ER?| F'(pyv = 0} 


the two geometrical placements difficulty separating 
of tangent spaces tangent vectors 


FIGURE 4.4. 


tangent plane Tp(M)geometric is also described implicitly as the zero set of 
the affine map B:R™ — R” given by Bu = F’(p)(v — p). 


Example 4.3. Let us calculate the tangent plane of the n-sphere S” = 
{x € R”! | x-z = 1} by this method. Here F:R"+! — R is given by 
F(z) = x-x—1. Calculating the derivative of F from first principles yields 
F'(x)v = 2x-v. Thus, rank,(F) = 1 for each x € S”, and the tangent 
plane is given by T;(S”) geometric = {£ +v € R”! | x-v =O}. + 


These constructions of the tangent planes suffer from several disadvantages. 
The first one, which is not very serious, is that although the tangent plane 
can be regarded as a vector space, it is generally not a vector subspace 
of the ambient R” (Figure 4.4). This can be fixed by translating each 
tangent plane Tp(M)geometrico by —p so that it becomes a subspace with 
p corresponding to the origin (cf. Figure 4.4). We continue to denote this 
by Tp(M)geometric. The more substantial second objection is that vectors 
in distinct tangent planes may correspond to the same point in R”. This 
can be remedied by means of the following construction, which defines the 
geometric tangent bundle T(M) geometric Of a smooth submanifold M of R”: 


T(M)geometric = {(p, v) € R” x R” | p € M,v € T,(M)}. 


It is easy to see that T(M)geometric is always a smooth submanifold of 
R” x R”. For example, if M is given implicitly as 


M = {p € R” | F(p) = 0}, 


where F:R” — R”~™ is smooth with rank,(F’) = n — m for all p € M, 
then T(M) is given implicitly as 


EM Jecometrie = {(p, v) E R” x R” | F(p) = 0, F'(p)v = O}, 
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namely, as the zero set of the smooth function 
(F, B): R” x R” => R” x R”, 


where B(p, v) = F’(p)v. Let (x, y) denote the coordinates of the two factors 
R” x R”. Calculating the derivative, we have 


(E) o 


(F, B)'(p, v) = (2) 3) ) 


which has rank 2(n — m) everywhere, since both main diagonal entries are 
copies of F'(p), which has rank n — m. 


Exercise 4.5. Show that if M is given implicitly by F = 0 as above, then 
the first factor projecton 7:T(M) — M has a canonical vector bundle 
structure. LJ 


Analytic Vectors 


As interesting and geometrically explicit as the preceding results are, there 
still remains the major disadvantage that the definition of the tangent 
plane and that of tangent bundle seem to depend on the way in which M is 
embedded in R”. It is much more satisfying and useful to ask and answer 
the following question: “Is there an intrinsic way of associating a tangent 
plane and tangent bundle to a smooth manifold so that it is not only 
independent of a particular embedding, but also so that if we do have an 
embedding M™ — R”, we can see that we get the same answer as above?” 
Using Whitney’s embedding theorem it is possible, although awkward, to 
show directly that the above construction is what we seek. However, it is 
better now to abandon, temporarily, the geometric aspects of vectors and 
pass to the analytic description of tangent vectors as directional derivatives. 


To a vector v = (v1,..., Un) E R” we may associate the differential 
operator 
o 
aS do o 
l<i<n 


called the directional derivative in the direction v. In the case that v is a unit 
vector in R” and f:R” — R is a smooth function, then the geometrical 
meaning of D,(f)(x) is that it gives the rate of change of f in the direction 
v. We codify the notion of a differential operator in the following definition. 


Definition 4.6. A derivation at p € M™ is a real-valued operator D 
defined on smooth functions whose domain contains a neighborhood of p 
such that, for every pair f, g of such functions, D satisfies the following 
two properties: 
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(i) (Linearity) D(a f + Bg) =aD(f)+ BD(qg) for alla, ß E R, 
(ii) (Leibnitz formula) D( fg) = D(f)g(p) + f(p)D(qg). & 


The space of all derivations at a point p clearly constitutes a real vector 
space, which we call the analytic tangent space of M at p and denote by 
Tp(M )analytic. Moreover, the two properties imply that D(c) = 0 for any 
constant function c. It is not clear at this stage that T,(M Janalytic iS finite 
dimensional, although we shall soon see it is of dimension m. Later, when 
we have seen that this definition of the tangent space is in full agreement 
with the geometric definition, we shall drop the term analytic. 

We need several simple results before we can compare analytic and ge- 
ometric vectors. The first shows that smooth maps induce linear transfor- 
mations between the analytic tangent spaces at corresponding points. In a 
word, it says that we can differentiate smooth maps. 


Theorem 4.7. 


(a) (Derivative) If g:(M™,x) > (N", y) is a smooth map, then g induces 
a linear map guar: Tz(M )anatytic —> Ty(N)analytic defined by (gx2D)h = 
D(hg). 


(b) (Chain Rule) If g:(M™,2) > (N”,y) and f:(N",y) — (P?,z) are 
smooth maps, then (fg)ax = fayGuc- 


Proof. Both statements are simple exercises. a 


Corollary 4.8. If f: M — N is a diffeomorphism in some neighborhood of 
x E€ M, then far: Tx(M )analytic > Tf) (N analytic ts an isomorphism. 


Proof. Let xe U C M with U open and f:U — f(U) a diffeomorphism. 
Let g be the inverse diffeomorphism. Applying the chain rule to gf = idy 
and fg = idf(v), we get id = gxyfxz and id = fxrgxy. Thus fxs is an 
isomorphism. p E 
/ 

The next result is a special case of Taylor’s theorem and the result that 
follows it applies it to determine the derivations at a point in Euclidean 
space. 


Lemma 4.9. If f is a smooth function defined in a neighborhood of p € R”, 
then 
Of 


f(e)= flo) + N E o) + a(2)} : 


l<i<n 


where the functions a;(x) are smooth and vanish at p. 
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Proof. Write 


fa)—flo) -f Of(p +t — P)) y ` (api) | = (p+t(x—p) )dt. 


ot 1l<i<n 


Now, integrating by parts, we get 


1 
| al (p + t(x — p))dt 
o OTi 


CTT [i S Le + le p))(z; — pat 
= Az, (p Tt — P i A a. Axx; J J 
= SL (x) + ala), 
where the a;(x) are obviously smooth and vanish at p. E 


Proposition 4.10. If U is an open subset of R” and D is a derivation at 


pEU, then 5 


l<i<n 


P 


Proof. Write 


fe) = fo) + E (=p) S p) + ala), 


1<i<n 


as in the lemma. Applying D to both sides yields 
Df =0+ Ss D(zi— pi) ae )+a;(x)] +0 = ` Der o. w 
= i— Pi) | 5 P + a i) Bn, 


1<i<n 1<i<n 


Corollary 4.11. dim T(R” )analytic = n- 


Proof. The formula shows that Tp(R” )analytic is spanned by the derivations 


0 


D; 


p 
These derivations are linearly independent since we obtain A; = 0(1 < j < 
n) when a putative relation }> \,;D; = 0 is applied to the function zj. W 


Corollary 4.12. Let f: MM — N be a smooth map. Then the rank of f at 
pE M is the rank of fsp: Tp(M analytic > Tf(p) (N )analytic- 
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Proof. This is a local question, so we may assume that M is an open set 
in R” (with coordinates z1,...,£m) and N is an open set in R” (with 
coordinates T1,..., n). We show that in this case the rank of fsp is the 
same as the rank of the Jacobian matrix of f at p. Set D; = 0/0z; and 
write 


Then aij = ((fsp)D:)£; = D:(z; 0 f) = D:(f;) = (3f; /3r:)(p). Thus, the 
Jacobian matrix is, in fact, the matrix of the linear transformation f,, in 
the basis D;. 


Corollary 4.13. If g:M — N is a smooth map whose derivative 
gxxz : Tp(M Janalytic > g(p)(N )analytic is a linear isomorphism for a given 
point p, then g is a local diffeomorphism (i.e., p has an open neighborhood 
U such that g(U) is open and g | U is a diffeomorphism onto its image). 


Proof. The isomorphism implies that M and N have the same dimension 
m and that f has rank m at p, so the inverse function theorem applies. W 


Identity of Geometric and Analytic Vectors 


At this stage it is possible to compare the analytic vectors to the geometric 
ones. Thus, suppose we have a smooth submanifold of Euclidean space 
t: M™ C R?” given as the zero set of a smooth function F = (F\,..., Fa-m): 
R” — R”-™ of rank n — m. Then 


Tp(M) geometric = ker F'(p): R” — R°”. 
Now the smooth inclusion +: M™ C R” induces a linear map 
bxp: ToM" Janalytie B TR” Janay: 


If D € T,(M™ )analytic, then tapD € T(R” )analytic, and by Proposition 4.10 
we can write 


o 
bD = ` viz where v; = (txpD)z; E R. 
1<i<n : 


We claim that (v1,..., Un) € Tp(M)geometric: To see this, note that 
F;(e(x)) = 0 for all z € M and for all j. Thus, for D € Tp(M analytics 
we have | 


0 = D(Fjt) = (Fjt)«p(D) = Fs 4u(p) (tap(D)) 


O OF; 
= Fin) | 2 uz | = Do uzat) 
1<i<n Ox; l<i<n On; 


=> F"(p)v =0>vE To M eomer: 
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This yields a linear map 


Tp(M ) analytic R Tp( M) geometric 
Di (pD iiss Ce Dien): 


To show that the map is injective (and hence an isomorphism since the 
dimensions are the same), it suffices to show that if (4«»D)x; =0,1 <J Sn 
then Df = 0 for every smooth function f defined on a neighborhood of 
p in M. Now the value of Df is not altered if we restrict f to a smaller 
domain about p. But if the domain is small enough, then f extends to a 
neighborhood of p in R”, that is, f = ge for g smooth on a neighborhood 
of p in R™. Thus, 


Df = D(gt) = guupy!ap(D) = (tp(D))9 = Duge) = 0 


since vj = (lepD)z; = 0. These remarks yield a canonical identification 
between T,(M™ )analytic and Tp(M) geometric in the case M Cc R”. 


The Tangent Bundle 


Now let us return to the tangent bundle. We want to give a definition of 
T(M) as a smooth manifold intrinsically associated to the smooth manifold 
M and also to show that it is a Glm(R) bundle with fiber R™ under the 
standard action. 

For each manifold M we define T(M)analytic as a set to be the disjoint 
union of the vector spaces T,(M), p € M. Denote by 7 the canonical 
projection map m:T(M )analytic > M sending the vector v € T,(M) to 
the point p € M. If f:M— Nisa smooth map, then we define a map 
far T(M)analytic > T(N analytic by sending the vector v € T,(M) to fxpv E 
T;(p)(N) such that the diagram commutes. 


hh 


T(M analytic > T(N) analytic 


ITN 


Now we put a topology on the sets T (M analytic by modeling pieces of it 
on a special case of the geometric tangent bundle. We do this first for the 
case M =U = open set in R™. As sets we have the identification 
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TIU Jaaye = LU) pesesercie =U x R 


0 
(z Tuz) > (x, (V1, V2,.--,Un))- 


i 


Now the right-hand side comes equipped with a topology, a smooth struc- 
ture, and even the structure of a (trivial) smooth Gln (R) bundle. The idea 
is to pass this to T(M analytic- 

P A = {(U,p)} be a smooth atlas for M. Then y: U > y(U) C R” is 
a homeomorphism onto its image and y,:T(U )analytic — T'(y(U = 
o(U) eae ) lyt (p( ) analyte 


The Topology. A set W C T(M)analytic is open & p4(W N T(U analytic) 
is open in y(U) x R” for all (U, y) € A. 


The Atlas for the Smooth Structure. Take T = {(T(U l 
(U, p) E A}. {( ( E Ox) | 


The Bundle. Again take B = {(T(U )Janalytic, Gx) | (U, y) € A}. 


Exercise 4.14.* Show that T(M )analytic is a smooth manifold of dimension 
2m and that (T(M analytic, M, 7, R™) is a smooth Glm (R) bundle that can 
be canonically identified with the geometric tangent bundle T(M) i 

whenever M is a submanifold of R”. geome a 


From now on we drop the decorations analytic and geometric in reference 
to tangent vectors and bundles. 

Since the action of Gl, (R) on R” is faithful, we have available the bundle 
«+ G bundle correspondence, described on page 36, and so we may speak 
of the bundle associated to any representation of Gl,(R). 


Exercise 4.15.* Let M and N be smooth manifolds and let ty: Mx N —> 
M and my: M x N — N be the canonical projections. They induce maps 
Tux: T(M x N) > T(M) and my,:T(M x N) —> T(N), which we can 
combine into a map nm» X Tnx: T(M x N) > T(M) x T(N). Show that 
this map is a diffeomorphism. | Hint: Use the atlas for M x N to reduce the 
question to the case where M and N are open sets in Euclidean spaces.] O 


Exercise 4.16.* Continuing the notation of the last exercise, we fix p € M 
and q € N and define 


tm: M—>MxN, in: N>MxN, 
£= (z,q) y > (P, y), 
Im: Tp(M) x T(N) > T,(M), In: Tp(M) x T(N) > T(N), 
(u,v) — u, (u, v) — v. 
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Show that the following maps are inverse to each other: 


™ Mx(p,q) X ™Nx(p,q) 
Tepa (M x N) =  T,(M) x T,(N). 
LM«plim + tnagll J 


Exercise 4.17. Show that a smooth manifold M of dimension n is ori- 
entable if and only if the nth exterior power àA” (T(M)) is a trivial line 
bundle over M. [Hint: Choose a never-zero section e € T(A"(T(R”))). IE 
\"(T(M)) is trivial, we may choose a never-zero section o € D(A" (T(M))). 
Consider the charts (U,y) such that, for each x € U, o(x) and e(y(z)) 
correspond up to a positive scalar factor under the isomorphism 


Paz: A” (Tx (M)) KA Uo) (R”)). 
Show these charts yield an orientation for M.] QO 


It sometimes happens that the tangent bundle T(M) of a smooth man- 
ifold M may be described by a G atlas, where G is some closed subgroup 
of Gl,,(R). In this case T(M) acquires a G structure, so that it becomes a 
G bundle. In this case we say that the manifold M has a G structure. For 
example, every manifold has an O,(R) structure (cf. [W. Boothby, 1986], 
p. 195). In general, if H is a closed Lie subgroup of G and a G bundle has 
an atlas involving only H, we say that the H structure defined by such an 
atlas is a reduction of the structure group from G to H. 

Here is a useful result generalizing part of the mean-value theorem. 


Proposition 4.18. Let f: M >N bea smooth map of smooth manifolds. 
Assume f.x:T(M) — T(N) is the zero map on each tangent space. Then f 
is constant on each component of M. 


Proof. It suffices to show that for any chart (V, yY) on N, f is constant 
in each component of the open set f —l(V). Let p,q lie in one component 
of f-1(V). We show that f(p) = f(g). Let o: (1,0,1) > (f~*(V), p,a) 
be a smooth path joining p and q. Now consider F = w fo:I = R™. By 
the chain rule we have F’(t) = 0 for all t, so by the ordinary mean-value 
theorem, each of the m components of F is constant. Thus, F is constant, 


and so f(p) = ~7'F(0) =p *F(1) = f(a). E 
Next we generalize part of the fundamental theorem of calculus. 


Proposition 4.19. Let M and N be smooth manifolds with M connected 
and N having trivial tangent bundle, with trivialization t:T(N) —> V. Let 
f,g: M — N be smooth maps satisfying 
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(i) f(p) = 9(p) for some point p € M, 
(ii) tf, = tg. as maps T(M) > V. 
Then f = 9. 


Proof. It suffices to show that f(q) = g(q) for all q € M. But M is 
connected, so we may choose a smooth path ø: (1,0, 1) — (M,p,q), and we 
are reduced to demonstrating the result for the case M = R. Moreaver by 
covering o(I) with coordinate charts and using the compactness of I | we 
can write g as a composite of finitely many paths, each one lying in a ele 
coordinate chart. Thus we are reduced to considering the case M = R and 
N = R”. Now, if tf, = tg. for one trivialization, then the same is true for 
any other trivialization, so writing f; and g; for the coordinates of f and 
g, we see that condition (ii) becomes 


Of, ðq; 
Ji _ ô ang. 


Ot Ot 


Thus, fi(t) = gi(t) + C; for some constant C;. But by (i), all the C; must 
vanish, and so f = g. l E 


Vector Fields 


A vector field on a smooth manifold M is a smooth section of the tangent 
bundle T(M). In particular, it is a map X associating to each point p € M 
a vector Xp € Tp(M). Let us see what smoothness means in terms of local 
coordinates. Let (T(U), px) be a bundle coordinate chart corresponding 


to the chart (U, p) on M. Setting V = (U), we have the commutative 
diagram of smooth maps: 


TU) +> T(V) =VxR™ 
| i 
U as y 


The horizontal arrows are diffeomorphisms that identify the left and right 


sides. Thus, we may write a vector field X on U in these coordinates as a 
map 


Y:V >V x R”, 


Y(x) = (4 (yaks Om (x)). Clearly, Y (and hence X) is smooth if and 
only if each am: V — R is smooth. We may say this is an invariant way by 
noting that 


ð 
Y smooth > Y (f) = ` aila) L (2) is smooth for all smooth f: V — R. 


Conversely, 
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Of 
Y(f) = ) a;(x) (2) smooth for all smooth f:V > R 
š Ti 


=> Y(z;)= Sala) 5 (2) = a;(x) is smooth for all j 


=> Y smooth. 


Proposition 4.20. A section X of T(M) is smooth = X(f) is smooth for 
all f e€ C®(M). 


Proof. => To check if X(f) is smooth, we need only check that its re- 
striction to each chart U is smooth. But by the remarks above, X smooth 
implies that X(g) is smooth for all g € C% (U). Now if f €C™(M), then 
f | U € C%(U), and so X(f) | U = X(f | U) is smooth. Thus X(f) is 
smooth. 

= Now assume that X(f) is smooth for all f € C®(M). If we can 
show that X(g) is smooth for all g € C°(U), then we will be done. But 
for each point p € U there is a function h € C®(M) that is identically 
1 on a neighborhood V of p and identically zero on a neighborhood of 
M —U (cf. [W. Boothby, 1986], pp. 193-195, on partitions of unity). Thus, 
hg € C®(M) so X(hg) is smooth on M. But X(g) = X(hg) on V, and so 
X(g) is smooth on V. Since p was arbitrary, X (g) is smooth on all of U. E 


The mapping properties of vector fields are not very good. If yp: M — N 
is a smooth map and X is a vector field on M, then p(X) is not in general 
a vector field on N. It can generally be regarded only as a section of the 
pullback bundle y*(T(N)). If ọ is injective, then p« (X) may be regarded 
as a vector field on y(M). The following definition is the best we can do 
by way of a naturality property. 


Definition 4.21. Let y: M — N be a smooth injection and let X and Y 
be vector fields on M and N, respectively. We say that X and Y are ọ 
related if X(fy) = (Y(f))¢ for all f E C”(N). 8 


Derivations 


We may now assemble the properties of smooth vector fields X on M which 
say that 


(1) X:C™*(M) — C%°(M) is an R-linear map, 
(2) X(fg) = X(f)g + fX). 


Property 2 merely restates the definition of a derivation at p for each p € M. 
The only thing new here is that, for X smooth, X (f) is also smooth. In fact, 
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these properties say that the smooth vector fields on M are the derivations 
Der(M) on C®(M). 

The derivations Der(M) constitute a vector space over R (of infinite 
dimension). But there is an additional structure, a multiplication called 
bracket and denoted [X,Y], which turns Der(M) into a Lie algebra.!5 This 
operation is defined by [X,Y] = XY — YX and satisfies 


(1) (Bilinearity) | , |: Der(M) x Der(M) — Der(M) is R-bilinear, 
(2) (Skew symmetry) [X,Y] = —[Y, X], 
(3) (Jacobi identity) [[X, Y], Z] + [[Y, Z], X] + [[Z, X], Y] = 0. 


These properties are all easy to show. In addition, there is the following 
naturality property. 


Lemma 4.22. Let py: M — N be a smooth injection. Let X, and Xə be 
vector fields on M, and let Yı and Yz be vector fields on N. If X; is p 
seis to Y; for 7 = 1,2, respectively, then |X1, X2] and [Y1, Y2] are y 
related. 


Proof. Since (Y;f)y = X;(fy), we have 


(Yi, e = NY fe — (YN f)y 
= X ((Yaf)y) — X2(NiS)¢) 
= X1(Xo(fp)) — X2( X1 (fp)) 
= |X1, Xo] (fy). E 


We end the section by showing the local coordinate expression for the 
bracket of two vector fields. We have 


— o ð 
X = ` aaa Y = ` GA 


l<i<n 1l<j<n 


Ob; Oa;) O 
X,Y = i 2 i 74 


1<i,j<n 


Exercise 4.23. (i) Let D € Der(M). Assume that f € C®(M) vanishes 
on a neighborhood V of p € M. Show that Df also vanishes on V. 


: a Show that every derivation D € Der( M) arises from a smooth vector 
€ 
: E 


15See Chapter 3.2.6 for the formal definition. 
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§5. Differential Forms 


Let us begin with a rough and ready description of p-forms for p < 2. The 
0-forms (with values in a finite-dimensional vector space V) on a manifold 
M are just the V-valued functions on M. The 1-forms generalize the deriva- 
tives of functions on M. The 2-forms are used as a way of formalizing the 
necessary conditions on a 1-form for it to be the derivative of a function. 
Now let us give the formal definition of a 1-form. 


Definition 5.1. Let M be asmooth manifold and V bea finite-dimensional 
vector space. A smooth V-valued 1-form on M is simply a smooth map 
w:T(M) — V that is linear on each fiber T,(M). When V = R (or 
dim(V) = 1), we speak of a smooth 1-form on M. More generally, if E 
is a flat vector bundle over M, a smooth E-valued 1-form on M is simply 
a smooth map w:T(M) — E restricting to a linear map ws: T,(M) > Ez 
on each fiber of T(M). 


Exterior Derivative of a Smooth Function 


If fiM — R is a smooth function defined on a smooth manifold, then 
a 1-form arises from differentiation as follows. The derivative of f is 
fa: T(M) — T(R), and since T(R) has a canonical trivialization 


T(R) = RxR, 


(takd l) — (t.,a) 


we may write f, in the form fxsv = (f(z), f'(z)v). Then define the 1- 
form df:T(M) — R by the formula df(v) = f'(x)uv for v € Tz(M). In 
exactly the same way, if f: M — N and T(N) has a canonical trivialization 
T(N) = N xV (for example, when N = V is a vector space), we can define 
a 1-form df with values in the vector space V, which is well defined (relative 
to the given trivialization). In every case, the form df is a smooth 1-form 
on M, which we call the exterior derivative of f. 


Exercise 5.2. If we are given a trivialization 6:T(N) — V, then any 
smooth map 7: N > GI(V) determines a new trivialization by twisting the 
original according to 67:T(N) — V, where 67 (p,v) = (p, T(p)0(v)). Show 
that the exterior derivative computed relative to the trivialization 6 is the 
same as that computed relative to the trivialization 67 if and only if 7 is 
constant.!® q 


16'This exercise shows that, in general, it is impossible to have a canonically 
defined exterior derivative for forms with values in a vector bundle E over M, 
since the differentiation is not independent of the coordinate changes. There is, 
however, an important exception to this. In the case of a flat bundle E, the 
coordinate changes are constant; in this case, we do have exterior derivatives. 
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n 5.3. If v € T,(M) and f:M — R is smooth, then df (v) = 
v(f). 


Proof. Write fpu = ag | tp)’ Applying both sides to the identity function 
h:R — R, h(t) = t yields v(f) = v(hf) = (fxpv)(h) = a. Thus, fspv = 
Ə iasi i g 
v( fae | Fo) So, by the definition of d, we get the result. B 


Definition 5.4. If f is a smooth V-valued function on M and X is a 
smooth vector field on M, we define X(f)|p = fx(Xp). 8 


Exercise 5.5. If e; is any basis of V, and we write f = $` fie;, show that 
X(f lp = do Six (Xp )ei- E 


Interpretation of dx 


The notion of the exterior derivative of a mapping allows us to throw some 
light on Leibnitz’s differential notation for the calculus. For example, every- 
one is aaar with the expression for the derivative of y = f(x) in the form 
<4 = f'(x) or, written more symbolically as “differentials” by dy = f'(x)dz. 
The latter expression can be given the following interpretation. The smooth 
map f:R — R given by y = f(z) has derivative f,:T(R) — T(R), which, 
if written in the canonical trivialization for T(R) with coordinates (x, v), 
has the form fxzv = (f(x), f’(z)v). Thus, the exterior derivative df is given 
by dfz(v) = f'(x)v. In particular, if we regard z: R — R as the identity 
function, then dx(v) = v. Hence df,(v) = f’(x)dz(v), that is, dy = f’(x)dz. 
This identifies the Leibnitz dy with the exterior derivative of the mapping 
y = f(x). The form dz has the interpretation as “the general infinitesimal 
change of x” in the sense that if we apply it to any “specific infinitesimal 
change of x” in the amount Az € T,(R), we get dx(Az) = Az. Similarly, 
dy is “the general allowable infinitesimal change in y = f(x)” in the sense 
that if we apply it to any “specific infinitesimal change of x” in the amount 
Ax € T,(R), we get dy(Az) = f’(x)Az for the resulting specific change in 
y. 


Interpretation of Total Derivatives 


Now let us look at the connection between the exterior derivative and 
the Leibnitz differential notation for smooth maps f:R” — R. Let (x,v) 
denote the coordinates for points in 
T(R”) = R” x R”. 
(«Dek DE 
We have the ith coordinate function z;: R” — R, x;(x) = z;. As in the 
one-variable case, there is the convenient confusion between the function 
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and the coordinate. The exterior derivative dz;: R” x R” — R is given by 
dz;(v) = vi. Now write farv = (f(x), f’(z)v) so we see that the exterior 
derivative of f is given by 


0 0 
df,(v) = f'(xz)v = oy = ` 4 dx;(v). 


1<i<n i 1<i<n 


Suppressing the vector v yields dfs = )iy<i<n (OF /Ox;)dx;, which is the 
Leibnitz total derivative. For another discussion of the relationship between 
the old and new notation, see [M. Spivak, 1970], pp. 153-154. 


Exterior Differential Forms 


Now we come to the question of higher derivatives. As usual in modern 
differential geometry, we shall be concerned only with the skew-symmetric 
part of the higher derivatives. In essence, what we shall be doing is taking 
the partial derivatives with respect to the base (i.e., manifold) variables 
and skew-symmetrizing the result, thus forgetting about the part of the 
higher derivatives that vanish under this procedure. However, this will not 
be made explicit in our treatment. The part of the higher derivative that 
disappears has not been studied much in differential geometry since Elie 
Cartan showed how useful it is to consider only the skew-symmetric part, 
that is, the exterior derivative. The old masters did use the symmetric part, 
and more recently it seems to have found an application in probability 
theory (cf. [P.A. Meyer, 1989], [J.E. White, 1982], and [B.L. Foster, 1986}). 

What are we going to differentiate? We are going to differentiate V- 
valued p-forms on M to obtain V-valued (p+1)-forms on M. These p-forms 
consist of the following generalizations of 1-forms. 


Definition 5.6. Let M be asmooth manifold and V bea finite-dimensional 
vector space. A smooth V -valued p-form*’ on M is a smooth map w: T(M)® 
...@T(M) — V whose restriction to any fiber T,(M)@®...®Tz(M) -V 
is multilinear and totally skew-symmetric in its vector arguments for all 
x € M. When V = R (or dim(V) = 1), we speak of a smooth p-form on 
M. æ 


Although the definition is for general p, for the most part we shall need to 
work only with p < 2 or 3. Note that, by definition, A°(M, V) is declared 
to be the V-valued functions on M. Also note that A?(M,V) = 0 for 
p > dim M. 


17 Just as in the case of 1-forms, we could consider forms with values in a flat 
vector bundle over M. Once again exterior differentiation is canonically defined 
(cf. Footnotes 10 and 11). 
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The p-forms make up an infinite-dimensional vector space denoted by 
AP(M, V). We set 
A(M,V)= @ Æ(M,V). 


0<p<m 
Note that a smooth map f:M — N induces a backward map f*: 
A?(N,V) — A?(M,V) defined by 
(f*w)c(X1,..-,Xp) = wee) (feX1,---,feXp), where X1,...,Xp € T,(M). 


The exterior (or wedge) product of a V\-valued p-form w, with a Vz- 


varied q-form w2 is a V; ® V2-valued (p + q)-form wı A we. It is defined 
by 


wy A We(V1,---;Up+q) 


= >» (—1)? wy, (Vo(1)> e. , Uo(p)) ® W2(Ve(p+1)> ae? , Va(q))- 
gay shutlics: 


Exercise 5.7. Show that w, A we is a (p + q)-form. m 


Exercise 5.8. Show that if f: N — M is a smooth map, then f* (w1 Aw2) = 
f* (wi) A f* wa). 


Now we are going to describe the totally skew maps at a point. Let U and 
V be finite-dimensional vector spaces of dimension u and v, respectively. 


Let €1,..-,€, be a basis of U, ej,...,e% be the dual basis of U*, and 
fi, = fy be a basis of V. Let the symbol I,J,... denote the sequence 
4275193202525 51 Ils ]2s---3Jpħr+--, Where 1 < ty < iz <... < ip < u, etc. 


We use the abbreviations 
* 


—_— . . — * 
er = (€i,,---,€i,), C7 = (€ ei) ete. 


Exercise 5.9. Show that 
(i) INJ #0 = ep Ae%, =), 


(ii) I NJ = ier Ney = (—1)’e%, where K is the list of indices I, J 
written in increasing order, and ø is the shuffle permutation mapping 
{I,J} to K. m 


18; oe 
o is a shuffle permutation if r < s = a(r) < ao(s) whenever both r and s lie 


in {1,2,...,p}, or both lie in {p+ 1,...,p +q}. 
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Lemma 5.10. The vector space of all totally skew-symmetric maps 


UxUx...xU—V 
——$—$—_—_$— Se” 


p copies 


has dimension u \ v and has a basis given by ef fj, where I runs through 


all the possibilities described above andl <j <v. 


Proof. First note that e*(e7) = 6ry (= 1 if I = J and vanishes otherwise). 
Now given an arbitrary totally skew map F:U xU... x U — V, we can 
express it in terms of the basis for V as F = X F; fi, where F: UXU x... X 
U — R are the various components of F in the basis of V. Clearly, the F; are 
themselves totally skew maps. Thus it suffices to consider the case V = R. 
The independence of the ež} is easily seen, for if Y` arež = 0, then evaluating 
on ez shows ay = 0 for all J. Conversely, evaluating F-—5 F(er)e; on any 
ez always gives 0, so it follows from the multilinearity of the expression 
that the e* span the space of totally skew maps. a 


Next we consider p-forms in the case M = R”. Since T(M) = R” xR”, 
we have the canonical identification 
T(M) @...® T(M)=R”x (R” ©6...6 R”). 
(p copies) (p copies) 
Let us consider the coordinate function z;: R” — R, with 
dri: T(R”) > R, 
(x, v) —> vi. 
Now the dz;|_, form a basis for T,;(R”)*, and thus 
dx; = dz, A dZiz Tess A dti, 


(where I is the sequence 1 < i1 < t2 <... < ip < m), restricts to dz |, to 
give a basis for the totally skew-symmetric R-valued functions T,(R”)®? — 
R. It follows that an R-valued p-form on R™ has the form w = S` ar(x)dzr, 
where the summation takes place over the sequences I described above and 
the coefficient functions az(x) are smooth. 


Exercise 5.11. Show that the p-form w = }>a;(x)dz; on R” is smooth 
é the coefficient functions a;(x) are all smooth. m 


Exterior Differentiation of Forms 


Now we define the exterior derivative d: A?(M,V) — A?**(M,V) as fol- 
lows. Choose a coordinate chart (U,y) on M and a basis fi,..-, fy of V. 
In terms of this coordinate system, we define 
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d © ardt fi) = V (darj) A der fy. 


To see that this is well defined, (i.e., independent of the choice of coordinate 
chart (U, y) and of the basis of V), we could, by brute force, try to compute 
the effect of changing these choices. However, it makes better sense to 
follow the more subtle route of showing that d, defined with respect to 
a coordinate system as above, satisfies several properties and that these 
properties characterize it. 


Lemma 5.12. 

(i) d(wy + w2) = dw, + dw. 

(ii) d(wy Awe) = dw, Awe + (—1)¥w, A dwz, where k = deg(w). 
(iii) d(dw) = 0, or, more briefly, d? = 0. 


Proof. (i) is obvious. 
(ii) By virtue of (i), we may assume that w, = f dryep and wz = gdx zh 
where {ep} is a basis of V; and {hq} is a basis of V2. Then i 
wı Aw2 = fgdzy Nd£jJep ® hg, so 
d(wı A we) = d(fg)dxr A dx sey Q hg 
= (gdf + f dg)dxzr ^ dx jep ® hg 
= gdf \dz; \dzyjep Q ha + fdg\dzz AN dz jzep ® hg 
= gdf ^ dzı Adz yep Q hg + (—-1)* f day Ndg A dx jzep Q hg 
= dw A wz + (—1)¥w, A dwz. 


(iii) Again by virtue of (i) we may assume that w = f drye,. Then 


0 
dw = d( f dzrep) = df A dzjep = ` L dr, A^ dxj€p, and so 


2 Of 0? 
d w=a/( SL da; h derep) = ; a ds; Adz; A derep = 0, 
wI 


. Fa f l ARET ius te ; 
Seg the terms 9745; dx; \ dx; are skew symmetric in the indices 7 and 
J- E 


Lemma 5.13. If two vector-valued operators on forms satisfy the three 


properties of the previous lemma and agree on functions, then they are 
identical. 


Proof. Let d’ be another operator on forms defined in an open set of R” 
which satisfies the three properties of the previous lemma. To verify that 
d = d', it suffices to show that dw = d'w for w = f dxrep. We have 
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d'(f dzrep) = (d' f)d£rep + f d'(dzrep) (by ii) 
= (df)d£rep + f d'(d£rep) since d' = d on functions 
= dw + fd'(dxrep) (by i). 


Thus it suffices to show that d'(dxr) = 0, where 
dry = dzi, A dzi, A... A dti, = d'tn Nd tiz Ness N d' Ti, 


by equality on functions. Thus, d'(dx r) = d'(d'xr) = 0 inductively by (ii) 
and (iii). E 


Corollary 5.14. There is a unique operator d: A?(M, V) — AP?tt(M,V), 
defined for all p and for all V, that satisfies (i), (ii), and (iii) and reduces 
tod =>. Sf dr; on functions. 


Proof. By the lemma, the ds defined in terms of the various coordinate 
charts must all agree on the intersections of these coordinate charts. z 


By a procedure like that above, we could also show that our d is the 


unique operator d: A?(M) — AP+1(M) satisfying (i), (ii), and (iii) and 
. = Of : 
reducing to df = >> 5+ dz; on functions. 


By Proposition 5.3, df(X) = X(f) for V-valued functions on M. There 
are similar expressions for the derivative dw of a p-form w evaluated on 
p +1 vector fields Xo,.-.,Xp- The most important case for us is the case 
p = 1. We demonstrate this case and leave the rest as an exercise. 


Lemma 5.15. Let w be a V-valued 1-form on the smooth manifold M, 
and let X and Y be two vector fields on M. Then dw(X, Y)= X(w(Y)) - 
Y (w(X)) — w(I[X, ¥)]). 


Proof. It suffices to verify this formula for 1-forms of the form w = f dg 
since every 1-form is locally expressible as a sum of such terms. 


{LHS}: dw = df ^ dg so dw(X,Y) = df(X)dg(Y) — df(¥)dg(X) 
= X(f)Y(g) - Y(f)X (9); 


{RHS}: X(w(¥)) -Y (wW(X)) — o([X ¥)) 

X(f dg(Y)) —Y(f dg(X)) — f do ([X, Y}) 

X(fY(g)) — Y(fX(g)) — FIX, YI) 

X(f)Y¥ (g) + FXY (9) — ¥(f)X(g) — FY X(g) — FIX, Y1(9) 
X(f)Y¥ (9) + FLX, Y1(9) — YA) XG) - FIX, YI) 
X(f)Y(g) —Y(f)X (9). 


il 


| 


I 


Hence, {LHS} = {RHS}. ai 
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Exercise 5.16.* Show that if w is a p-form, then 


du(Xo,---,Xp) = (1 XO ore ete) 


O<i<p 
+ ` (—1)°*9 (w([X;, Xh Xo, ssai eA ar ee oe , Xp) 
O<i<j<p 
where a “hat” means “omit this entry.” E 


Proposition 5.17 (Naturality of d). If f: M — N is a smooth map, then 


" the following diagram commutes for all p. 


APN, V) sl APN V) 


2 UIE 


AP(M,V) d s AP+!(M,V) 


Proof. It suffices to check the result for maps between Euclidean spaces. 
The proof is by induction on p. By linearity we may assume the p-form is 
w = g dxzr. For p = 0 we have 


f*(dg)(X) = dg(f.X) = (fX )g = X(F*(9)) = X (gf) = dlg f)(x), 
and so f*(dg) = d(f*(g)).'? Now assume the result holds in dimension <p. 
Writing dr; = dzy ^ dzg, with |I| = p and |J|, |K| < p, we have 
d(f*w) = d(f*(gdxzz A dzx)) 
= d(f*(g dzz) A f*(drx)) 
= d(f*(gdxz)) A f*(drx) + f*(g dzy) ^d(f*(dzg)) 
= (f*d(gdz3)) A f*(dxg) + f*(g daz) A f*(d(dxg)) (by induction) 
= f*(d(gdxz)^drzg) £0 
= f*(d(gdx; ^dzg)) 
= f* (dw). E 


d 
d 


We remark that the naturality of the exterior derivative is perhaps its 
most important property. It says that d is a version of differentiation that 
is independent of the coordinate system used. Thus, it constitutes a ba- 
sic ingredient in the search for “a theory of differential equations that is 
independent of the coordinate system used to describe them” (cf. the Intro- 
duction to Chapter 8). In fact, every differential equation may be expressed 
in terms of the operator d (cf., e.g., [S.S. Chern and C. Chevalley, 1952]). 


19Note that f*(g) = gf (composition). 
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Change of Coefficients 


If y:V; > V is a linear map of vector spaces,?° then it induces a linear 


map 
px: A?(M,V,) > AP (M, V2) 


defined by yu(w)(X1,---; Xp) = Ga(w(X1,--- , Xp)). It is clear that such a 
coefficient homomorphism always commutes with d. 


Coefficient Multiplication 


In the case that the coefficient vector space V has a multiplication given 
by m:V @V — V (ie., a bilinear but not necessarily commutative or 
associative map), then we obtain a corresponding map 


m,: A(M,V @V) > A(M,V) 
Ww => m,(w), 


where (m,(w))(X1,.--,Xp) = M(w(X1,--- ,Xp)). 
This map turns A(M,V) into an algebra with multiplication given by 


AP(M,V) x A9(M,V) “> APH (M, V @V) => AP*4(M,V). 


Exercise 5.18. d(m.(w1 A w2)) = m+(dw1 A w2) + (—1)?m,(w; A dw2). U 


Let us now consider the case where the coefficients consist of a graded 
associative algebra B = @,>o 8r- As above we denote the multiplication 
in B by m:B@ B— B. Then the multiplication on forms is 


AP(M, B,) x AI(M, Bs) “> AP*+4(M, B, @ Bs)) => APHI(M, B,+s) 


and yields a bigraded associative differential algebra, as the following exer- 
cise will show. 


Exercise 5.19. Let B be as above. 
(i) Show that (dm,(w1 A w2)) = mx (dw1 A w2) + (—1)?m,(w1 A dwe). 
(ii) Show that m.(m,(w1 A w2) A w3) = m, (wy A ms(we A w3)). 


(iii) If Bis graded commutative (e.g., B is an exterior algebra or a Clifford 
algebra), show that m.(wp,r\Wg,s) = (—1)?" +P? ms (wq,s \Wp,r), where 
wp r E AP(M,&B,), etc. 


20This may also be a morphism of flat vector bundles. 
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A particularly interesting case of coefficient multiplication occurs when 
V = g, a Lie algebra.” We denote the product here by (w1, w2) > [w1, wə]. 
In this case we obtain a differential graded Lie algebra defined by the prop- 
erties given in the following exercise. 


Exercise 5.20.* Let wp, wg, wr E A(M, g) be forms of dimension p, q, and 
r, respectively. Show that the multiplication |, | on A(M, g) satisfies the 
formulas 


(i) dwp, wq] = [dwp, wą] + (—1)? lwp, dwa], 
(ii) [wq Wp] = (11) [wp, wa], 
(ii) (—1)"?[lup, wah wr] + CHP we], wp] + (1) [lees Wp] wa] = 0. 2 
Note that if w € A!(M,g), then the mapping T(M) & T(M) — g sending 
(X,Y) — [w(X),w(Y)] is skew symmetric and is therefore an element of 


A?(M,g). The relation between [w(X),w(Y)] and [w,w](X,Y) is given by 
the following lemma. 


Lemma 5.21. 
[wi W2](X, Y) = [wi (X), w2(Y)] + lw(X),wi(Y)]. 


In particular, 
W(X) (Y) = 5 [es wI(X,¥). 


Proof. 


[Jw Wo] (X, Y) = (Ma (w1 ^ w2))(X, Y) 
= m((w A w2)(X,Y)) 
= m(wı (X) 8 w2(¥) — wi (Y) 8 w2(X)) 
= [w (X), w2(Y)] — [wi (Y), w2(X)] 
= w (X), w2(Y)] + [v2(X), w (Y)] n 


The proof of the following result has already been shown, but we state 
it explicitly for future reference. 


Proposition 5.22. Let f:M — N be a smooth map and let p: h — g be a 
Lie algebra homomorphism. Then the map p. f*: A*(N,b) — A*(M, g) is 
a homomorphism of Lie algebras. 


It is the study of the deep meaning associated with the g-valued 1-forms 
and 2-forms on M—which may be regarded as elements of the graded Lie 
algebra A*(M,g)—which is the subject of this book. 


21See Chapter 3 for the formal definition. 
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Basic and Semibasic Forms 


The terms basic and semibasic have to do with forms on the total space of 
a bundle. They refer to how these forms are related to the fiber and base 
directions. Let F — E > M be a fiber bundle over the manifold M. Then 
n*: AP(M) C AP(E). 


Definition 5.23. Let w E€ A?(E). 
(i) w is basic if it lies in the image of r“. 


(ii) w is semibasic if w(u1,... Un) = 0 whenever v; is tangent to a fiber. 


B 


Lemma 5.24. 
(i) Basic forms are semibasic. 


(ii) w is semibasic = each p € E has a neighborhood U on which there are 
basic forms w; such that w = X` aiw; for some functions a;:U > R. 


Proof. (i) If w is basic, then w = 7°7 for some form 7 on M. If vı is 
tangent to a fiber, then 7.v; = 0, so W(V1,---;Un) = T*n(V1,--+)Un) = 
N(TeV1)-++5TeUn) = 0. 

(ii) <: Since the forms w; are basic, they are also semibasic and their 
combination w = Y` a;w; is also semibasic. 

=: Fix p € E. Choose a local trivialization ~ of E over a coordinate 
neighborhood (V, xz) around m(p) € M so that wn (V) = V x F. Write 
p = (pm, PF) in this local trivialization. Then choose a coordinate neighbor- 
hood (W, y) around pr € F. Then (row, yor) is a local coordinate system 
on a neighborhood ~—1(V x W) of p. Abbreviate (xo, yow) by (x,y). 
Write the semibasic p-form w as w = Ss arsdry \ dys. Let br and ey be the 
bases dual to dz; and dy,z. Since w is semibasic, axr = w(bk Net) =Oif 
L #0. Thus, w = >) aygdzr. 


Lemma 5.25. Let H > P— M bea principal H bundle with right action 
R,:P — P, he H. Letn be a p-form on P. Then 


w is basic <> w is semibasic and right H invariant. 


Proof. =: By Lemma 5.24(i), we need only show that w is basic => w right 
H invariant. But w is basic > w = 7*n for some form 7 on M > Kw = 
Rin*n = (nRa)*n = 1°79 =w (cf. Definition 3.19). 

é: By Lemma 5.24(ii), we may write, locally, w = 5 a,;w; for some 
basic forms w; and functions a;:U — R. We may assume that the w; are 
independent at each point. Now the H invariance implies that 


85. Differential Forms 63 


5 aiw; = Ry, > aiwi) = X Rya; Ryw: = N (Rhai)wi => Ria; = aj. 


Thus, a;(p) = a;(ph), so the coefficients a; are constant along the fibers 
and so are basic functions. Thus, w itself is basic. S 


Some Lie Groups 


Here is a description of some of the most common Lie groups. These ex- 
amples are linear groups, which means that each occurs as a subgroup 
of Gl,(R) which we studied in Exercise 1.19. We also list their tangent 
spaces at the identity expressed as subspaces of the vector space M,,(R). 
This means that these tangent spaces have been translated so as to pass 
through the origin. They are named by the corresponding Gothic letters. 


The Positive General Linear Group (the identity component of Gln (R) 
GI*(R) = {A € GI,(R) | det A > 0}, 
The Projective General Linear Group 
PGI, (R) = Gl,(R)/{AT € Gln (R) | A € R}, 
pgl,(R) = {A € Mn (R) | Trace A = 0}. 
The Special Linear Group 
Sln(R) = {A € Gl, (R) | det A = 1}, 
sla (R) = {A € M,(R) | Trace A = 0}. 
The Projective Special Linear Group 
PS1,(R) = Sl,(R)/{AT € Sla (R) | A € R}, 
psh (R) = {A € M,(R) | Trace A = 0}. 
The Orthogonal Group 
On(R) = {A € GI, (R) | AA’ = 1}, 
o,(R) = {Ae M,(R)| A+ A‘ = 0}. 
The Orthogonal Group of signature p,q 


Op (R) = {A € Glp+4(R) | AXp qA = Taal : 
0p (R) = {A E Mp (R) | AX p,q + Spg A = 0} 
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I 0 
where Xp q = ( 0 B ) 
q 


The Special Orthogonal Group 
SO,(R) = {A € Gl, (R) | AA* = 1,det A= 1}, 
s0,(R) = {A € M, (R) | A+ A’ = 0} = on (R). 


The Special Orthogonal Group of signature p, q 
SOp,q(R) = {A € Glp+q(R) | AX», yA* = Epa det A = 1}, 
50p,q(R) = {A © Mpiq(R) | AX pg + DpqA = 0}, 


I 0 
where Xp q = ( 0 I i 
q 


The Lorentz y 
nea = iG) € Mn+1(R) | AMD yA = ar 


0 0 —1 
where 5 ={ 0 In-1 0 
—1 0 0 


The Unitary Group 


Un(C) ={A€Gln(C) | AA* = In} here A* = At. 
WG) = {A € M,(C) | A+ A* = 0}, here A" = A 


The Special Unitary Group 


SU,,(C) = {A € Gla (C) | AA* = In, det A = 1}, 
su,(C) = {Ae M,(C) | A + A* =9, Trace A = 0}. 


The Euclidean Group 


Bue,(R) = (; a 
euc,(R) =i 4 € Mnii(R)|vER",AE son(R) } 
4) 


E€ Gln4i(R) |v E R”, A € SOn R}. 


The Positive Affine Group 


Aff} (R) = 1( e GI} a(R) |v ER", A EGER) }, 


afft(R) = 16 4 € Mnwi(R)|ve RAE aln(R)} | 


Exercise 5.26. (i) Verify that each of these Lie groups is in fact a group 
and that each has the corresponding tangent space at the identity. 
(ii) Show that Ln, (R) ~ On,1(R). m 


2 


Looking for the Forest in the 
Leaves: Foliations 


. leaves, leaves overhead and underfoot and in your face and 
in your eyes, endless leaves on endless trees. 
—Ursula K. Le Guin, 1977 


A foliation is, roughly speaking, a decomposition of a manifold M into 
p-dimensional submanifolds (the leaves of the foliation) that lie neatly side 
by side. The simplest case (p = 1) consists of the integral curves of a 
nonzero vector field, or a line field. This case is studied in §1. The higher- 
dimensional analog of a line field is a p-dimensional distribution, that is, 
a p-dimensional subspace in each tangent space fitting together smoothly 
with each other. These are studied in §2. Here, however, in contrast to 
the vector field case, when p > 1 we cannot always find leaves tangent 
to the distribution at every point. There are integrability conditions that 
must be satisfied in order for this to be possible. These are studied in 83, 
and in §4 we show that they are sufficient for the existence of the leaves. 
In 85 we reformulate both the notion of distribution and the integrability 
conditions in terms of vector-valued differential forms. In §6 we give the 
modern definition of foliations, and in 87 we show that the leaves near a 
point on a given leaf are distributed in the same fashion no matter which 
point on the leaf one chooses. This leads us to introduce leaf holonomy 
in 88, which we use to study the space of leaves of a foliation, showing in 
particular that if all the leaves are compact and have trivial holonomy, then 


‘For the formal definition, see §6. 
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they are all diffeomorphic and form the fibers of a smooth fiber bundle. We 
remark that we do not make use of §7 and §8 in the rest of the book. 

Although the theory of foliations may appear at first sight to be a rather 
abstract subject, as we shall see it is a natural and useful generalization 
of the ideas of elementary calculus. In this chapter we present only a brief 
introduction to this subject which has undergone a vigorous development 
in the last two decades. For more information, we recommend the excellent 
book by Pierre Molino ([P. Molino, 1988]). 


§1. Integral Curves 


In this section we study a special case of how a submanifold may be ob- 
tained by specifying its tangent planes. The original example of this sort 
of thing is the fundamental theorem of calculus, which says that given the 
slope of a graph in R2 over each point of an interval I = (a, b) on the x-axis, 
there is a unique graph, or integral curve, passing through each point over 
I. Here is a picture of some of these graphs for a given slope function. 


On a general smooth manifold M, we may again obtain integral curves by 
arbitrarily prescribing smoothly varying tangent lines. But, in fact, in this 
section we will deal rather with vector fields on M (which do determine 
line fields at points of M where they do not vanish) and these yield param- 
eterized integral curves. Parameterization of a leaf really only makes sense 
when the leaf has dimension one, so the generalization (in §2) of the work 
in this section to foliations consisting of higher-dimensional leaves will of 
necessity be only partial (but still very interesting). Given a smooth vector 
field X on a smooth manifold M, an integral curve for X through p is a 
parametrized curve a: ((—e,€),0) —> (M, p) whose tangent at the point o(t) 
is the vector X,(), that is, 


74) de 0 
X(t) = a(t) = Oxt (=) - 


In the following figure we picture some of the integral curves of a vector 
field in R2. In this picture there is one point P (a critical point) where the 
vector field vanishes. 
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In this particular case, this point is the end of two integral curves and the 
beginning of two others. The parametrized integral curves “slow down” as 
they approach such a point and “speed up” as they leave it. Of course, 
a particle moving under the influence of such a velocity field will never 
pass through a critical point even if it were to reach such a point in finite 
time (which cannot happen for a smooth vector field; cf. Exercise 1.18. Its 
velocity would be zero there, and so it would sit there forever. 

Our first aim in this section is to show that, locally, a smooth vector 
field always has an integral curve through any point p where it doesn’t 
vanish. In fact, Theorem 1.2 on the linearization of vector fields given below 
shows even more: it shows that around any point p E€ M, where X, Æ 0, 
there is a local coordinate system (U, p) such that the integral curves near 
p are given by (Y2,...,Yn) = constant. This means that locally, up to 
diffeomorphism, the integral curves are arranged exactly as the family of 
lines parallel to the x; axis in R”. To show this we need the following 
local existence theorem from the ordinary differential equations (cf., e.g., 
[L. Loomis and S. Sternberg, 1968], pp. 266-275). 


Theorem 1.1. Let f(t, x) = (filt,x),...,fn(t,x)) be a smooth, R” -valued 
function defined on some open set Jx U of RxR”, where 0 € J. Consider 
the system of equations for an unknown function g = (g91,..., 9n): R —> U 
given by 

91 (t) =e fit, gilt), ENS :9n{t)), 

g2(t) = fo(t, gi(t),---,9n(t)), 


Gn(t) = f(t, gi(t),--+,9n(t)), 
with initial conditions gi(0) = c1, g2(0) = c2,.--, 9n(0) = Cn. 


(i) (Existence and uniqueness). For any c = (ci,..-,Cn) E€ U, there 
is an € > OQ such that this system has a unique smooth solution 
g:(—€,€) 3 U. 
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(ii) (Smoothness in initial conditions). For any p € U, there is an open set 
V withpeV CU, ane>O0, anda smooth map g:(—€,€) x V —> U 
such that g(-,c):(-€,€) —> U is the unique smooth solution of the 
system with initial condition c for any cE V. 


Theorem 1.2 (Linearization of Vector Fields). If X is a vector field defined 
on a smooth n-manifold M, then for each p € M where Xp £ 0 tt 1s possible 
to find a local coordinate system (U,y) around p such that U is an open set 
of the form [-e,€] x [-€,€] x --- X [—e,e] (a “cube”) in these coordinates, 
p is at the center of the cube, and y.(X) = 0/dx,.? 


Proof. Since this is a local result, we may assume that M is an open set 
U c R”, p = 0, X is never zero on U, and, after a change of basis in 
R”, Xo = e1. Write X = Ð fj(x)ej, where fj: U — R for each j. Now let 
g:R x R” — R” (defined on some neighborhood of (0,¢)) be the solution 
of the system (0g/0t)(t,c) = f(g(t,c)), with initial condition g(0,c) =c 
whose existence is guaranteed by Theorem 1.1. is going to be the (suitably 
restricted) inverse of 


h(x1,---,2n) = g(x1,0,%2,---,2n)- 
In terms of h, the conditions on g become 
Oh/Ox, = f(h) and h(0,22,---,2n) = (0, ga, nte5 tn) 


namely, h,(e1) = X at every point and h,(e;) = ej (2 < j <S n) at the 
origin. Thus, the Jacobian matrix for h is the identity at the origin, and 
so h is a local diffeomorphism on some cube centered at the origin. The 
inverse y of h has the required properties. E 


Exercise 1.3 (Application to PDE’s). Consider the partial differential 
equation 


Of Of Of _ 
a; (x) A a(x) Tə aa ai an(T) Orn ae d(x), 
where x € U, an open set in R”, a(x) = (a;(x),.--,@n(x)) and B(x) are 


smooth functions, and a(x) is never zero on U. Show that about each 
point of U there is a coordinate system y = (Y1, ---, Yn) Such that in the 
y-coordinates the partial differential equation assumes the form 


Of 
rk = C . 
T (y) 
Deduce the general solution of this equation. d 


2These coordinates are sometimes called “flow box” coordinates. 
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Complete Vector Fields 


If o;:((a;,b;),¢;) > (M,p) (j = 1,2) are two integral curves through p 
then after a translation of the parameter for o2 (say), we may assume 
that C1 = C2. Then by the uniqueness part of the theorem on differential 
equations, we see that o1 = a2 on (a1, 61) N (a2, be). Thus, we can define 
g on (1,61) U (a2, b2) to be a; on (a;,b;). Applying Zorn’s lemma, we see 
that a maximal integral curve through a point p always exists. | 

There are four possible cases for a maximal integral curve o. Up to a 
translation of parameters, it can only have domain of one of tie types: 


(0,a), (0,00), (—o0,0), or (—o0, 00). 


Definition 1.4. An integral curve is complete if its domain is of the last 
type. A vector field is complete if all of its integral curves are complete. ® 


Exercise 1.5. Find four never-zero vector fields on the interval (0, 1) whose 
integral curves exhibit the four possible types of domains. E 


Proposition 1.6. A vector field with compact support? is complete. 


Proof. Suppose that X is a vector field on M with compact support. Let 
g(t) be a maximal integral curve of X, with domain (a,b). Let us eue 
that b < œ and deduce a contradiction. (Showing that r = —oo is handled 
in a similar manner.) 

If X vanishes at a point o(to), then clearly o(t) = o(to) for all t > to 
and so b = oo. Thus, we may assume that X, 1) is never zero for t € (a b). 
It follows that o is a curve on the compact support of X, and hence mere 
is a sequence t — b such that o(t,) converges to a cluster point, y say, of 
the set {o(t) | t € (a,b)}. Now we pass to the product menila M x R 
and consider the vector field Y = (X,0/0t) on it. We easily check that 
T(t) = (o(t),t), t € (a,b), is an integral curve for Y and that the projection 
on M of a integral curve for Y is an integral curve for X. Now Y isa 
never- izati 
ais n so the linearization of vector fields (Theorem 1.1) applies 


e a neighborhood V of the point y = (y, b), 
e flowbox coordinates (x,u) € R” x R for V in which 


— V is a cube of side 2e, 


— y corresponds to the point (0,b) (in flowbox coordinates), 


3 
The support of a vector field on M is 
the cl . 
Mahere X docs notanish. osure of the subset of points of 
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- Y = ð/ðu, 
— the integral curves of Y have the form x x (—e,e) (in flowbox 
coordinates). 


Since limz-+o0 T(t) = J the integral curve T must meet V, and in fact 
it must meet the integral curve 0 x (—e,€) (given in flowbox coordinates). 
It follows that the integral curve 7 (and hence also the integral curve a) 
ig defined in the interval (a,b + €) which shows that 6 is not maximal, a 
contradiction to the finiteness of b. a 


Proposition 1.7. Let M be a proper submanifold of N. Let X be a complete 
vector field on N such that for every x E€ M, X, € Tz(M). Then X | m is 
also complete. 


Proof. Let o:((—¢,€),0) — (M,p) be an integral curve on M for X| y 
through p. Then it is also an integral curve on N for X through p € N. But 
since X is complete on N, o extends to an integral curve ø: (R,0) — (N,p) 
on N for X through p € N. If a(t) still lies on M for all t € R, then we’re 
done. Therefore we may suppose that this fails for some t > 0 (reversing the 
sign of X if necessary). Set to = sup{t € R | a ([0, t]) c M}. If o(to) E€ M, 
then we have a contradiction, since then, by Theorem 1.1(i), for some 6>0 
we must have o((to — €,to +€)) C M which conflicts with the maximality 
of to. If o(to) ¢ M, then the sequence tk = a(to(1 — (1/n))) is a sequence 
of points on M which converges on N but not on M. But M is proper so 
this is also a contradiction. a 


Exercise 1.8. Show by example that the condition that the submanifold 
be proper is necessary for the conclusion to hold. = 


Exercise 1.9. Show that the vector fields on R? given by X = y?(0/0z), 
Y = x?(ð/ðy) are complete, but that X + Y is not complete. m 


Exercise 1.10. Show that any smooth vector field on a smooth manifold 
M is the sum of two complete vector fields. |Hint: you may assume that the 
constant function 1 on M may be written as the sum of two nonnegative 
smooth functions 1 = pı + p2 with the property that the support of each 
pi (i = 1,2) is a disjoint union of compact sets. ] m 
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One-Parameter Groups of Diffeomorphisms 


Let us consider a smooth map y: R x M — M. For convenience we shall 
often abbreviate y(t, x) as y(x). 


one 1.11. yis a one-parameter group of diffeomorphisms (or a flow) 
i 


(1) yo(x) = < for all z € M, 


(2) vs(ye(x)) = Ys+t(x) for all s,t € R, and all z € M. & 
We remark that 


(i) Ys(~_s(X)) = Yo(x) = x so that each y, is in fact a diffeomorphism. 


(ii) P map R — Dif (M) which sends t — y; is a group homomor- 
phism. 


Lemma 1.12. Suppose that {Ua} is an open cover of M and £a > 0. 


(i) A one-parameter group is determined by its restriction to the sets 
(—Ea, Ea) x Ua 


(ii) Suppose that we are given smooth maps pa: (—Ea,€a) XUqg —> M such 
that 1.11(1) holds and 1.11(2) holds where it makes sense, and that 
these maps agree along the overlaps of the domains. Then if either 
the cover {Ua} is finite or inf €a > 0 these maps are obtained as the 
restrictions of a unique one-parameter group of diffeomorphisms. 


Proof. (i) Suppose that y and @ are two one-parameter families with the 
same restrictions to each (—€g,€q) X Ua. We claim that for each x € M 
we have p(x) = 0;(z) for all t. Clearly this is true for t € (—£a, €a), where 
x € Ua. Moreover the set Vz = {t € R | yi (x) = 6(x)} is closed. But if 
t € Vz, then we have y(x) = 6:(2) € Ug for some 8. We then have, for all 
SE (—Eg, Ep), | 


Pstt(L) = Ps(ye(x)) = O5(A:(x)) = O544(z). 


Thus Vz is open. Since 0 € Vz, Vz is not empty and hence Vz = R. 

(ii) Since a finite cover implies € = infe,g > 0 we assume the latter 
This implies that we have a well-defined smooth map y: (—¢,e¢) x M > M 
defined by y|(—¢, €) x Ua = Ya|(—€, €) x Ua. Then we define y: Rx M — M 
by vs(x) = f,,,(x) (the n-fold composition) for any n > |s/el. 


Claim 1. p is well defined. If n > |s/e| and k is a positive integer then 


kn n n ° . 
Ps /kn (2) z (Pe /kn) (x) = (Ys/n)"(x). In particular, if m and n are both 
> |s/e|, then 2p (2) = P22 () = 9” (2). 
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Claim 2. p is smooth. Since y5(z) = Pein (2) it suffices to note that 
Ps/n(T) is smooth. 


Claim 3. y is a one-parameter group of diffeomorphisms, 


Ys+t(Z) i (Y(s+t)/n)” (2) = (Ps/nPt/n) (2) 
= (Psjn)” (Pt/n)” (x) (Since we can reorder for small parameters) 


= ps(pi(2)). 


Claim 4. y restricts to Ya on (—Ea, Ea) X Ua. By definition y restricts to 


Pa on (—€,€) x Ua. But then the argument of (i) above shows ọ restricts 
tO Ya on (—Ea; Ea) X Ua- zi] 


The Generator of a One-Parameter Group of Diffeomorphisms 
Let us fix x € M and put o(t) = y(x) so that ø: (R,0) > (M,z) isa 
curve on M. Now the tangent vector to this curve at x is 0,(Do), where 
D = Bel ese We set X} = 0x(Do). 


Then X is a smooth vector field on M, called the infinitesimal generator 
of py. It tells how each point begins to move under the action of the motion 


pt for “infinitesimal” t. 


Exercise 1.13. Verify that the infinitesimal generator is a smooth vector 
field. [Hint: Show that Xs(f) = (0/dt)f (p(t, z))| 941 n 


By Lemma 1.12 we see that for any € > 0, knowledge of y: for |t| < € 
suffices to determine y; for all t € R. This may make it plausible that 
a knowledge of y: for t infinitesimal (i.e., knowledge of the infinitesimal 
generator) is enough to determine the flow y;. We develop this theme in 
the following proposition and its corollary. 


Proposition 1.14. Let y; be a flow with the vector field X as its infinites- 
imal generator. The curves a(t) = p(x) are integral curves for the vector 


field X. 


Proof. We must show that Xs) = (Ds) for all s. Fix t and set o(s) = 
p(s,x) and o1(s) = (s, p(t, 2)), which is p(s + t,x) by property (2) of 
Definition 1.11. Hence o;(s) = o(s + t). Thus, 
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Oo} 


Ho) = Be 
s=0 


= 0,(D:). E 


Corollary 1.15. Two one E l 
Ear -parameter families of di i . 
same infinitesimal generator are equal. E E 


Proof. The vector field determines the integral curves, which determine 
the one-parameter families of diffeomorphisms. E 


Proposition 1.14 and its i ; 
makes sense. corollary imply that the following definition 


Definition 1.16. Let y be a flow with infinitesi 
: ith infinitesimal 
say that y is the flow generated by X. a a 


There is a partial converse to Proposition 1.14: 


Proposition 1.17. Let X be a vec 
ani tor field 
any one of the following: Pera On the manifold: M: Assume 


(a) M is compact; or 
(b) X has compact support; or 
(c) X is complete. 


Then there is a unique one- ! l 
generator. : e-parameter group of diffeomorphisms with X as 


— If - a one-parameter group exists then it is unique by the last 
ary. Since (a) > (b) = (c), it is enough to prove existence assuming 
: Since X is complete, we have an integral curve o:R.0 > M. x through 
A ? ? 
m as z E€ M. We define pr(z) = o (t). This defines y(x) for all x and t 
; mains to show that Yt 1S a one-parameter group of diffeomorphigas. 
mare an u use the trick of passing to the vector field Y = (0/Os, X ) 
x M, and note that T(t) = F(t,s,x) = ( i | 

rt) = F, s, £) = (s +t, y(z)) is an integral 
athe Y through the point (s, x). Since Y is a never-zero field. we ae 
inearize it on a neighborhood U x V of any point of R x M a 
following figure —_— 


(iran) 


_> 
_> 


> 


Zo 
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and then the integral curves are given locally in this coordinate system by 
translations 


F(t, 20,+++5%m) = (Z0 +t, 21, +--+) 2m) 


(where, of course, each z; is a function of (s,z)). From this local description 
it is clear that 


(i) F is smooth, and 
(ii) F(u, F(t,s,z)) = F(t +u, s, x) for s and t small. 
Thus y(x) is smooth in (x,t). Moreover, 


(utstt,puly:(z))) = F(u,s +t, (2) 
= F(u, F(t, s,2)) 
= F(u+t,s,2) 
= (u + s +t, pu+t(£)) (for sand t small), 


and so y satisfies property (ii) for s and t small, and hence for all s and t. 
Property (i) is automatic. a 


Exercise 1.18. Let X be a smooth vector field on R with Xo = 0. Show 
that no integral curve can reach 0 in finite time. (Note that if X is com- 
plete, this follows from Proposition 1.17, since the one-parameter family 
of diffeomorphisms y; generated by X clearly satisfies p+(0) = 0 for all t. 
Also, since y; is a diffeomorphism, we can therefore never have y:(y) = 0 
for y Æ 0.) Show that the same is true for a smooth vector field on a smooth 
manifold. i 


§2. Distributions 


Now we wish to generalize part of the study of integral curves to include 
leaves of larger dimension. We shall formalize the idea of “prescribing the 
tangent planes” in the notion of a distribution. 


Definition 2.1. An r-dimensional distribution on M is a collection D = 
{Dp} of r-dimensional subspaces D, C T,M, one for each p € M, that are 
smooth in the sense that they may be described on any sufficiently small 
open set U C M as the span of r smooth vector fields {X1, Xo,..-, Xr}. 
These vector fields themselves are called a local basis for D on U. A dis- 
tribution is said to be involutive (or in involution, or integrable) if for any 
point p € M there is a chart (U, p) around p such that the vector fields 
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_1{ 0 0 
ı/ 2 -1 
(E)r (E) 


form a basis of D on U. & 


Definition 2.2. A connected r-dimensional submanifold N of M is called 
an integral submanifold for the r-dimensional distribution D if D, = T,(N) 
for each p € N.4 ® 


In the case of an involutive distribution, it is clear that the equations 


Pr+1(p) = Cr+1,--- »Yn(p) = Cn 


describe an (n—r)-parameter family of r-dimensional integral submanifolds 
for D (one for each choice of c = (c,41,..-,Cn)) and that any point in U 
has such an integral submanifold passing through it. 


§3. Integrability Conditions 


In contrast to the case of a single vector field, not every distribution has 
an integral submanifold through every point. 


Example 3.1. Consider the two-dimensional distribution on R? consisting 
of planes normal to the vector field n(x, y, z) = (y, —z,1) as in the figure 
below. 


Z 
-a ag 
Xxl 
C> 
>s 


b 


We can see directly from this figure that there are no integral surfaces 
through 0 for this distribution. For if there were such a surface through the 


4 . ° g 
More generally, if s < r, an s-dimensional connected submanifold N of M is 
called an integral submanifold for D if TeN C Dp for each p € N. However, we 
won’t use this generalization in this book. | 
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origin, it would be tangent to the (x, y)-plane there, but a small loop on the 
surface about the z-axis could never actually close up since its z-coordinate 
would always be increasing aS we pass counterclockwise around it. + 


Suppose N is an integral submanifold for a distribution on M. Suppose 
that a local basis for the distribution is given on a neighborhood of p € N 
is by X1,.-., Xn. Let i: N —> M be the inclusion map. Since X,|n is 7 re- 
lated to X; for each j = 1,...,n, we have ix(Xilw, Xin] = [Xi Xy]|w- 
It follows that [X;,X,] is also tangent to N at p, that is, it lies in 
span{ X1, Xo,.--,Xn} at p. 


Definition 3.2. The system of vector fields {X 1, Xa,.--. Xn} oon UCM 
is called (algebraically)* involutive (or integrable) if the bracket [X;, X;] lies 
in span{ X1, X2,..-.,Xn} for each 7 and j. æ 


As we have just seen, algebraic involutivity is a necessary condition that 
a system of n < m vector fields {X1, X2,.-- Xn} on an m-manifold M 
have an integral submanifold through each point p. The existence of an 
integral manifold through each point is in turn a necessary condition for 
the distribution to be involutive. In the case of Example 3.1, a local basis 
for the distribution is given by 
O o 0 O 
X,=—-y~, X= tI, 

1 Ox Iaz 2 Əy Oz 
so that J 

[X1, X2] i 257 g span{X1, Xo}. 


It follows that the distribution has no integral manifolds. 


Exercise 3.3. Show that if {X1, Xo,...,Xr} and {Y1, Ya... ,Y,} are two 
local bases on an open set U C M for the distribution D, then one is 
algebraically involutive if and only if the other is. = 


The exercise implies that the algebraic involutivity is a property of the 
distribution itself. Hence we see that a necessary condition that a distribu- 
tion D be involutive is that it be algebraically involutive. 


§4. The Frobenius Theorem 


The content of the following theorem is that the condition of algebraic 
involutivity, which is necessary for the involutivity of the distribution, is 


5This word is bracketed because we shall omit it as unnecessary once the 
Frobenius theorem (Theorem 4.1), is proved. 
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also a sufficient condition. This fact allows us to dispense henceforth with 
the adjective algebraic in the phrase algebraically involutive. 


Theorem 4.1 (Frobenius). Let M be an m-dimensional manifold and let 
D be an r-dimensional distribution on M. Then 


D algebraically involutive = D involutive. 


Proof. (We follow [S.S. Chern and J. Wolfson, 1981]. For another interest- 
ing proof, cf. [W. Boothby, 1986], p. 161.) 

< This direction was shown above. 

= For r = 1 the theorem is implied by the linearization of vector fields 
We proceed by induction on r > 2. The method is to use the ‘diction 
hypothesis and the linearization of vector fields to successively improve a 
local basis of D. The theorem is local, so we may assume M = U = an 
open subset of R”, p = 0 € U, and D is given on U by a local basis 
{X1, X2,...,X,}. At each step the vector fields and the open set U will 
change, but we will keep the same notation for them. Our goal is to produce 


a coordinate system x = (x1 Lm) and a local basi 
eee s for D on U of th 
form {Xy = 0/0X,, Xə = 0/O22,...,Xr = 0/0z;,}. i Í 
Step 1. There is a local coordinate system x = (z1,...,£m) and a local 


basis for D on U of the form {X1, X2, ..., Xr—-1, Xr = 0/ðx,} 
This is just the linearization of the vector field ns 


Step 2. There is a local coordinate s 

ystem x = (£1,..., Zm) and al 
basis for D on U of the form {X 1, X2,...,X,~1, Xr = a Lai 
Lee ...,X,r—1} is in algebraic involution and X;(z,) =O forl<j< 
r—1. a 


Set 
X; = Xj — Xj(x,).X;, for 1 <j <r— l, 
XX, 
Note that 
Xj(t-)=0 forl<j<r-l, 
X (ay. 
Writing® 


Iyn 
[X;, X;] = aij(x)X, mod{X}, X3,- .., Xl} fr1<i,j<r-1, 


6 : 
An equation of the f = 
the span of Ch, C.. orm A = B mod{C;,...,Cs} means that A — B lies in 
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we see that a;;(z) = 0 for 1 < i,j ST — 1 by evaluating both sides on zr. 

Thus {X{,X4,.--,X;—1} is in algebraic involution. 

Step 3. There is a local coordinate system z = (£1, ---,£Zm) and a eae 
basis for D on U of the form {X; = 0/01, X2 = 0/Ox2,-+-,Xr—1 i 
ð/ðtr-1, Xr = izes ¢,40/Ox,}, where the final coefficients C4, r < 
A < mare functions of %,,2p41,--+,Lm alone. 

By the induction hypothesis applied to the results of step 2, we can find 
a coordinate system y = (y1, - --, Ym) such that 


span{X1, X2,---,Xr-1} = span{0/dy1, 0/Oy2,--+,0/Oyr—1}- 


It follows that {0/0y1, 0/Oy2,-- .,0/Oyr—1, 0/O2,} is seed ~ for the 
distribution and, moreover, that Oz, /Oy; = 0 forl<j<r-l. 


Writing 
[0/dy;, 0/Oxr| = b;(x)0/Oz, mod{d/Oy1,---,0/Oyr-1} for 1 <J ST- 1, 
z)=Oforl<j<sr-1 by evaluating both sides on Tr. 


we see that b;( 
Thus we may write 


ð 
k |= Scag e 


A )?) 
Oy; OXr i<k<r-1 


Now, expressing the 0/0z, in terms of the ys, we may write 


forl<j<r-1. 


0 
` Oa O _ ` Cik g 


Oyj OYA aikai r 
Comparing the two sides, we see that 064/02; 7 0 forr < A< oe 
1 < j <r-— 1. It follows that Êr, - - -Êm are functions of rres fm a ; 


Step 4. There is a local coordinate system x = (1,.-- T por local 
basis for D on U of the form {X; = 0/0%1, X2 = 9/9T2;...,Xr—ı : 
0/Otp—-1, Xr = Žor<A<m CAlTr, ---,2m)(0/3xA)}, where the coefficients 
Ca, r < ÁA <m, are functions of £r, Er+1, - -2m alone. 


Set 
X= Xj forl<j<r-l, 
X, =X- J, CXA 


1<A<r—l1 
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Then {Xj,...,X7/} is still a local basis for D and X’ has the form 


0 


X= $, Caltes---1 2m) g— 
r<A<m A 
Step 5. There is a local coordinate system z = (21,...,2m) and a local 


basis for D on U of the form {X; = 0/021, X2 = 0/0x2,...,X; = 0/Oz;,}. 


The vector field X, is a vector field on R™~", and by the linearization 


of vector fields we can find a change of the variables z,,...,2Zm that makes 
X, a coordinate field without affecting the other variables. This completes 
the proof. a 


The proof of the Frobenius theorem not only tells us that the leaves 
through any point exist, but also tells us something about their mutual 
disposition. It says that, locally, an integrable r-dimensional distribution on 
an m-dimensional manifold looks like the affine r-planes in R” xR™-" with 
“second coordinate” constant. More formally, we have the next corollary. 


Corollary 4.2. Let M be an m-dimensional manifold and let D be an in- 
volutive r-dimensional distribution on M. Then for each point p € M there 
is a local coordinate system (U, x) about p such that the integral manifold 
through q meets U in a set containing 


Vig) = {g EU | x;(d') =2;(q) form-r< j< m}. 


Moreover, if (U,x) and (V,y) are two such coordinate systems, then the 
coordinate changes ® = ry~' have the form 


(Pilis Tna) Dipl Ei Di) 


Dae esis See tmn) ees ® »)(Lm—r41) 2% Em) ): 


Proof. This is a simple consequence of step 5 in the proof of the theorem. 
E 


85. The Frobenius Theorem in Terms of 
Differential Forms 


For us, the most useful formulation of the Frobenius theorem is in terms of 
differential forms. This is the context in which a distribution is given, not 
in local terms as the span of smooth vector fields, but in global terms as 
the kernel of a V-valued 1-form. 
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Proposition 5.1. Let w be a smooth 1-form on M™ with values in the 
vector space V. Assume that n = dim ker ws is constant forx € M. Then 
ker w, is a distribution. 


Proof. We must show that, locally, ker ws is spanned by n linearly inde- 
pendent, smooth vector fields. Choose a basis {e1, . - ,€,} for V, and write 
w = 5 w;ei, where the w; are smooth 1-forms. Fix a point p E€ M around 
which we want to find a local basis of ker wz. Write w; = >) aij(x)dx,; in a 
local coordinate system on U about p so that w = >) aij(x)dxje:, and set 
A(x) = (a;;(z)), a q x m matrix. Now 


wiv) =0¢ >. ai;(x)v; =0 for allz 


(where vj = dz;(v)), so 
dim ker wz = n > rank(a,;(z)) = m-n. 


Thus we may assume, possibly after changing the basis of V and reordering 
the z; that the first (m—mn) x (m-n) block of A(p) = (a;;(p)) is invertible. 
Thus, the same is true on some neighborhood of p, which we again call 
U, and because of the rank condition the last (q — (m — n)) rows are 
linearly dependent on the first (m — n) rows. Thus, on U we clearly have 
ker w = Mker wj, with the intersection taken over the range 1 < 7 < m—N. 
Now set 


tee Wi, 1<i<cm-n, 
li = \ dr m—-n<i<m. 


The n;, 1 < i < m, form a basis for the 1-forms on U. We write 7; = 
Y` bi;(x)dxj;, 1 < i < m. The vector fields Xj = Scie (x)(O/Ox,) dual to 
the n; are smooth since the coefficients are given by (bij (x)) (cjn(2)) = I, 
and (b;;(z)) is invertible. Moreover, the smooth vector fields X;, for m,n < 
j < m, form a local basis for the distribution ker Wy. a 


Exercise 5.2. Let M be a smooth manifold and w:T(M) — V a (smooth) 
trivialization of the tangent bundle. Show that for all v € V, w™} (v) is 
a smooth vector field on M. If p € M, let c(t,p,v) (defined for all t 
on some neighborhood of zero) denote the integral curve of w™t(v) with 
c(0,p,v) = p. Show that c(at,p, v) = c(t,p,av). Show that the map 
exp,:T(M) — M x M, which sends (x, w) > (xz, c(1,z,w(w))), is defined 
on some neighborhood of the zero section and is a diffeomorphism of some 
neighborhood U of the zero section onto a neighborhood of the diagonal in 
M x M. Ld 


Now we are in a position to ask what form the integrability conditions 
for a distribution assume when the distribution is given as the kernel of a 
V-valued 1-form w. We have the next result which is the differential form 
version of Frobenius’ theorem. 
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Proposition 5.3. Let w be a smooth 1-form on M with values in the 
vector space V. Assume that n = dim ker wz is constant for x € M, and 
let D = {ker wy | x E M} be the distribution determined by w. Then 


D is integrable = dw(X,Y) = 0 whenever w(X) = w(Y) = 0. 
Proof. Let us choose a local basis X1,...,X;, for D in a neighborhood U 
of a point of M. 


Then 2P integrable on U © [X;, Xk] E€ span{X,,...,X,} forl<j,k<r 
 w([X;,X,]) =0 forl<j,k<r. 


But since w(X;) = 0,1 < j < r, we have (cf. Lemma 1.5.15) for 1 < j,k < r 
dw( Xj, Xx) = X5(w(Xz)) — Xalol X) — w([Xy, Xe]) = —w( (Xj, Xal), 
and so 
D integrable on U & dw(X;,X,) =0 forl<j,k <r, 


which implies the result. a 


Corollary 5.4. Let w be a smooth 1-form on M with values in the vector 
space V. Let W C V be a subspace, and assume that n = dim wz!(W) is 
constant for x E€ M. Then D = {wz (W) |x € M} is a distribution and 


D integrable => dw( X,Y) EW whenever w(X) and w(Y) lie in W. 


Proof. The distribution D is the kernel of the smooth 1-form w mod W 
taking values in V/W. The equivalence of the integrability for condition 
for w mod W and the one given above for ® is clear. E 


PKerCIRE 5.5. Let w = (w1, ..., Wy) be a smooth 1-form on M with values 
in R”. Assume that n = dim ker wz is constant for z € M, and let D = 
{ker ws | x E€ M} be the distribution determined by w. Show that 


D integrable & dw; € I(wi,..., wy), 


where I(w,...,W,) is the ideal in A(M) generated by w,..., wy. E 


$6. Foliations 


The modern study of integrable distributions is called the theory of foli- 
ations. The idea is to abstract the property contained in the corollary to 
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the Frobenius theorem. A foliation on a manifold consists of the special co- 
ordinate systems guaranteed by this corollary, which clearly determine the 
integral manifolds. The integral manifolds themselves are called the leaves 


of the foliation. 


Definition 6.1. Let M™ be a smooth manifold. A q-codimensional foliated 
atlas on M is an atlas A such that, if (U,¢), (V, w) € A, then the coordinate 
changes ® = yy? have the form 


D: R1 x RIS R” x RY, 
(x,y) ai (®ı (x,y), #2(y)), 


namely, the last q-coordinates depend only on the last q variables. & 


Definition 6.2. Two foliated atlases are equivalent if their union is a fo- 


liated atlas. A foliation on M is an equivalence class of foliated atlases. 
æ 


Note that every foliated atlas is equivalent to a maximal foliated atlas, 
which may be identified with the foliation. As we did for the definition of 
a smooth structure, we shall always implicitly assume that our atlases are 
maximal. 

Given two charts (U, p), (V, y) in a foliated atlas, the coordinate change 
© = py! sending (x,y) > (®ı(x, y), P2(y)) determines the diffeomor- 
phism 2: R1 — R1. We can use this diffeomorphism to replace the coor- 
dinate system y on U by 6 = (id x ®2)y, also on U. The coordinate change 
between the charts (U,0) and (V,w) is then the simpler diffeomorphism 


(x,y) ae (®1(x,y),y). 
Let M™ be a smooth manifold with a foliation. If (U, y) is a foliated 


chart and 
p = (1, 2):U > R™4 x RI, 


then for x € U, set 
D, = pi (0 x Toata) (R3). 


Exercise 6.3. Show that D, is independent of the choice of foliated chart 


used to define it and determines an integrable distribution of codimension 
q. QO 


Definition 6.4. The integrable distribution guaranteed by Exercise 6.3 is 
called the distribution associated to the foliation. æ 


Definition 6.5. The leaf £ through a point p of a foliation on M is defined 
to be the set of points on M which can be joined to p by a piecewise smooth 
path everywhere tangent to the distribution associated to the foliation. ® 
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PAE tee 6.6. Every leaf L of a foliation of codimension q on M™ is 
a smooth submanifold of dimension m — q and is an int 

| egral subm 

for the associated distribution D. i — 


Proof. Let i € L and (U, ọ) be a chart of a foliated atlas with z € U. 
Now 2 Ey (R™41 x y) for some y € R1. Let W be the path component 
of p~ (R™741 x y) containing x. Since W is connected and is an integral 
manifold of the distribution D, we have x € W C L. On the other hand, W 
is a flat plaque of £ in the chart (U, o). Thus, £ is covered by flat pladas, 
of dimension m — q, and so £ satisfies the condition of Definition 1.2.1 for 
a submanifold. Moreover, since £ is a union of open plaques, each of which 
is an integral submanifold for the distribution D, it Pillows that £ is also 
an integral submanifold for D. 5 


Corollary 6.7. Every leaf of a foliation is a mazimal connected integral 
submanifold of the associated distribution D. 


Proof. It suffices to show that every connected integral manifold of D 
containing x lies in the leaf containing x. Suppose that N C M is such a 
submanifold. Let L be the leaf through x. Since N is connected, any point 
y : N m Pae to x by a smooth path on N. Since N is an integral 
submanifold for D, this smooth path is everywhere tangent to D 

y E€ L. Thus, NC L. e ae 


neg 6.8. A product (or trivial) foliation is one on a manifold 
= N4 x L for which the atlas is just the product of the atlases of 
the factors. Æ 


Example 6.9. If F — E — B is a smooth bundle, then the local product 
structure determines a foliation on EF, called the vertical foliation, for which 
the leaves are the fibers. | + 


$7. Leaf Holonomy 


Now we show that for a fixed leaf £, the way that the various nearby leaves 
arrange themselves about £ near a given point p € £ is in fact independent 
of the choice of p € L. Of course, this arrangement does depend very much 
on the choice of £ itself. This will lead to the notion of holonomy, which 
describes how the leaves near £ “wind around” L. ú 


Sliding Along Leaves 


The basic construction is the following. Fix a leaf £ and two points on it 
To, £1 E L. Next choose a continuous path ø: (1,0,1) > (L£, £o, £1). Now at 
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any point of the path a, say at a(t), we pick a chart (U, Di (ay). => 
R™-4¢ x R4, of the foliation so that the plaque of £ in U containing o(t) 
corresponds, under p, to R™~¢ x 0. We call T, = y~1(0 x R9) a transversal 
at o(t). Each point of T; determines the leaf through it, although distinct 
points may lie on the same leaf, as shown in the following diagram. 


Now the coordinate changes of the last q coordinates do not depend on 
the first m — q coordinates. It follows that on the overlap between two 
charts at o(a) and a(b), the coordinate change induces a diffeomorphism 
Dra da" T,.’ Moreover, it is clear that YcpYb,a = Drar Since ø(T) is 
compact, finitely many such coordinate systems suffice to cover it. By tak- 
ing the composite of the corresponding finitely many diffeomorphisms, we 
can pass from one end of the path to the other to obtain a diffeomorphism 
ho: To > T; called the slide map as shown in the following diagram. 


Exercise 7.1. Show that the germ of hg: Io —> T at o(0) is independent of 
the particular coordinate systems used to define it and is even independent 
of the choice of o: (1,0, 1) > (£,20,21) within its homotopy class. Oo 


Thus, we have the following theorem. 


7The diffeomorphism may not be defined on all of T, nor have all of T, as its 
image. Rather, it will be a diffeomorphism between neighborhoods of o(a) and 
o(b) in Ta and Ty, respectively. This means that it is not a diffeomorphism but 


the germ of a diffeomorphism. 
8 At least this is true on the (nonempty) domain where it makes sense. 
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Theorem 7.2. Let o:(I,0,1) — (L, £o, £1) be a continuous path on a leaf 
of a foliation of M. Let To and T, be two transversals of the foliation at 
xo and x1, respectively. Then there exist open subsets Tj and Ti of To and 
T,, which are still transversals of the foliation at xq and x1, respectively 
and a diffeomorphism p: Té —> Ty such that 


(i) Le = Lye) for all x € To, where Ls denotes the leaf through zx, 
(ii) p depends only on the homotopy class of o:(I,0,1) —> (£, £o, 71), 


(iii) af o; corresponds to Pj for 7 = 1,2 and o,(1) = o2(0), then the 
composite path 01 «0 (i.e., first follow 01, then follow o2) corresponds 
to the composite mapping p2 © pı. 


Corollary 7.3. Let L be a closed leaf, and let T be a transversal. Then 
TOL is a discrete subset of T. 


Proof. It suffices to show that K N £ is discrete for every compact set 
K in T. Since £ is closed in M, it follows that A = K N ZL is closed. If 
A is not discrete, then there is a point p € K which is an accumulation 
point of A. Since A is closed, p € A. Now by the theorem, if q € A 
there is a diffeomorphism between some neighborhood of p in T and oie 
neighborhood of q in T mapping points of A to points of A. Thus, q E A 
is also an accumulation point of A. This means that every point of A is 
an accumulation point. Thus, A is a perfect set. But every perfect set 
is uncountable, so we see that £ contains the uncountable set A, which 
is obviously discrete in the leaf topology. But £ is paracompact <5 any 
discrete set is at most countable,? which is a contradiction. | a 


Corollary 7.4. Every closed leaf 1s a regular submanifold of M. 


Proof. Let £ be a closed leaf, p E€ £, and let T be a transversal at p arising 
from the chart (U,y). Since T N £ is a discrete subset of T, we can shrink 
the size of the chart (U, p) so that the new reduced transversal meets the 
leaf in the single point p. This chart shows that £ is a regular submanifold 
near p. Since p is arbitrary, £ is a regular submanifold. E 


Exercise 7.5. Let A C R” be a closed set with every point an accumulation 
point. Show that A is uncountable. [Hint: Since each point p € A is an 
accumulation point, for every n > 0 there is a point q Æ p with |q—p| < 1/n. 
Fix p € A and take two distinct such qs for n = 1. Then repeat the argument 
for each of the qs in place of p for n = 2. Repeat this process to construct 


9 : : : 3 
? i discrete implies each point p € A has an open neighborhood U with A -— p 
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inductively an uncountable number of convergent sequences with distinct 
limits. | J 


Definition 7.6. Let us fix a leaf L£, a point p € £ and a transversal T' to the 
foliation at p. Let G(T, p) be the group of germs diffeomorphisms of (T, p) 
at p. Then our construction associates to each loop à: (I,0I) > (L£,p) a 
germ of a diffeomorphism (A) € G(T, p). In fact, because of properties (ii) 
and (iii) of Theorem 7.3, p induces a group homomorphism ,:71(L,p) > 
G(T, p) called “the leaf (or transverse) holonomy.” 


Exercise 7.7. Show that if Tọ, Tı are two transversals through the end 
points zo,zı E€ £ of a path ø: (1,0,1) > (£L,20,21), then the canonical 
(germ of a) diffeomorphism f: (To,20) — (Tı, x1) induces a commutative 
diagram: 


Co 
T (L, X) > T (L, x) 
Pox) C LP ix 
G(T, %) > GU, 4) 


n 


Of course, the reason for using germs of diffeomorphisms is to have well- 
defined maps, since there is no guarantee how the “Poincaré first return 
map” (A) will behave with respect to the transversal T on two counts. 
First, a loop may either increase or decrease the size of T (or even do some- 
thing more complicated). Second, different loops may do different things. 
However, in the special case that the leaf has finitely generated fundamen- 
tal group (in particular, if it is compact),!° there is a kind of bound on 
the behavior of the holonomy in the sense that we may choose transversals 
T, C T at p such that for some set of generators {g1,---, 9k} of m1(L,p) we 
have y,(g;)T1 C Tz for 1 <i < k. If, in this special case, the holonomy is 
trivial, it follows easily that ~y(gi) is defined on T; for all ¿ and, moreover, 
is the identity there. It then follows that x(g) is defined and is the identity 
on T, for all g € ™(L,p). This suggests the following. 


Theorem 7.8. Let M be a foliated manifold and let L be a compact leaf 
with trivial holonomy. Then there is a neighborhood U of Lin M such that 
there exists a leaf-preserving diffeomorphism Lx T — U, where T is a 
transversal at p € L. 


10H ere we use the fact that the fundamental group of a compact manifold is 
finitely generated. Cf. [J. Dugundji, 1966]. 
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Proof. Since £ is a compact leaf in M, each point of £ lies in a coordinate 
neighborhood of the foliated atlas meeting £ in just one plaque. Using the 
compactness of £ again, we may refine this cover to a finite one consisting 
of foliated coordinate neighborhoods (R;,y;), 1 < i < n, meeting £ in 
the plaques U;, 1 < i < n. Since the holonomy is trivial, we may assume 
once and for all that, for each y € R3, the leaf containing the plaque 
p; (R1 x y) depends only on y, not on 7. This means we have matched 
up all the plaques, as in the following figure. 


coordinate system 
g, on U; 


coordinate system 
gon U, 


The remaining problem is to match up all the transversals. Let us now 
choose smaller open sets W; C U; that still form a cover of £ and satisfy 
W; C U;. To prove the theorem it is enough to construct inductively a 
sequence of open sets Vg of £ and smooth maps fk: Vk x RI — M,1<k< 
n, such that a 


(i) Uici<k Wi C Vk C reizi Ui, 


(ii) fk is a leaf-preserving diffeomorphism onto its image which gives the 
canonical inclusion Vą C £ upon restriction to Vk x 0, and such that 
the leaf containing fk(Vk x y) is independent of k. 


Set V; = Rı N L, and let fı be the composite 


Vi x R? a yi(Vi) x R? > R, C M. 


Next we describe the inductive step. Thus, we suppose we are given 
the open set V; in £ and the smooth map f;:V; x R? — M satisfying 
the hypotheses (i) and (ii) above for 1 = k and we wish to obtain them for 
i = k+1. We will do this by altering the definition of fk on (VkNUk+1) x R3 
to make it match up with y;,41. As we shall see, in order to do this we will 
also have to shrink the size of the R? factor in Vk x R4 to an open disc, 
but we shall continue to denote the reduced factor by R34 since they are 
diffeomorphic. 

Set Upay = U, Wk+1 = W, fk = f, and Vk = V. Choose K compact 
with W C K CU, and restrict the size of R4 so that f((VNK) x R1) CU 
as in the following picture. 
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We may choose p: V x R? — R with values in [0, 1] to be 1 on (V—K) x R3 

transverse and 0 on L x R3. Then we replace f by fp as in the lemma and restrict 
directions 


the size of RI again, and we have the following picture. 


y AV xR’) 


HOV x R’) 
To alter f, we require a simple technical lemma. 


Sublemma 7.9. Let A C B be smooth manifolds and let f: A x R? —> 
BxR‘ be a diffeomorphism onto its image of the form f(x,y) = (P(x, y), v) 
which satisfies ®(z,0) = x for all x € A. Let p Ax RI — R be any o 
function. Set f(x,y) = (P(x, yo(z,y)),y). Then for any compact se 


p BxR? 
naps cick teenth ; wh i j a. - 0 at some For the case of a compact leaf with trivial holonomy, we see the local 
is a diffeomorphism onto its image. in ? , 


i triviality of the foliation near this leaf. If the leaf is noncompact, such 
point, then f (x,y) = (x,y) at that port. an argument is unavailable. Nevertheless, if U is any relatively compact 


That is, for (x,y) € L x R4, we have Yk+ıfp(£, yY) = (x,y). Thus, we can 
extend f, over (W UV) x R? with the required properties. E 


l 1 — 0 and f is an submanifold of a closed leaf £ such that the holonomy of £ vanishes on the 
Proof. Since f $ Io nee oe ee ae ae of the image of mı(U) in mı(£), the foliation is once again trivial near this part 
immersion there, fp 1S also an mm l l hood of the leaf. 
. : of the 
Jacobian matrix that fp O AA ‘i A Aap HE Here is an application of this result which amplifies an aspect of the 
ae na a ee a pe ene ja A oN fundamental theorem of calculus discussed in Proposition 1.4.19. 
some product nel ica 
j j mbedding along K x0, it must also be 
Finally, we pa H a o of the form K x T; otherwise there Theorem 7.10. Let M and N be smooth manifolds with M connected, and 
A eee i. disti 7 oints {p;}, {q;} with second coordinates lett: T(N) — V be a trivialization of the tangent bundle of N. Suppose that 
would be sequences of aistincr p ae ing to a subsequence fn, fiM — N are smooth maps satisfying 
tending to 0 satisfying f,(p;) = f,(q;) for all j. Passing to À i 
we may assume the first coordinates converge; then they must converge O (i) ft = fet for alln =1,2,... 
the same point in K. But since fp is a local diffeomorphism, > n ae TA 
. : ich i ontradiction. 
that we must have p; = q; for J sufficiently large, which is a c m (ii) limp—oo fn(p) = f (p) for some p € M. 
Then liMn—o fn(xz) = f(x) for alla E€ M. 
Now we return to the proof of the theorem. Let L be any other compact safata) (x) 


set satisfying W C L C int K. Proof. Let x € M be an arbitrary point. Since M is connected we can 


always find a smooth immersion ø: (1,0,1) —> (M, p, x). Now by replacing 
fn and f by fno and fo, respectively, and p and z by 0 and 1, respectively, 
we may assume that M has dimension one. Set n = f*t and note that 
the graphs £n and £ of fn and f are leaves in the one-dimensional (and 
hence integrable) foliation on I x N given by 71,47 —724t = 0. Clearly, each 
leaf passes from 0 to 1 in the first coordinate and all are homeomorphic 
to the interval [0,1] by projection. By the previous result, we can find a 
neighborhood U of £ in [0,1] x N and a leaf-preserving diffeomorphism 
LxT — U, where T is a transversal at p € £. By (ii), for sufficiently large 
Nn, Ln C U; so under the diffeomorphism U — £ x T, Ln corresponds to a 
leaf of the form £ x u for some u € T. Then the result is clear. a 
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§8. Simple Foliations 


In this final section we study the simple foliations, which are indeed one of 
the simplest kinds of foliations. 


Definition 8.1. A foliation on M is called simple if its leaves are the level 
sets of a submersion f: M — N. In particular, this means the level sets of 
f are required to be connected. & 


Our aim is to characterize a simple foliation in terms of its holonomy 
and its leaf space. The leaf space is obtained as follows. If M is a foliated 
manifold, then there is an equivalence relation given on it by declaring 


x ~y & zx and y lie in the same leaf of M. 


Definition 8.2. The quotient space M/~ equipped with the quotient 
topology is called the space of leaves. We denote by m:M — M/~ the 
canonical projection. æ 


The characterization of simple foliations is given in the following theorem. 


Structure Theorem 8.3. 


(A) If a foliation is simple, then each leaf has trivial holonomy, and the 
leaf space is Hausdorff. 


(B) Suppose a foliation has these properties: 


(i) each leaf has trivial holonomy; 
(ii) the leaf space is Hausdorff, 


(iii) each leaf has a finitely generated fundamental group. 
Then the foliation is simple. 
We begin the proof of this result with a technical lemma. 
Lemma 8.4. Let M be a foliated manifold and S C M. 


(i) If S is a union of leaves, then so 1s S. 


(ii) If S is a union of leaves, then so is int(S). 


(iii) Let U be an open set of M. Then the union V of all leaves meeting 


U is open. 


(iv) The canonical projection n: M — M/~ is an open mapping. 


88. Simple Foliations 91 


Proof. (i) Suppose the leaf £ meets S. We must show that £ C S. Let 


i= Ls: 
Step 1. It suffices to show that L is open in £. 


L= LN S is nonempty and closed in £, so if it is also open then it must 
be a component. But £ is connected, so it has only one component. Thus 
L= L and hence £L C S. 


Step 2. L is open in 4L. 


Choose p € L = £N § and take a chart (U, p) of the foliation. Then, as 
we can see from the following diagram, 


Re Oh 
Te \ 
el io wo 
original sequence B- p 
translated sequence ” z: AA CR” 
7 \ 
OPS S 
A YP os 
Ze 
Ge wa 
\ ae 
(etc.) \ ae 
\ ed 
S Mee he 
NZ 
if p1, p2,... is a sequence in S approaching p, since S is a union of leaves 


we can slide the whole sequence in any direction along the leaves (i.e., add 
some small vector to the leaf coordinates R™~?) to get sequences on S 
approaching points near p on the leaf L. 


(ii) Since M — S is a union of leaves, so is M — S = M — int(S), and 
hence so is int(S). 

(iii) Since int(V) is a union of leaves and it contains U, it also contains 
V (ie., int(V) D V). But int(V) C V, so int(V) = V. 

(iv) Let U be open in M. We must show that 7(U) is open. Now 7(U) 


is open <> na ‘n(U) = V is open, and V is the union of all leaves meeting 
U, which is open by part (iii). E 


Exercise 8.5. Give an example to show that if C is a closed set in M, 
then the union U of all leaves meeting C may not be closed. E 


Proof of the structure theorem. (A) Let us first show that a foliation on 
M defined by a submersion f: M —> N has trivial holonomy. If ho: To ~ T; 
is the slide map along a curve ø tangent to the foliation in M, then we 
claim to have the following commutative diagram. 
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he 
Le 
N / 
N 


This is obviously true for transversals in a single chart; so it is also true 
in general, by the multiplicativity of the slide maps with respect to path 
multiplication. But f is injective on small transversals; thus it follows that 
for a closed curve, h, = id, and so the holonomy is trivial. Now let us see 
that the leaf space is Hausdorff. The submersion f: M — N factors through 
the leaf space M /~, giving a continuous bijection M/~ — N. Since N is 
Hausdorff, it follows that M /~ is also Hausdorff. 

Note that, for a foliation defined by a submersion, the continuous bijec- 
tion M/~ —> N is actually a homeomorphism since submersions are open. 
This fact indicates how to proceed in the proof of (B): it suggests that we 
look for a smooth structure on the leaf space M/~ with respect to which 
the canonical projection is smooth and a submersion. 

(B) Let us assume that M has a foliation with trivial holonomy and 
Hausdorff leaf space M/~. The latter condition implies in particular that 
each leaf is closed. Pick a leaf £ and let p E€ £. Take a chart (U,y) of 
the foliation around p. Let T be the transversal at p arising from this 
chart. Since 7(L) is finitely generated and the holonomy is trivial, we 
may assume that T is so small that it meets each leaf at most once. Thus 
m | T:T — M/~ is injective. Now let V be a neighborhood of p in £. Then, 
for T and V sufficiently small, the set I’ x V (in the product structure 
of the chart) is an open set in U. Since m is an open map, it follows that 
n(T) = n(T x V) is open in the leaf space. In fact, more generally it is clear 
that r | T:T — M/~ is an open map and hence is a homeomorphism onto 
its image. This shows that M/~ is locally Euclidean of dimension equal to 
the codimension of the foliation. Moreover, two charts of the type we have 
constructed differ by the sliding maps, which are diffeomorphisms (where 
defined). Thus the atlas is smooth, and the projection map 7: M — M/~ 
is clearly a submersion: locally, it is just the projection map TxV >T. E 


Corollary 8.6. A foliation whose leaves are all compact and all have trivial 
holonomy is simple. Moreover, if the ambient manifold M is connected, then 
the projection to the leaf space T: M — M/~ provides M with the structure 
of a smooth fiber bundle. 


Proof. Since each leaf is compact, it follows that each leaf has a finitely 
generated fundamental group. Thus, by the structure theorem, to see that 
the foliation is simple, we need only show that the leaf space is Hausdorff. 
Let Lj, j = 1,2, be distinct leaves. Now, according to Theorem 7.8, we can 
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find trivially foliated product neighborhoods U; of Lj, 7 = 1,2, together 
with foliation-preserving diffeomorphisms fj: £; x RI — Uj, 7 = 1,2. Now 
the compact sets £j, 7 = 1,2, can be separated by open sets and, again 
by the compactness of the £;, we may choose these open sets to be of the 
form f;(L; x Tj) C Uj. Clearly, these project to disjoint open sets in the 
leaf space separating the leaves £4 and £2. The proof that the projection to 
the leaf space equips M with the structure of a smooth fiber bundle follows 
easily from the existence of the trivially foliated product neighborhoods. W 


Exercise 8.7. Consider the components of 7~1(y) for all y € R, where 
m: R? — (0,0) — R is given by projection on the second factor. Show that 
these components are the leaves of a foliation on R? — (0,0) such that every 
leaf is closed and has trivial holonomy. Show also that the leaf space is not 
Hausdorff. E 


The phenomenon behind this example depends on the lack of “transverse 
completeness.” The following result shows what can be done with a strong 
transversal completeness condition. 


Proposition 8.8 ([C. Ehresmann, 1961]). Let 7: M — N be a submersion 
of connected manifolds such that, for each point p € N, there are complete 
vector fields on M which project to complete vector fields on N whose values 
at p span T,(N). Then 1: M — N is a smooth bundle. 


Proof. Fix p € N and choose complete vector fields X1,..., Xn on M 
that project to complete vector fields Y1,..., Yn on N and such that 
Yilp»--->Ynlp form a basis of T (N). Let pÎ and y? denote the one- 
parameter groups generated by X; and Yj, respectively. Since 7 maps the 
vector field X; to the vector field Y;, clearly it maps the integral curves of 
X; to those of Y; and we have 7 o yl = wy on. Now the map 


(R”,0) => (N,p) given by (t1,.-.,tn) = dy, © Wis O=: O YF, (P) 


is a diffeomorphism on some neighborhood U of the origin in R” to some 
neighborhood of p in N, and 


n—!(p)xU—M defined by (q,t1,..-,tn) > Pt, 0 p? 0770 VF, () 


is also a diffeomorphism onto its image and covers the previous map. Thus 
it is a bundle chart. : 


3 


The Fundamental Theorem of 
Calculus 


Every time we integrate a function i f(x)dx we are concerned 
with a 1-form f(x)dx on an interval [a,b] with values in the Lie 
algebra of real numbers, and the integral is an element of the 
Lie group of real numbers. -common room conversation 


The main theme of this chapter is the discussion of a nonabelian analog 
of the elementary fundamental theorem of calculus. We now sketch the 
main ideas followed in studying this theme. 

The problem is to characterize the smooth maps f:M — G, where M 
is a smooth manifold and G is a Lie group with Lie algebra g (defined 
in §2). It turns out that the tangent bundle of G has a canonical trivi- 
alization wg:T(G) — g. This trivialization may be regarded as a 1-form 
on G with values in g and is called the Maurer—Cartan form. Using this 
form, we can reinterpret the derivative f,:T(M) — T(G) as the composite 
wof,.:T(M) — g, which “forgets” the images f(x) € G and remembers 
only the linear part of the map. This composite wef, = f*wa is a g-valued 
1-form on M called the Darboux derivative (cf. §5). It turns out that the 
Darboux derivative determines the map f up to translation by a constant 
element of G, the analog of the constant of integration of elementary cal- 
culus. The latter part of the chapter analyzes what conditions a g-valued 
l-form w on M must possess for it to be the Darboux derivative of some 
map M — G. Such a map is an indefinite integral or primitive of w. From 
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another point of view, it is a period mapping determined by w.t There are 
two conditions for the existence of a primitive, one local and one global. 
The local condition is an integrability condition (the structural equation), 
which is a special case of the integrability condition for distributions. ‘The 
global condition is a monodromy condition, which is automatically satis- 
fied for simply connected M. Taken together, this material constitutes the 
nonabelian fundamental theorem of calculus (Theorem 7.14) and is indeed 
fundamental for our later understanding of Cartan’s geometries. 

The second theme of this chapter is the study of the elementary theory 
of Lie groups. In particular, we obtain a full picture of the correspondence 
between Lie groups and Lie algebras.” 

The third theme of this chapter is the characterization of a Lie group 
in terms of its Maurer—-Cartan form (Theorem 8.7). It is this description 
that forms the basis for Cartan’s generalization of Klein geometries. In 
particular, it will allow us to classify the Cartan space forms in Chapter 5. 


§1. The Maurer—Cartan Form 


In Euclidean space, parallel translation of vectors allows us to find a canon- 
ical trivialization of the tangent bundle. This notion is so fundamental that 
some authors define two vectors based at different points of R” to be the 
same if there is a translation carrying one of them to the other. The possi- 
bility of doing this depends on the existence of a group—in this case, the 
group of translations—acting smoothly and simply transitively on R”. 


Left and Right Translation 


The circumstances mentioned above apply to any Lie group G, because the 
left translation Lọ: G — G given by L,(a) = gaisa diffeomorphism (with 
inverse L,-1) so that the induced maps on the tangent spaces 


Dy T(G) =r Te(G) 


are all isomorphisms of vector spaces. This yields a canonical trivialization 
of the tangent bundle T(G). In fact, we could equally well use right trans- 
lation Ry: G — G given by R),(a) = ah. It follows that there are two ways 
(which are generally distinct if the group is not abelian) of identifying the 
space of tangent vectors at any point g € G with the space of tangent vec- 
tors at the identity e. Here is an example showing how these identifications 
work for the general linear group. 


1See Remark 8.12 at the end of the chapter. 
2See the end of §2 for an outline of this. 
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Example 1.1. Regarding G/l,(R) as an open submanifold of the vector 
space M,,(R), the “geometric” interpretation of T(Gl,(R)) discussed in §4 
of Chapter 1 yields the identification T (Gla (R)) = Gln (R) x M,(R). Thus 
the tangent bundle is manifestly trivial in this way, but the aao 
uses the parallel translation in the vector space M,,(R). We are going to 
use this trivialization to calculate the one we are really interested in, which 
arises from the group structure on Gl,(R). For g € Gla (R), we calla 
the derivative Lax: Gln (R) x Mn (R) —> Gl,(R) x Mn (R) as follows. Let 
(a,v) € Gln(R) x M,(R). Then 


1 1 
z {Lyla + tu) — Lg(a)} = z Lg (tv) = gv. 
Thus Lg+(a, v) = (ga, gv). Similarly, R,.(a,v) = (ag, vg). + 


The Map p: T(G x G) > T(G) 


According to Exercise 1.4.16 we can identify the tangent bundle of G x G 
with T(G) x T(G) by means of the diffeomorphism 7, X 724: T(G x G) > 
T(G) x T(G). In the following proposition we use this identification to 


rA the derivative of the multiplication u: G x G — G (cf. Definition 


Proposition 1.2. Define 0 by the commutativity of the following diagram. 


Mx X Mx 
T(G x G) -z> T(G) x T(G) 


T(G) 


Then 0 satisfies 0((g,u) x (h, v)) = (gh, Rnsu + Lyx). 


Proof. First note that the formula for 0 makes sense in that since u € 
A it follows that Rau € Tyn(G), and since v € Th (G), it follows that 
gxv E€ Ton (G). The spaces T(G x G), T(G) x T(G), and T(G) are all vector 


bundles, and the three maps are bundle maps that cover the maps in the 
following diagram. 


id 
GxG — GxG 


Yy 


98 3. The Fundamental Theorem of Calculus 


Thus, it suffices to verify the formula for 0|, the restriction of 0 to an 
arbitrary fiber, say the fiber over (g,h) € G x G. Since 6| is a linear map, 
it must be of the form 


0|: Ta (G) x Ta(G) > Tgn (G), 
(u,v) r+ A(u)+B(v) 


where the maps A and B are linear (and may vary with g and h). To 
calculate A and B, we shall make use of the two maps 


MmiGoGxG, pgiG—7GxG. 
g= (gh) h= (gh) 


Now Ap, and py are connected by multiplication to left and right translations 
by the formulas po An = R, and po pg = Lg. The chain rule applied to the 
first equation yields the following commutative diagram (where cr: G > G 
is the constant map with value h). 


T(G) (g, u) 


À 
Rix | idẹ X Ch Rix idẹ X Chk 
T(G x G) 
Me N Is 


T(G) < 2116) x T(G) (gh, Ryui) <2— (g, u) x (h, 0) 


It follows that A(u) = Rn«u- Similarly, B (v) = Lgxv. a 


Maurer—Cartan Form 


Let us continue our study of the trivialization of the tangent bundle of a 
Lie group determined by left translation. Let g = T(G). 


Definition 1.3. Let G be a Lie group. Then the left-invariant Maurer- 
Cartan form wg: T(G) — g is defined by wa(v) = L,-1,(v) for v € TAG) 2 
& 


3The left-invariant Maurer-Cartan form is the grandfather of all the left- 
invariant forms on G. Taking the pth exterior power yields a left-invariant A” (g)- 
valued p-form on G, AP (we): AP (T(G)) = AP (g). Any left-invariant R-valued 
p-form may be obtained from this one by composition with some linear map 
AP (g) — R. In particular, if p = n = dim G, then A” (g) has dimension 1 and 


A” (wa) is the Haar measure on G. 
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The term left-invariant refers to the fact that wg is invariant under left 
translation, which may be seen as follows. Since v € T,(G) implies that 
Lnx(v) € Thg(G), we have ° 


(Lhasa )u = wa (Ln(v)) = L(ng)-1*(Lnx(v)) = Lg-14(v) = wav). 


To see that wg is a smooth form 
we note that it ma i 
composite of smooth maps | y be written as a 


m Xid LXi i 
TO S CxTG 46x76 Sento FO). 
(gu) ++ gx(gu) + g™*x(g,u) + (g7*,0)x(gu)  (e,L,-1,u) 
Example 1.4. G = R. The Maurer—Cartan form is exactly the form dz 


defined in Proposition 1.5.3. + 


Rae 1.5. G = (R+, -). Here e = 1 andu(z,v) = Lz-1,(v) = (1/z)v = 
(1/x)dx(v). Thus w = (1/x)dz, where dz is as above (but restricted to R+). 
+ 


Example 1.6. G = St = {z € C | |z| = 1}, so T(S') = { (e? iret?) | r,0 € 


R}. In particular, g = Tę(S+) = {(1, ri 
T(S}) k given Dy ) = {(1,ri)|r € R}. The left action of S' on 


S! x T(S?) > T(S?) 


(et? (et? riet?)) = (et Ot) riette) 
Let 
us calculate the Maurer—Cartan form. We have 


TEPE 
wale? ire’) = Le-i0, (€, ire) = (1, ir). 


This description of the Maurer—Cartan form is extrinsic since the group 


has been regarded as sitting i — R2 ETE E ene 
A 8 sitting in C = R^. For an intrinsic view, see Example 


+ 


a 1.7 G = Gla (R). The Maurer-Cartan form at a point v € T,(G) 
. Example 1.1) w(v) = Ly-1.(9,v) = (e,g7‘v). Or, identifying the 


100 3. The Fundamental Theorem of Calculus 


T.(G) with M,,(R), we have w(v) = giv for v € T,(G). The classical 
way of writing the Maurer—Cartan form on Gl,,(R) is g~*dg. This has the 
following meaning. The factor g_! is an abbreviation for Ly-1,. Regard 
g € Gl,,(R) as “the general point,” that is, g is the identity map on Gl,(R). 
Then dg is the identity map on the tangent bundle. If v € T,(Gl,(R)), then 
g~'dg(g,v) = g7} (g, v) = (e,g" *v); namely, g~'dg is the Maurer—Cartan 
form. Let us write this out explicitly in the case n = 2. (The case n = 1 
appears above.) Let g = (xij) so that the Tij are the coordinate functions 
on Gl2(R). Then dg = (dxj;) and g~idg = (ai;)~1(dxi;). Writing out the 
matrices, we have 


_ =- T12 = E ree) 
io = 
T21 T22 dz2, dz22 
= ( £22/A Far bss | 
—gz21/^ £311/A dxo1 dx22 f 
where A = det g = £1122 — £12121. In its full glory, this is 
ee ( (z22dz11 —212d%21)/A  (£22d£12 — L19d222)/A ) 


(—z21dz11 + zı1dz21)/A (—%21d212 — x£zı1d£22)/A 


Thus we have represented w explicitly as a 2 x 2 matrix of 1-forms defined 
on Glə(R) which is constructed from the coordinate functions zx;; (and 
their exterior derivatives) on M2(R) restricted to Glo(R). Clearly, we can 


do the same for any Gln (R). 


Behavior of Maurer—Cartan Forms Under Homomorphism 


Proposition 1.8. Let p:Gı — G2 be a homomorphism of Lie groups. 
Then y*w = xew, where the left-hand side is the pullback of the Maurer- 
Cartan form on Gz to G via p, and the right-hand side is the Maurer- 
Cartan form on G with values interpreted in g2 = Te(G2) via the derivative 


of p ate, Yee: Te(Gi) > T2(G2). 
Proof. Let v € T,(Gi). Then 
(p*wo)v = we(Peq(v)) = Ly(g)-r«(Pxg(v)) = Pue(Lg-24(0)) = Psg (w1 (V)). 


All the equalities are obvious except perhaps for the third one. This equal- 
ity, which depends on the fact that » is a homomorphism, follows from the 
commutativity of the following diagram. 


p 
GG 


Lg- p l Log- 
GG 
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Corollary 1.9. Let H be a Lie subgroup of G. Then wy = wo|H. 


Example 1.10. Consider the homomorphism exp:R — S! given by 
exp(0) = e (0 € R). According to Proposition 1.8, we have exp*wo1 = 
expo WR1- But we know that wg: = d0 and that exp,, is an isomorphism 
Therefore, identifying the tangent spaces at the identity of R and S$! Ha 
exp,g, We may write the equation simply as exp* w 51 = dð. This may be 
further reinterpreted as follows. Instead of regarding 6 as the identity map 
on R, let us regard it as the “function” 6:5! — R sending e? 4 6. Of 
course, this is a “multivalued function” with many smooth banhe die 
fering from each other by constants, integral multiples of 27. But, even 
though @ itself is not a function on St, nevertheless dð: T(S+) SR 
a well-defined 1-form. With this interpretation of dO, the equation reads 
exp* Wg1 = exp* dð, i.e., wsı = dð. + 


Example 1.11. S50, (R). Now SO,,(R) is a Lie subgroup of Gl, (R). By 
Corollary 1.9, the Maurer-Cartan form on SO, (R) is just the restriction of 
ne Maurer—Cartan form on GI,,(R). Thus, as above, it may be written as 
g dg, and the explicit coordinate expression is the same as above. Similar 
statements hold for all Lie subgroups of Gl, (R). + 


82. Lie Algebras 


Although the axioms for a Lie group G are quite simple, they are very 
strong. In this section we show how, by combining these axioms and using 
the various maps which they guarantee, we obtain a multiplication on the 
tangent space T.(G) which turns it into a (nonassociative) algebra, the Lie 
algebra of G. Our practice will be to designate the Lie algebra of G by g 
of H by h, and so forth. The multiplication is constructed by identifying 
g with the vector space of left-invariant vector fields on G which can be 
“multiplied” by the bracket operation. The Lie algebra g should be regarded 
as an infinitesimal version of the group,* as it turns out to encode and 
control almost every aspect of the group G (cf. the “primer” at the end of 
this section). 


Left-Invariant Vector Fields 


Definition 2.1. A left-invariant vector field on the Lie group G is a vector 
field satisfying either of the properties in the following lemma. æ 


Lemma 2.2. Let G be a Lie group and let X be a vector field on G. The 
following two properties of X are equivalent: 


4 ; : 
Indeed, Lie called it an “infinitesimal group.” 
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(i) we(X) is a constant (as a g-valued function on G); 


(ii) Lg«xXa = Xga for alla,g € G. 


Proof. 


wo(X) is constant & Lg-14(Xa) = Liga)-1«(Xga) Va,9 E G 
(applying Lgax to both sides) & Lg.(Xa) = XgaVa,g E G. E 


Proposition 2.3. 


(i) The left-invariant vector fields form a vector subspace of the real vec- 
tor space of all vector fields on G. 


(ii) The mapping 


left-invariant — 9 


vector fields on G 
X ——— X 


| vector space of 


is a linear isomorphism. 


(iii) If X and Y are left-invariant vector fields, then so is [X,Y]. 


Proof. Part (i) is an obvious consequence of Lemma 2.2(i). For part (ii), 
note that the mapping is clearly linear. Also, if Xe = 0, then 0 = Ly.Xe = 
X, by Lemma 2.2(ii). Moreover, if v E€ g, we may define Xg = Lg,v, so 
that 

LaxXg = Laxlgxt = Lagat = Xag. 


Thus, X is left invariant with Xe = v, and so the map is surjective. Finally, 
for part (iii) we note that the left invariance of X may be rephrased by 
saying that X is L, related to itself for all g E€ G, and the same may be 
said of Y. By Lemma 1.4.22, the bracket [X,Y] is also Lg related to itself 
for all g € G; that is, [X,Y] is left invariant. H 


Definition 2.4. If v € g, the Lie algebra of G, then vt denotes the corre- 
sponding left-invariant vector field on G. & 
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Lie Algebras 


The vector space g can be given a multiplication. Two vectors u,v € g 
determine two left-invariant vector fields ul and vt on G from which we 
may form the commutator fut, vt], which, by Proposition 2.3 (iii), is also 
left invariant. Then [u,v] € g is defined to be the value of the commutator 
at the origin. The vector space g, equipped with this multiplication, is 
called the Lie algebra of G. 


Proposition 2.5. The multiplication [| , |: g x g — g satisfies the following 
properties. 


(i) (Skew symmetry) [u, v] = —[v, u], Vu, vu € g. 


(ii) (Bilinearity) [au + bv, w] = alu, w] + b[v, w], Vu,v,w € g, and Va,b € 
R. 
(iii) (Jacobi identity) [[u, v], w] + [[v, w], u] + [[w, u], v] = 0. 


Proof. These are all immediate consequences of the properties of brackets 
of vector fields. E 


We now give the abstract notion of a Lie algebra which does not a priori 
arise as the Lie algebra of a Lie group (although cf. Theorem 7.20). 


Definition 2.6. A Lie algebra consists of a finite-dimensional realë vector 
space g together with a multiplication [, ]: g x g — g satisfying the three 
properties of Proposition 2.5. A homomorphism of Lie algebras is a linear 
map Y: gı — g2 that preserves the multiplication, namely 


Lelu), p(v)]g = p(lu, vlg). & 


Definition 2.7. A subalgebra of a Lie algebra g is a vector subspace h C g 
satisfying [b,b] C h. An ideal of a Lie algebra g is a subalgebra h C g 
satisfying |b, g] C b. ® 


Example 2.8. The Lie algebra of Gl a(R) is denoted by gl,(R). As a 
vector space it is just T.(Gl,(R)), which we have identified with M, (R), 
the vector space of n x n matrices. To find the multiplication, we note that 
if A = (aij) E€ Mn (R), then the left-invariant vector field corresponding to 


5 gs 
l The restriction to vector spaces over the real field is of course unnecessary. 
Lie algebras over the complex numbers or even arbitrary fields are commonly 
ee The case of infinite-dimensional Lie algebras has also attracted much 
interest. 
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it is given by A, = (g, gA). Asa derivation of functions (writing g = (Lig) 


we have 
o 


Now let us calculate the commutator of two such vector fields corresponding 
to A = (aij) and B = (bij) € M, (R). We have 


0 ð 
» Tjak Si > Tpabar aa 


i,j,k P39,r 
Ox o 
= Tija Taa Lngb r = be; 
J-J Ox q Ox Pqa~q ð J Ox ik 
i,j,k Pr i,j,k i 
P,Q,T P,Q,T 


Now terms in the first sum on the right vanish unless p = i and q = k. 
Similarly, terms in the second sum vanish unless p = 2 and r = j. Thus, 
in the first sum we may replace p by i and q by k. After this is done, we 
exchange the indices k + r. In the second sum we replace p by 2 and r by 
j. After this is done, we exchange the indices q > j and then replace the 
new q by r. Then the right-hand side becomes 


o 
> ` Tij S (ajrbrk — bjrark) a 


i,k j r 


vector field corresponding to the matrix 


Clearly, this is the left-invariant 
AB — BA. Thus, the multiplication in the Lie algebra of matrices Mn (R) 
B 


is given by the formula [A, B] = AB — BA. 


Proposition 2.9. 
ity of a homomorphism of Lie groups 


(i) The derivative at the ident 
hism of the corresponding Lie algebras 


y:G, — G2 is a homomorp 
Ye: G1 — 82- 
(ii) If p:Gi > Ge and w:Gz — G3 are homomorphisms of Lie groups, 
then 
(wo Y)xe = Yre O Pre: 
(iii) If id: G — G is the identity map, then so is idxe: 9 — 9- 


) If p is an isomorphism of Lie groups, then px is an isomorphism of 


Lie algebras. 


(iv 
(v) If G1 ts connected and p is an isomorphism of Lie algebras, then 
ker y is a discrete central subgroup of G. 
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Proof. (i) Let u,v € iti ii 
: gı. By Proposition 2.3(ii) we ma i 

a o to en invaria vector fields X, Y - Gı (ie peo et pa 
u, Ye = v). = = i Pa = 
SE ). Set u’ =p (u) and v’ = »,(v) in go and extend these to left- 
o tae fields X’ and Y’ on Gp. Since y is a homomorphism, it 
oliows that poly = L pig) YP: Differentiating thi j j 
Lg(g)* © Px, SO that a ae Ge a 


* Xo) = == 
Px ( g) Pa(Lgsu) 7 Lg(g)«(Px(u)) ~ Lolgjx(u’) = Ka 
Thus, X and X’ are related. Simi 
. Similarly, Y and Y’ are 
: p related. It fol- 

lows from Lemma 1.4.22 that [X,Y] and [X’,Y’] are also w-related 1 
particular, Yx([u, v]) = (pat, pxo]. aia 

(ii) This is just the chain rule (Theorem 1.4.7b). 

i aoe ; ee from the definition of the derivative 

iv) From (ii) and (iii j i 
oaa (iii) we see that if the inverse of y is Y, then the inverse 

(v) From (i) we have = 
| Pug = Lype 0 Pre 0 LZ) 
isomorphism for all g. It Do sees is Eo ra a a re 
point and hence that y~1(e) is discrete. enn ioe 


Corollary 2.10. The Lie algebr 
: P l 
subalgebra of the Lie algebra of G. of a subgroup H of a Lie group G is a 


F alee! 2.10 makes it possible to describe the structure of the Lie 
il - A any subgroup of Gla(R); for example, any of the subgroups 
e end of Chapter 1. In each case the bracket operation on the 


corresponding Lie algeb . ae 
Ta g gebra of matrices is just the commutator [A, B] = 


One-Dimensional Lie Subgroups 


One-di , ; ; 
-= poem Lie groups have quite special properties and are impor- 
l ey appear in large quantities as subgroups of general Lie groups 


P za , 
roposition 2.11. Let G be a Lie group with Lie algebra g, and let v € g 


Then there is a uni . 
que hom 
Pue(d/dt) = v. omorphism of Lie groups p:R > G such that 


chee sibel gente 2.3(ii), there is a left-invariant vector field X corre- 

i a that Xe = v). Let y: ((a, b), 0) — (G, e) be a maximal 

Feat ve for X through zero. For c € (a,b), we consider the function 
a c,b +c) — G defined by felt) = y(c)y(t — c). Now we have 
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d d 
c* “Vy =L c)* * ae 
J (Sl) ele) OP ($ 


From this equation we can draw the following two conclusions. 

First, the equation says that fe is an integral curve for X through f(c) = 
p(c), so by uniqueness f (t) = y(t) for all t in the common domain. But 
then we may patch these integral curves together to get an integral curve 
with a larger domain of definition than that of y. In particular, by taking 
c > 0 we see that b can be made bigger, and by taking c < 0 we see that 
a can be made smaller. These yield contradictions unless a = —oo and 
b = co. Thus g: (R,0) > (G,e). 

Second, the equation says that vy(s)p(t) = Leos) P((st+t)—s) = fs(st+t) = 
p(s + t), so that ọ is a homomorphism. Since it is also smooth, it is a 
homomorphism of Lie groups. a 


j = Laa Koort) = AA 


to—c 


Corollary 2.12. Every left-invariant vector field on a Lie group is com- 
plete. (Of course, the same is also true for right-invariant vector fields.) 


Proof. The integral curve through e is a homomorphism y:R — G; in 
particular, it is defined for all parameter values. Now consider the curve 


Ly: R,0 > G,g. We have 


d d 
(Lop) l ) = Lgx O Px (al ) = Lgx(Xy(to)) = XL, y(to) 


so that Lay is an integral curve through g defined for all parameter values. 
Thus, the left-invariant vector field X is complete. a 


Example 2.13. Consider G = R?/Z?, where Z? is the lattice of integer 
points in R2. This is a compact Lie group that is not simply connected. The 
universal cover 1s @ = R?. The covering projection is 7: G — G, sending 
(x,y) = (€27**, ev). It is clear that in G a one-dimensional subgroup H 
is just a one-dimensional subspace of R2; in particular, they are all closed 
subgroups of R?. However, the image 7(H) = H of sucha subgroup (which 
can be any one-dimensional subgroup of G) is not necessarily closed. In fact, 
a necessary and sufficient condition for a subgroup n(H ) = H to be closed 
is that the line H have rational slope in the standard coordinates of R?. ¢ 


Example 2.14. The group G in the preceding example sits as a closed 
(diagonal) subgroup in the simply connected group Sl(C) via the ho- 
momorphism (e’”, e) > diag(e’*, et”, e+), so this latter group also 
contains one-dimensional subgroups that are not closed. + 


Exercise 2.15.* Let P be a smooth manifold, H a Lie group, and p: P x 
H — P a smooth right action. If X € b (the Lie algebra of H ), we define a 
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t 
vector field Xt on P by (X")p = Hx(p,e) (0, X). (This is the vector field that 


describes how each point p € P ; : 
dan A ER) p p moves under the action of “the infinitesimal 


(a) Show that in the case where P = G is a Lie group with HC Ga 


subgroup, and uw:G x H — G is the ede as 
group multiplicat t 
here agrees with that of Definition 2.4. plication, that X 


(b) Let Q be another smooth manifold and v:Q x H — Q be another 


smooth right action. Suppose that ¢: P — Q i 
} ; is H equivari 
is, the following diagram commutes. : i Tt 


PxH4SP 


oxid} — Lo 
OxH-4O 


Show that the vector fields on P and j 
corre d isi 
from the actions of H are ¢ related. i Aa a ee Aaa 


A Primer on the Lie Group-Lie Algebra Correspondence 


In this subsection we give a preview of certain facts concerning Lie grou 
and algebras whose proofs are consequences of the fundamental e of 
calculus, which we will supply later in the chapter, and Ado’s ee i 
e a Lie group G, the universal cover G exists. By Corollary 8 11 
as a unique Lie group structure such that the projection map iS a 
omomorphism. Moreover, the kernel of this homomorphism is a discret 
central subgroup of the universal cover by Proposition 2.9(v). By Pro = 
tion 2.9 this homomorphism induces an isomorphism of the en ailing 
Lie algebras. The simplest example of this situation is the ho ones 
R — St sending 0 + e°. — 
The correspondence that associates to each Lie group its Lie algeb 
(Proposition 2.5) and to each homomorphism of Lie groups the ea 
ing homomorphism of Lie algebras (Proposition 2.9) is a functor from the 
Pad of Lie groups and homomorphisms to the category of Lie algebras 
es homomorphisms. It turns out that this functor is onto in the sense 
at every abstract Lie algebra is realized as the Lie algebra of some Li 
group (Proposition 7.20), and every homomorphism of Lie algebras is a 


6q, : , f . 

done ee 
oe identity element of G may serve as the identi ae 

choice is made, the rest of the Lie group structure is oe Sa aaa 


108 3 The Fundamental Theorem of Calculus 


However, the functor is not injective, as we saw earlier, since a Lie group 
always has the same Lie algebra as its universal cover. Nevertheless, for 
connected Lie groups this is the only thing that can go wrong. Two con- 
nected Lie groups with the same Lie algebra have the same universal cover 
(Proposition 7.20). If we restrict the functor to the Lie groups G that are 
connected and simply connected, it becomes an equivalence of categories. 

For subgroups, it may be shown [H. Yamabe, 1950] that if G is a Lie 
group and H is any subgroup, then there is a unique smooth structure on 
H such that the inclusion map is a weak embedding, and H is a Lie group 
with this smooth structure. 


§3. Structural Equation 


Let G be a Lie group with Lie algebra g. The structural equation for the 
Maurer-Cartan form leads to the first of two necessary conditions that a 
g-valued 1-form on a manifold M be the Darboux derivative (cf. §5) of a 
map M —> G. 

Let us calculate the exterior derivative of the Maurer-Cartan form we 
of a Lie group G. The calculation is merely an application of the general 
formula 


dug(X,Y) = X(welY)) +Y (we(X)) — wg([X,Y]), 


derived in Chapter 1 (Lemma 1.5.15), which holds for any 1-form and any 
pair of vector fields. In our case we take X and Y to be left-invariant fields 
so that wg(X) and we(Y) are constant. Then the first two terms on the 
right vanish. As for the last term, since X and Y are left invariant, the 
bracket [X,Y] is also left invariant, and so we have we([X,Y]) = [X, Ve. 
But [X,Y]e = [Xe, Ye], where, by definition, the bracket on the right is the 
Lie bracket in g. Thus the last term is —[we(X),we(Y)]. This yields the 
following equation, known as the structural equation: 


dwg(X,Y) + [we(X),we(Y)] = 9 


We have derived this equation for left-invariant fields X and Y. But it is 
a linear equation relating 2-forms, and hence it must hold for any pair of 
vectors u,v € Ty(G) that are the restrictions of left-invariant vector fields 
on G. But this is true for arbitrary vectors u and v, since by Proposition 
2.3(ii) any vector may be extended by left translation to a left-invariant 
vector field of G. Thus, the structural equation holds for arbitrary vector 
fields X and Y. 
The structural equation may also be written (Lemma 1.5.21) as 


1 
dwG + 5 lwo wal = 0; 
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P ree cae ae be thought of as merely a formula for the 
ive of the Maurer—Cartan form. But it i 
just that. In Theorem 8.7 we show i , a 
i that it provides a local ch izati 
aracterizat 
a 3 es group. Thus, it determines the structure of the group locally a 
e regarded as a fundamental defining property of the Lie group 


If G is abelian, the s i 
, econd term in th ; ; 
the equation reads dwg = 0. e structural equation vanishes and 


the explicit formula for the Maurer-Cartan form WG = (x; .) de ) 


work in the differential al 
gebra of n x 
differential forms on M,,(R). We Le Oar over the ring of R-valued 


(iz we = (d2j;). 


Taking the exterior derivati j l 
: ve of this i . 
the right-hand side and leaves ERDE U RACORE l 


(d£i;j) A wG + (zij)dwa = 
Now replace (dz;;) by (xij)wg to get 
(xi; )we A wG + (x4; ) dwg =. 
Since (x;;) is invertible, we finally get 
dwg +we Awg = 0. 


To compare this with th igi 
e or ; 
po ae iginal structural equation, we write wg = (wij) 


WG NWGg = (wij) A (wiz) = (kwik A Wk) 


Now 
DkWik N Wkj (X: Y) = Dn {wik( X )wr, (Y) a Wik (Y )Wkj (X)}. 
So” 
(Erwig A wrj)(X, Y) = (wik(X)) (wri (Y )) — (wie (Y)) (weg (X)) 


Wg ÀA WG (X, Y) = wal X wa (Y) = wa(Y)we (X) 
= |we(X),wa(Y)]. 


] 27 d 
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§4. Adjoint Action 


The adjoint action is a bookkeeping device that allows us to ieee 
left and right translations. More precisely, it ; 7 A ; a a 
] j j j . Proposition 4. 
tion action of G on itself. It will allow us ch | : 
cae the Maurer—Cartan form via the multiplication and inversion maps 4 
and ı. Let us see how it arises. | . 
A Lie group G acts on ‘tself on the left by conjugation 


GxGoG. 
(g,h) > Ad(g)h=ghg™* 


This smooth map induces, for each g € G, the homomorphism of Lie groups 


h= ghg* 


called the inner automorphism induced by g. The map 


Ad:G — Aut(G) 
gr Ad(g) 


is called the (left) adjoint action of G on ate 7 is not worry Te 
j j Aut is a manito 1), 
urselves with the question of whether 

shall put the map Ad in the background and concentrate on the 

Ad(g). For each g € G this map is a isomorphism of Lie o. - 
Dou j ivati he identity is an isomorphism 

by Proposition 2.9 its derivative at t s- 

aioe It is this “infinitesimal” version of the adjoint action that interests 

us. 


Definition 4.1. Let G be a Lie group with Lie alee Dra g. Define vee 
Ad(g)xe E€ Gl(g). The (left) adjoint representation” 1s ae . ee 
Gl(g) sending g > Ad(g). Equivalently, we may speak o j s 
action of G on g as the map G x g > 9 sending (g, v) => g)v. 


Proposition 4.2. 


(a) Ad(g):g > g ts an isomorphism of Lie algebras, and the map 
Ad: G — Gl(g) is a homomorphism of Lie groups. 


(b) If X is a left-invariant vector field on G, then so 1s Ad(g)«X for all 
g EG. 


j ite-di j mplex vector 
81f G is a Lie group and V is a (finite-dimensional) cr = oe 
space, then a (finite dimensional) representation of G on V 1s 
of Lie groups p: G —> GI(V). 
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c) Rtwg = Ad(g~')wa. (Note that Ad(g—') acts on the values of we 
g 
and these values lie in g.) 


Proof. (a) This is just a special case of Proposition 2.9(i). 
(b) We calculate 


Dn«x(Ad(g).X) = pe O Lge O Rg-14(X) 
= Rois O Lax O Ligx(X) 
= R,-1,(X) 
= Ry-1, 0 Lg.(X) = Ad(q),X. 


(c) Let v € T,(G) so that R,.(v) € Tgn (G). Then 


Rjwa(v) = wa(Rgxv) = Lingj- 1x gx = (Lg-1xRgx)(Ln-1x0) 
= Ad(g7twg(v). E 


Example 4.3. G = Gla(R). Let us compute the adjoint action in this 
case. We have Ad(g) = Lg o Rg-ı. Thus Ad(g) X = Lg. o Ry-1,X. 
By Example 1.1, calculating the derivatives Ly, and R,-1, shows us that 
Ad(g)«:M@,(R) —> M,,(R) sends v & gug7!. 


+ 
Definition 4.4. For g a Lie algebra, 
(i) Autrie(g) = {T € Gl(g) | Tlu, v] = [Tu, Tv], Vu, v € g}, 
(ii) gltie(8) = {T € gl(g) | Tu, v] = [Tu, v] + [u, Tu], Vu, v € g}. g 


Exercise 4.5. Show that 
(a) AutLie(g) is a Lie group. 
(b) the Lie algebra of Autzie(g) is glrie(g). 
(c) Let g be the Lie algebra of G. Show the derivative of Ad:G — 
Autzie(g) at e is the map ad: g — glyie(g) defined by ad(u)v = [u, v]. 


(Hence G abelian & Ad trivial > Ad trivial > ad trivial > [, | 
trivial.) q 


Corollary 4.6. 


(i) The map Ad: G — Gl(g) takes its values in Autzie(g). 
(ii) Ad(Ad(g))(ad) = ado Ad(g). 
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Proof. (i) This is just Proposition 4.2(a). 
(ii) By (i) we have Ad(g)[u, v] = [Ad(g)u, Ad(g)v, or Ad(g)[u, Ad(g~™ 4] 
= [Ad(g)u, v], so that Ad(Ad(g))(ad(u)) = ad(Ad(g)u). E 


Exercise 4.7.* Let G be a Lie group with Lie algebra g and let H C G be 
a closed subgroup with Lie algebra h. Show that 


(a) if H is normal in G, then b is an ideal of g, 


(b) if h is an ideal of g and if H and G are connected, then H is normal 


in G, 


(c) if H is normal in G, then (Ad(H) — I)g C b. m 


Exercise 4.8.* 


(a) Show that Hom(à?(g/b), g) is an H module under the action 


(hip)(v,w) = Ad(h)y(Ad(h7*)u, AA(h™)w), hE H. 


(b) Show that if H is connected, then 


Hom, (à?(g/b, 9) 
def fo € Hom(à?(g/b), g | ad(u)e(v, w) = plad(u)v, w) + p(v,ad(u)w)} 


is the submodule of H invariant elements in Hom(à? (g/b, g) under 
the action given in (a). 


(c) For the case of the Euclidean algebra g = eucn(R), b = 50n (R), take 
the basis e; = Ei, ei; = Eig — Eji. Write p © Hom(A?(g/), b) as p = 
Y aijnie; ^ e} Qep, where Qijki 1S skew symmetric in each of the first 
and last pairs of indices. Show that p € Hom (à? (g/b), b) © aijij =€ 
for some c and ajj4, vanishes when {i,j} # {k,l}. [Hint: Treat the 
cases n = 2,n=3,andn>3 separately.] (This result will be basic 
for our study of constant-curvature Riemannian spaces in Chapter 
6.) Show also that Homo, (Rr) (A?(g/5), b) = Hom, (A7(g/6),6). H 


Exercise 4.9.* Show that the adjoint representation Ad: G — Gl(g) pulls 
back the Maurer-Cartan form wei(g) according to Ad*wei(g) = ad(wa). 
[Note: ad(we) is the glLie(g)-valued form on G given by ad(we)v = 


ad(wg(v)) for v € T(G). In more detail, this reads (ad(wg)v)w = [we(v), w] 
a 


for v € T(G) and w € g.] 
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Product and Quotient Rules 


Using the adjoint action of G on g, we obtain the following fundamental 


formulas showing how the M 
a aurer—Cartan fi 
multiplication and inversion. n form behaves with respect to 


Proposition 4.10. Let u:G — plicati 
P Ri Ge u:GxG—G be multiplication and ı: G — G be 
(G) Wwa = (nEAd™)(nfwe) + mwa, ie., 
p*we(w) = Ad™ (h)(wa(tixw)) + we(te.w) for w E€ Tign (G x G) 
(ii) U*wg = —Ad wg, i.e., 
U*wo(u) = —Ad(g)wa (v) for v € T,(G). 


Proof. Recall from Proposition 1.2 the commutative diagram 


Tix x Ma g 
T(G x G) => T(G) x 1(G) 


V7 


T(G) 


h 
a a x (h, v)) = (gh, Rhxu + Lgxv). Let w € T(G x G) correspond 
1» X T2x to the element (g, u) x (h,v) € T(G) x T(G). We calculate 


(u“wa)w = wa(usw) 

= WGO ( (Tix X Tox)w) 
=wgb((g,u) x (h, v)) 

= wga(gh, Rhu + Lgsv) 

= Ligh)-1+(Rhxu + Lgxv) 

= Lp-1xLg-1x Rhu + Lr-ixLg-1x Lgr 
= Lhr-1xRhxLg-1xU + Dp-1,0 

= Dp-14Raswe(u) + we(v) 

= Ad(h~*)we(u) + we(v) 

= Ad(h")we(m.w) + wa (Tsw) 
= mi (Ad(h")we)w + 13 (we)w, 


9 
Of course, 7::G x G—-Gd acti 
aa ; enotes projection to the ith factor, Ad7?: 
(g) is the map sending g — Ad(g)~*, and 73 Ad~" acts on the sr of ee 
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the 
which verifies (i). To see how (ii) is a consequence of (i), consider 


composite map 


gt.axGesaexGos. 
g= (g9) sce) >i 
the pullback of the Maurer- 


: TE nstant map, SO ; 
Now, this composite 1s the co daada by (i), 


Cartan form vanishes. Thus ((id x L)A)*p*we = 
0 = ((id x 1) A)* (Ti (Ad(g)wa) + ™2¥6) 
= (m(id x 1)A)*(Ad(g)wa) + (ma(id x A) wa) 

= Ad(g)we + "we. 


=j 
Corollary 4.11. Let fi, faM >G, and set h(x) = fila) falz) >. Then 


h*wg = Ad(fo()){fiwe — fawat- 


Proof. Write h(x) as the composite 
m 


M&MxMEF GxG my Gee = G .. 
z hla) fale) Uale)sfa(e)7) > fa) fal) 


r > (x,x) 


Then 
h*wo = ((id x 1)(fı x fa) A)" Kwa , 
= ((id x v)(fr x f2)A) (ri (Ad(f2)wa) + ma) pa 
= (m (id x 4)(fi X f2)A)*Ad(f2)wa + (malid x L)\(fi x f2)A)"we 
— f*Ad(fowa + fou wa 
= f*Ad(foJwe — f2 Ad(f2)ve 
= Ad(fo){ fi (we) — f2(we)}- 


2.* Let fi, fo: M — G, and set h(x) 


— f, (x) fo(x). Show that 
m 


Exercise 4.1 
h*wg = Ad(fo(z)*)fiwe + fwe- 


, V 
Exercise 4.13. Let H bea Lie group, V a vector space, = p: rF a a 
a representation. Let U be a manifold, X a vector field on U, and h: 


f:U >V smooth functions. Show that 


X(p(h-) f) = eh >X (F) - (Ad(h)(h*wa(X)))F- = 


k: U — H. Show that 
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d{Ad(k~*)0} = Ad(k~')do — [Ad (k71)0, k*wy] 
(cf. Lemma 1.5.21 for the bracket of two g-valued 1-forms). = 
The last two exercises are a good test of your ability to differentiate. Can 


you find a common generalization of them? We note that Exercise 4.14 is 
fundamental for the elementary properties of Cartan gauges in Chapter 5. 


§5. The Darboux Derivative 


Although we could have defined the Darboux derivative in §1, it is not until 
now that we can show anything of its usefulness. 


Let 
G be a Lie group, 
g be the Lie algebra of G, 
WG be the Maurer—Cartan form on G, 
M be a smooth manifold, 


f:M — G bea smooth map. 


Definition 5.1. The (left) Darboux derivative of f is the g-valued 1-form 
wf = f*(we) on M. 8 


The map f itself is called an integral or primitive of w. It may also be 
called a period map associated to w. It is obvious from the naturality of d 
that wp satisfies the analog of the structural equation, that is, 


dws(X,Y) + [wp (X),w5(¥)] =0. 


Why is this 1-form wy called a derivative? In general, if f:M — N, 
then we have called the induced map f,:T(M) — T(N) “the derivative of 
f” However, this map is not exactly analogous to the usual derivative for 
functions on R since it has the original map f built into it. In the special 
case when N = G, a Lie group, we may follow fẹ with the Maurer—Cartan 
form wg to obtain the map wef, = f*we =ws:T(M) —> T(N) —> g. The 
precise effect of this composition is to “forget” the underlying map f and 
keep only the tangential information. Thus, wy is the precise analog of the 
usual derivative of functions on R. 

The main property of the (left) Darboux derivative wy is that it deter- 
mines f up to left translation by a constant element of G. 


Theorem 5.2 (Uniqueness of the primitive). Let M be a connected mani- 
fold and fı, fo: M — G be smooth maps such that w fi =W- Then there is 
an element C € G (the constant of integration) such that falx) =C - fi(z) 
forallz € M. 
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Proof. Consider the map h: M —> G given by h(x) = falx) fila). Ac- 
cording to Corollary 4.11, h* (wg) = Ad(fi)(f2we — fwa). Since this lat- 
ter expression vanishes by assumption and h*(we) = woh, we see that 
h,:T(M) — T(G) induces the zero map on each tangent space. It fol- 
lows from Proposition 1.4.18 that h is the constant function. Thus, we get 
h(x) = C for all x € M, where C is some fixed element of G. In particular, 
falx) =C- fila) for alla E€ M. 2 


Corollary 5.3. (a) Let G be a Lie group with Lie algebra g. Then Ad: G- 
GI(g) is the unique map f:G — Gl(g) satisfying the two properties 


(i) f(e) =e 
(ii) f*weng) = ade) 


(b) Let g:1,0 > G, e be a path on G. Then Ad(g): I,e — Gl(g), e is the 
development, starting at the identity, of ad(g*(wa)) on Gl(g). 


Proof. (a) First we note that Ad does indeed satisfy the two properties: the 
Srst is obvious and the second is Fxercise 4.9. On the other hand, Theorem 


5.2 guarantees the uniqueness of f. 
(b) We have (Ad(g))"waug) = g*Ad*worg) = 9*(ad(wa)) = ad(g*we). 
E 


Exercise 5.4. Show that if G is a connected Lie group and y:G — G is 
a homomorphism of Lie groups that induces the identity map on the Lie 
algebras, then ọ itself is the identity. = 


Exercise 5.5. Show that the map f: G — Gl(g) defined by f(g) = Ad(g~*) 
is the unique map satisfying (i) f(e) =e and (ii) f*weng) = —ad(we). 


86. The Fundamental Theorem: Local Version 


How can we characterize those g-valued 1-forms w on M that are Darboux 
derivatives? In the last section we showed that a Darboux derivative sat- 
isfies the structural equation. Now we show that this necessary condition 
is also sufficient, at least locally. The beautiful proof of this is due to Elie 


Cartan. 


Theorem 6.1. Let G be a Lie group with Lie algebra g. Let w be a g- 
valued 1-form on the smooth manifold M satisfying the structural equation 
dw + 5 [w, w] — 0. Then, for each point p E M, there is a neighborhood U 
of p and a smooth map f:U — G such that w | U = uş. 


Proof. The meaning of the Darboux derivative of a map f is that if we are 
sitting at a point p E M and we want to move in the direction w E T,(M), 
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then, even though we don’t know the image point f(p), nevertheless the 
vector wp (w) € g, interpreted as a left-invariant vector field on G, tells us 
how the image point f(x) should move no matter where it is ed 
The idea of Cartan’s proof is to construct, locally, the graph of f in 
M x G. If there is such an f, then a point (p, f(p)) on the graph can move 
only in certain directions if it is to remain on the graph. In fact, a tangent 
vector to the graph (v, w) must satisfy the condition f(v) = i; : 


This is equivalent to the condition wg(f.(v)) = we(w), which in turn is just 
the condition ws(w) = we(v). That was for the case when f exists tf we 
are merely given the form w, then the condition w(w) = we(v) determines 
a distribution on M x G. We shall show that this distribution is involuti 
and that any leaf is, locally, the graph of a possible f. e 
Now we pass to the formal proof. Let 7¢:G x M —> G and rm: G x M —> 
M denote the canonical projections. Let Q = miy(w) — tč a and let 
D = ker Q be the distribution defined by the kernel of on Actually, w 
don’t yet know that it is a distribution. By Proposition 2.5 1 it fice 5 
show that it has constant rank. eal 


Fix a point (p,g) € M x G. We are going to show 


™ux(g,p) | Pig,p): Pg.p) > Tp(M) 


is an isomorphism. In particular, this will verify that ker Q has constant 
a dim M. If my.(v,w) = 0 for some (v,w) E Dig p) = {(v,w) € 
ark ) x T,(G) | w(v) = we(w)}, we have the implications my.(v,w) = 
=e OS Vier we(w) = 0 > w = 0 = (v,w) = 0, and so we see that 
TMx»(g,p) | D is injective. Conversely, if v € T (M), then (v wz (w(v))p) € 
Dig,p), and SO TMx(g,p) | D is surjective. E 


Now we are going to show that D is i 
EnS is integrable. Cal j : 
derivative of Q, we get g culating the exterior 


dQ = dry (w) — drg(we) 
= Tuy (dw) — 7G (dwe) 


10rmy : . 
This follows since w(v) = wae (w) for (v, w) in the distribution. 


ooo 
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= Ty (=t) -TG (—Flee,wal) 


Ds * jacu rwg]. 
= — alts TM gl GHG: NG 
* 11 
Now make the replacement Tîm (w) = TG (wg) +Q so that 
F a E 


Thus, dQ(X,Y) = 0 whenever Q(X) = Q(Y) = 0. Therefore, by Proposi- 
tion 2.5.3, the distribution ker Q is integrable. 

Finally, we are going to construct, for each p € M, a neighborhood U 
of p in M and a smooth map f:U — G such that w | U = wr: Let £ be 
a leaf through the point (p, g) E M x G. The derivative of the restriction 
of nm to L£ induces the isomorphism nM»: Dig,p) a T,(M ) studied above, 
and so my | £ is a local diffeomorphism of a neighborhood of (p, g) to 
some neighborhood U of p € M. Let F:U — L£ be the inverse map. Since 
ay F = idy, F must have the form F(p) = (p, f(p)), where f:U = G. Now 
F*(Q) = QF, = 0, since the image of F is tangent to the distribution on 
which Q vanishes. Thus, we have 


0 = F*(Q) 

= F* (mu (w)) — F* (7G e)) 

= (tuF)"w — (tGF)*we 

=w — f*(we). 

a 

That is, w | U =wy. 
Exercise 6.2. Let g be a Lie algebra andh Cg a Lie subalgebra. Let w be 
a g-valued 1-form on M such that w™!(h) is a distribution Don M (i.e., 
dim w7!(h) is a constant, independent of z). Show that if dw +3 lw, w] a 
values in h, then D is integrable. 


Exercise 6.3.* Let G be a Lie group with Lie algebra g and let h C g be 
a Lie subalgebra of g. Show that there is a unique connected Lie subgroup 


m 
H c G with Lie algebra b. 


87. The Fundamental Theorem: Global Version 


Passing from the local existence to the global existence of the nonabelian 
integral requires the entry of a new idea. We assume that the reader is 


11-The reader should resist the urge to put the sum of the first two terms anne 
following expression equal to zero. In fact, the expression [w1, w2] is symmetric in 
the two 1-forms wi,We (cf. Exercise 1.5.20). 


87. The Fundamental Theorem: Global Version 119 


familiar with the notion of the fundamental group of a space, in the sense 
of algebraic topology. We shall also use the following facts. 


(1) For M a smooth manifold, every continuous map A:(J,0,1) — 
(M, p,q) is homotopic to a smooth map. 


(2) If Xo, A1: (7,0, 1) — (M, p,q) are smooth maps that are continuously 
homotopic, then they are smoothly homotopic. 


Thus, for a smooth manifold M, the fundamental group mı(M, b) can be 
regarded as the group of smooth homotopy classes of smooth loops on M. 

We are going to show that a g-valued 1-form w on M that satisfies the 
structural equation dw + 5 [w, w] = 0 determines a homomorphism 


®,,:71(M,b) > G 


called the monodromy representation. It will turn out that this represen- 
tation is trivial if and only if w is the Darboux derivative of some map 


M — G. Thus, the monodromy will be the last obstruction to the global 
existence of a primitive for w. 


Development 


Let w be a g-valued 1-form on M. The dim M = 1 case is quite exceptional 
in that, for it, the structural equation is always satisfied, there being no 
nonzero 2-forms on a one-dimensional manifold. Thus, the local existence 
theorem always applies to this case. Let us assume for definiteness that 


M = I = [a,b]. With this special assumption, we have the following global 
existence theorem. 


Theorem 7.1. Let w be a smooth g-valued 1-form on I = [a,b]. Then there 
is a unique map 


f: (I,a) > (G,g) 


with Darboux derivative w. 


Proof. By Proposition 5.2, if f exists, it is unique. By the local fundamental 
theorem, Theorem 6.1, each point lies in an open interval on which w is 
the Darboux derivative of a map into G. Since J is compact and these 
intervals form an open cover, it follows that I is covered by finitely many 
open intervals U;, 1 < îi < n, on each of which w is the Darboux derivative 
of a map into G. In fact, we may assume that U; N U; = Ø unless |i— j| < 1 
and that to = a € U1. Choose t; E€ Ui ON Uj41 for 1 <i <n. 
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U 


=) 
[o= a f4 fz 1 Ln 


We inductively choose primitives fi: Up G such za : oe ie ( a 
(t; <i < n-— 1. By the uniqueness o ; 
‘Ns ot ah U;41. Thus we may patch these maps ge p 
i+ 1 = fi 4 2 s è 7 , l rl a) = g an 
f(t) = fi(t) for t € U; to obtain a map f:I — G. Clearly, f i 


f*(we) 5w. 


sities = q 
Definition 7.2. The unique smooth map f: I — G satisfying f (a) - m 
f* (wa) = is called the development of w on G along starting at g. r 
is. of course, merely a suggestive name for a primitive o w.) 


Remark 7.3. It suffices that w be merely piecewise smooth on I a ean 
to be a unique development. It will be continuous everywhere an oe 
where w is smooth. Indeed, if a = to ‘i ty r vee p E n e o 
|i for all i = 1,...,”, 
of I and w | [ti—1,t:] is smooth poser 
developments filter ta — G so that fi(a) = 9, fisi(ti) purrs 
1<i<n-—1. Patching together, we set f(t) = fit) for t € aa es 
obtain a continuous map f:I — G that satisfies f* (wg) =w excep 
t=, 1<i<n-l. 


Next we pass to a more general situation. 


Definition 7.4. Let I = [a,b], let M bea manifold of arbitrary Ben 
D - -form on M. Given a piecewise smoo 
and let w be a smooth g valued 1 p RaT 
z: (I,a) — (G,g) be the develop 
th o:(1,a,b) > (M, pig) let 6: (Ia) > : 
ihe ee 1-form o*(w), which means o (wg) = o*(w). We call o the 
development of w along o starting at g. 


Exercise 7.5.* Let I, M, and w be as in Definition 7.4. Show the following: 
(a) Let o:(I,a,b) > (M,p,q) have development a: (I,a,b) > (G,g,h). 
Then 
(i) ka: (I,a,b) > (G, kg, kh) is also a development of o. 


i t of o™:!:(I,a,b) > 
i) 5-1: (I,a,b) —> (G,h,g) is a developmen 
™ M q). o inverse refers to the reverse path rather than 
inverse in the group G.) 


(b) Set J = |b, c], and let o: (1,a, b) — (M,p,q) and p: (I, = oe 
have developments č: (I, a,b) > (G,g,h) and p: (Z,a, ) + (G,h,k). 
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Then o x p:(I,a,c) — (M,p,r) has development õ x f:(I,a,c) > 
(G,h, k). m 


Exercise 7.6. Show that the endpoint õ(1) of the development of a smooth 
path is invariant under smooth reparameterization of the path. E 


In general, however, the endpoint o(1) of the development depends not 
just on q, but on the whole path o joining p to q. Nevertheless, we now show 
that when the 1-form w on M satisfies the structural equation dw+ł[w, w] = 
0, then õ(1) depends only on the homotopy class of o (and the starting 
point g). 


Theorem 7.7. Let M be a smooth manifold and let oo,01:(I,a,b) — 
(M,p,q) be smooth homotopic paths. If w is a smooth g-valued 1-form on 
M that satisfies the structural equation, then its developments, starting at 
g, along oo and cı have the same endpoints. 


Proof. Let h: (I x I,a x I,b x I) > (M,p,q) be the homotopy joining oo 
and ci. 


Now h*w is a g-valued 1-form on I x J that satisfies the structural equation. 
By Theorem 6.1, each point of J x I lies in a square neighborhood on which 
h*w is the Darboux derivative of a map into G. Given a point t € I, the 
compact set I x t is covered by finitely many of these open sets, and, by 
an argument like the one above for the interval, we obtain an open set of 
the form I x U, with U an open interval, on which h*w is the Darboux 
derivative of some map into G. A similar analysis allows us to fit these 
maps together to get, finally, a map H:I x I — G such that H(a,a) = g 
and H*(wg) = h*w. Since h(b, u) = q is constant for u € I, it follows that 
h*w = H* (wg) vanishes along the right edge of I x I, and hence H is also 
constant along this right edge. In particular, H(b,a) = H(b,b), and so the 
developments of w along co and cı both end at the same point in G. m 


Exercise 7.8. Show that Theorem 7.7 remains true for homotopic piece- 


wise smooth paths. [Hint: Show that a piecewise smooth path has a repara- 
meterization that is a smooth path.] = 
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Monodromy 


As before, M is a smooth manifold and w is a g-valued 1-form on M that 
satisfies the structural equation. Let I = [0,1], fix a base point be M, 
and let »:(I,0I) — (M,6) be a smooth closed loop.!? According to the 
last result, we may develop w along A starting at e, and the endpoint 
(A) = A(1) of this development will be a point of G that, by Theorem 
7.7, is independent of the specific loop chosen within a homotopy class. 
In this way the development yields a well-defined map, ®,:71(M, b) —> G. 


Definition 7.9. The map ®,: 71 (M,b)—> G described above is called the 
monodromy representation of w. The image of ®, denoted by I C G is 
called the group of periods (period group), Or the monodromy group. æ 


Proposition 7.10. The monodromy representation is a group homomor- 
phism. 


Proof. The reader can easily construct a proof by referring to the following 
picture. 


DAA) = Ai AV(1) = DADA) = PA) PAY 


M 


In this diagram the left translation ®(A1)A2 is, of course, the development 
of à> starting at ®(A1). E 


Period Group Only Defined Up to Conjugacy 


The fact that the fundamental group depends on the choice of base point is 
reflected in the fact that the period group is only defined up to conjugacy. 

First we recall the effect of change of base point from bo to bı on the 
fundamental group of a path-connected space. If o: (I,0,1) — (M, bo, bı) 
is a path joining the two points, then there is an isomorphism 


ae 


1267 = {0, 1}. 
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Co: Ti(M, bı) => mı(M, bo) 
induced by the map on loops sending 


AH aoxrAxa?, 


ae a: (I, 0) — (G,e) be the development of a g-valued 1-form w on M 
along o starting at e. Then we have the conjugation map c3(1):G — G 
sending g ++ a(1)ga(1)7?. a 


Theorem 7.11. Let ®;:71(M,b;) — G, j = 0,1, denote the monodromy 
representations with respect to two base points. Let a: (I,0,1) — (M, bo, b1) 
be a path joining bo to bı. Then the following diagram commutes. = 


Tı (M, by) ——> G 
Do 


@ 
m (M, b) ——>G 


o . (I ðI) > (M ,b1) be a loop on M representing the element 
i mı(M,bı) and let a:(1,0) — (G,e) and à: (1,0) — (G,e) be the 
evelopments of g and A, respectively, starting at e. | 


G(1)®,([A])o(1)7! 


pee 


SAC) = G(1)®,([A]) 


The diagram shows that the development of o x \* 07! is õx (G(1)) 
(a(1)®1([A])(o—+)), which ends at ERAR 
E1) (AN0A) = (1) 1 (ANE) = 81) (#1 ((A))- 


The equation (o~')(1) = G(1)~+ used here comes from Exercise 7.5(a). W 
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Proposition 7.12. Let M be a smooth connected manifold, letb € M. and 
let f:(M,b) — (G,g) be a smooth map. Set w = f* wa. Then for any curve 
o: (1,0, 1) — (M, b, x), the development, starting at g, ends at f(z). 


Proof. Since (fa)*we = o* fwe = o*w, the development of w along 
a: (1,0,1) — (M, pb, a) is just fo, and fo(1) = f(z). R 


Corollary 7.13. The monodromy representation of a Darboux derivative 


is trivial. 


Proof. Write w = f*wa, where f: (M,b) — (G,9). Replacing f by Lg-:f 
if necessary (which doesn’t alter the Darboux derivative), we may assume 
that f:(M,b) — (G,e). For any loop A: (7,0,1) — (M, b, b), the proposition 
says that the development, starting at e, of w along d ends at fA(1) = 
f(b) =e. Thus ®,,({A]) = e. La 


The Fundamental Theorem 


Now we can assemble our results ‘nto the following statement, the funda- 
mental theorem of nonabelian calculus. 


Theorem 7.14 (Fundamental theorem of calculus). Let G be a Lie group 
with Lie algebra g. Let M be a smooth connected manifold and let w be a 
g-valued 1-form on M. Then 


(i) dw + 5[w,w] = 0; 
(ii) the monodromy representation 


i is the Darboux an = 
®,,:71(M,b) > G ts trivial. 


of some map M —> G 


Moreover, if these conditions are satisfied, the integral of w is unique up to 
left translation by a constant element of G. 


Proof. The last statement is just the uniqueness of the primitive, The- 
orem 5.2. For the implication =, (i) is shown in the discussion following 
Definition 5.1 and (ii) is Corollary 7.13. 

Let us verify the implication <. Define f:(M,b) — (G, e) by declaring 
f(x) to be the endpoint of the development of w along any path from b to 
z. This definition makes f well defined under homotopies of the path by 
Theorem 7.7 and under general changes in the path by the very definition 
of monodromy, Definition 7.9. We need to check that w = wf. 

Note that the value of f(a) may be obtained in two steps as follows. If 
zo E M, we may choose a path from b to Zo and then another from Zo 
to x. Then if the development of the first path starts at e and ends at go, 
while the development of the second starts at e and ends at g, then the 
development of the composite path will start at e and end at gog. 


§7. The Fundamental Theorem: Global Version 125 


N ow the local existence theorem guarantees that, for each point zo € M 
there isa connected open set U about zo and also a smooth map fv: U — G 
satisfying fğwa = w. After a left translation of fy by some slement of G 
we may assume that fy(xo) = f (£o). Now the development of w e 
at f(zo), along any curve ø: (1,0,1) — (U,2o,x) ends at O B w 
remarks in the last paragraph, it also ends at f(x), so fu (x) = f (x) for all 
xz E€ U. Thus, f*we = fwe =w on U. w 


Some Remarks About the Fundamental Theorem 


The fundamental theorem certainly generalizes the usual fundamental the- 
orem of elementary calculus concerning maps f:(a,b) — R. In that case 
conditions (i) and (ii) are automatic, so the theorem reads that eer 
smooth R-valued 1-form on [a,b] is the derivative of some smooth m : 
f that is unique up to an additive constant. = 

It also generalizes the theorem that says that a vector field v: U — R” 
on a simply connected, open set U of R” that satisfies the aaan 


Ov; B Ov; o 
Ox; Ox; E 


for all i < i,j < n, has a potential function. To see this, write v = 


(U1,--.)Un)s and set w = S vidz;. Then w i 
and we have is an R-valued 1-form on U, 


Ov; 
1<i,j<n Oxy” ., Ox, O2; dz; ^A dz; = 0. 


Moreover, since R is abelian, [w,w| = 0 and hence the structural equation 
holds. bane by the fundamental theorem, a function V: U — R exists such 
=e V Cogs w. Now (V*(dz))e; = dx(V,(e;)) = dz(OV/O0x;) = OV/0z;. 
us w = Vtdz = S-(OV/0a;)dz;, that is, v; = OV/Oz,, for alll <icn 
It is worthwhile to see (at least once) the coordinate expression af the 
structural equation for a nonabelian group. We shall do this for the grou 
Gl,,(R). Of course, the same expression then works for any subgroup Let 
assume that w is an M,,(R)-valued 1-form on some open set U of R” 
hus, for v € T(U), we have w(v) = (A;;(v)), where the entries A;j are 
R-valued 1-forms on U. We use the basis 0, = 0/02p), 1 < p <m and t 
A, = (A;;(p)) so that Ap: U > Mn (R). Then A 


dus (Op, Og) = pw (3q) — qw (3p) — w[Op, Og] 
= ðpw (ðq) — Oqw(p) 
= 0,Aqg — Og Áp 


and 
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1 
L 2st] (Bp, 8a) = [o(Bp),14(a)] = [p> Al: 
Thus, the structural equation becomes 


0A, Áp 

en Cee A ALU. Orb, <m. 

OLp eo al ee = 

In terms of the entries A;;p (where Ap = VAS Se Aijpeij), the structural 


equation is 


OAjjg OA; 
Olija _ SEP 4S (Aizp Anja — Aika Ange) = 0 


x T 
OLp ITa 1<k<n 


for 1< p,q <mand1 <i, j <7. 

The fundamental theorem tells us that whenever we see equations like 
these we may interpret the Aps or Ajj as the coordinate expression of an 
M,,(R)-valued 1-form w that on U is locally (and globally if U is simply 
connected) the Darboux derivative of a Gl,,(R)-valued function B on U. 
That is, B7tdB = w. Moreover, if U is connected, then such a B is unique 
up to left translation. 

This is an existence and uniqueness theorem for solutions of a certain 
partial differential equation. In coordinates it says that for U connected and 
simply connected, and provided the structural equations hold, the system 


—— = BA, forl<psm 


or, the same as above but in more detail, the system 


OB;; a 
D y Bir Akjp forl<p<mandil<i,j <n 


OLp 
1<k<n 


has a solution,!® which is unique up to left multiplication of the matrix B 


by a constant matrix. 


The Lie Group—Lie Algebra Correspondence 


We end this section with some applications of the fundamental theorem of 
calculus to the Lie group—Lie algebra correspondence outlined at the end 


of §2. 


Proposition 7.15. Let G and H be Lie groups with Lie algebras g and b. 


If G is connected and simply connected, then every homomorphism of Lie 


algebras p: g — h ts induced by a unique homomorphism ®:G —> H. 


13 The solution is a “nonabelian potential function.” 
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Proof. The composition w = wg is an h-valued, left-invariant 1-form 
on G that satisfies the structural equation (since dw + $[w,w] = dpwe + 
Z [pwe pwa] = ydwg + Sy[we, wa] = 0). Thus there is a unique smooth 
map ®:(G,e) — (H,e) satisfying ®*(wy) = w. We claim that ® is a 
homomorphism. To see this, consider f:(G,e) — (H,e) defined by f(g) = 
®(g0)~!®(gog) for some fixed go. Now f = Le g,)-1 0 o Lgo, and so 


f WH = Lyo © Lblgo) -10H = Lj. WH = Lj) = W. 


Since f and ® agree at the identity and have the same Darboux deriva- 
tive, it follows that f = ® and hence ®(g) = ®(go)~'®(gog), that is 
(go) ®(g) = ®(gog) for all g and for all go. | l 


In particular, connected and simply connected Lie groups with isomor- 
phic Lie algebras are themselves isomorphic. More precisely, we have the 
following result. 


Corollary 7.16. Let G and H be connected and simply connected Lie 
groups with Lie algebra, g and h and let p: g — h be an isomorphism of Lie 
algebras. Then y is induced by a unique isomorphism of groups ®:G — H. 


Proof. The existence and uniqueness of a homomorphism ®:G — H is 
guaranteed by Proposition 7.15. Since y is an isomorphism, it follows that 
the kernel of ® is a discrete central subgroup and so ® is covering ma 

Since H is simply connected, the covering must be trivial and hence ® . 
an isomorphism. a 


We may also apply these ideas to obtain the correspondence between the 
representations of a Lie group and the representations of its Lie algebra. 


Definition 7 17 . A representation of a Lie algebra g on a finite vector 
space V is a Lie algebra homomorphism p: g — gI(V). 8 


a. 7.18. Let G be a connected and simply connected Lie group with 
ie algebra g. Let V be a finite-dimensional vector space and let p: g —> 
gl(V) be a representation. Then there is a unique representation R: G — 
GIU(V) satisfying Rue = p. | 


Proof. Apply Corollary 7.16. a 


N we "o to show that every (real) Lie algebra is the Lie algebra 
of a Lie group. For this we use (the real version of) Ado’s th j 
we state without proof. l — 


Theorem 7.19 (Ado’s theorem). Every real Lie algebra g is isomorphic 


to a subalgebra of the Lie algeb ae, SE 
gebra gli(V) for s $ 
vector space V. gl(V) for some finite-dimensional real, 
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Theorem 7.20. Let g be an arbitrary, finite-dimensional, real Lie algebra. 
Then there is, up to isomorphism, a unique connected and simply connected 
Lie group G whose Lie algebra is isomorphic to g. 


Proof. By Theorem 7.19, we may regard the Lie algebra g as a subalgebra 
g C gl(V), where gl(V) is the Lie algebra of the Lie group Gl (V). By Exer- 
cise 6.3, there is a unique connected Lie group Go C GI(V) with Lie algebra 
g. Let G be the universal cover of Go. Then by Corollary 8.11,14 G is also a 
Lie group with Lie algebra g and it is connected and simply connected. By 
Corollary 7.16, if G’ is another connected and simply connected Lie group 
with Lie algebra g, then G and G” are isomorphic. x 


§8. Monodromy and Completeness 


In this, the final section of this chapter, we study the monodromy group 
from the viewpoint of covering spaces. In certain cases we relate the com- 
pleteness of a Lie algebra-valued 1-form to the discreteness of the period 
group I = ®,,(m(M,b)) C G. 


Monodromy from the Viewpoint of Covering Transformations 


Let nr: M — M be the universal cover of M, and let b € M be a choice 
of base point lying over b. Because 7 is a local diffeomorphism, the form 
n*(w) satisfies the structural equation when w does. In this case, since M 
is simply connected, its monodromy is trivial. Thus, by the fundamental 
theorem, there is a unique primitive f: (M,b) — (G,e) for 7*(w). 


Proposition 8.1. There is a unique homomorphism ®: Gal (M/M) > G 
satisfying fT = P(T) f for every T € Gal (M/M). 


Proof. Every covering transformation T € Gal (M/M) preserves the form 
n*(w) (since T*(*(w)) = (4T')*w = m*(w)), and so we have 


(fT)"we = T*(f*(we)) = T*T* (w) = 1" (w) = f'wa- 


Thus, by the fundamental theorem, fT and f differ by left multiplication 
by a constant element ®(T) € G, that is, fT = (T)f. In particular, 


14\We do not appeal to the statement of Theorem 7.20 in any other proof of 
this chapter. 

15By Gal (M/M) = {T € Diff(M) | toT = x}, we denote the group of covering 
transformations. 
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that 


~ 


&(ST) = f(ST(b)) = ®(S)f(T(0)) = ESET) f(b) = O(S)O(T). m 


Now we show that the isomorphism ø: Gal (M/M) — mı(M,b) sending 
T a [m(A)] (where \ is any path on M joining b to T(b)) relates the two 
versions of monodromy. We have the following result. 


Proposition 8.2. The following diagram commutes. 


Gal (M, D) 
® 
O 
D 
m(M, b) ———_> G 


Proof. The equation fT(b) = (T) identifies ®(T) as the endpoint in G 
of the development of 7*w along a path in M joining b to T(b). Clearly 
development of w along the image loop in M starting at b yields the Janie 
endpoint (in G). This fact is the commutativity of the diagram. a 


Completeness 


Next we introduce the important notion of a complete 1-form. 


Definition 8.3. Let w be a V-valued 1-form on the manifold M. A vector 
field X on M is said to be w-constant if w( X) is constant on M. The form w 
is said to be complete if every w-constant vector field X on M is complete. 


Æ 


Example 8.4. Every V-valued 1-form on a compact manifold M is com- 
plete. This is a consequence of Proposition 2.1.6, which says that every 
vector field on a compact manifold is complete. + 


Example 8.5. Let w be a complete V-valued 1-form on the manifold M. 
Let N be a closed submanifold of M. Then w | N is complete. Note that 


this example may be of small content since there may not be any w-constant 
vector fields on N. + 


Example 8.6. The Maurer-Cartan form on a Lie group G is complete. 
This follows since the w constant vector fields are just the left-invariant 
fields, which we have shown to be complete (cf. Corollary 2.12). + 
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Characterization of Lie Groups 


The final result, (Theorem 8.7), shows that in a certain sense the Maurer- 
Cartan form determines the group up to some covering. (It is this descrip- 
tion of a Lie group that will generalize to the notion of a Cartan connection 
on a principal bundle. However, in this we are getting somewhat ahead of 
ourselves. ) 


Theorem 8.7. Let M be a connected smooth manifold and let g be a Lie 
algebra. Let w be a g-valued 1-form on M that satisfies the conditions 


(i) dw + $[w,w] = 0, 

(ii) w:T(M) — g is an isomorphism on each fiber, 
(iii) w is complete. 
Then 


(a) The universal cover of M, 7:G — M, has, for an arbitrary choice 
e € G, the structure of a Lie group with identity element e and Lie 
algebra g whose Maurer-Cartan form is T*w. 


(b) The period group T = &,(m(M, b) C G acts by left multiplication on 
G as the group of covering transformations for the cover t: G > M. 


Proof. The case ™(M) = 1. 

Here we have G = M. This case involves five steps. The first shows 
how to construct a map f: M — Gl(g) that will eventually be given by 
f(g) = Ad(g). The second step constructs, for an arbitrary choice of e € 
G = M, a “multiplication” map p: M x M — M satisfying the conditions 
u(e,e) =e and p*w = (xx f) tržw + rzw. The third step shows that f isa 
homomorphism with respect to the multiplication u. The fourth shows that 
u is associative. The fifth step constructs the inversion map v: M — M, and 
shows that ų is inversion with with respect to u. 


Step 1. Corollary 5.3 shows that f: M — Autzie(g) should have Darboux 
derivative ns = ad(w) (€ glrie(g)) and satisfy f(e) = e. Thus, the form w 
will determine f, provided 7 = ad(w) is integrable. But 


dn + sin n| = ad(dw) + = lad(w), ad(w)| = ad (ae + law) = 0, 


and since M is simply connected, it follows from the fundamental theorem, 
Theorem 7.14, that 7 is the Darboux derivative of a unique map f:M —> 
Gl(g) satisfying f(e) = e. In particular, df = f cad(w) (where the product 
on the right is composition of elements of gl(g)). 
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Step 2. We construct the multiplication map. Proposition 4.10 shows that 
p M x M — M should have Darboux derivative at (x,y) € M x M given 
y 


n = Ti (Ad(y™> w) + maw = Ti (f (Y) w) + rzw = (3f riw + rhw, 


where Ti: M x M — M denotes projection on the ith factor. Thus, the 
form w will determine u, provided 77 is integrable. Now 


1 
dn + 5 (nm) = ASTE w) + mT (de) + 5 (de) 
1 
OE GO) 
+ TDO) ro] + rzw, ru] 


= m3 (AT (o) + Ti (do + Eloo) 


0 
+ 5 (dia + 5 [2s ol) + TN o) $e 
0 


Since d(f—!) = —adw o f~! and!6 


773 (—adwf~") (mt (w)) = —13 (adw)m3 (f7 (ri (w)) 
= —[mQw, r3 (f7) (ri (w)) 
= —[r3 (f+) (mi (w)), 734, 
it follows that dn + iin, n| = 0. Since M is simply connected, the funda- 


mental theorem shows that 7 is the Darboux derivative of a unique map 
p: M x M — M satisfying u(e,e) = e. 


Step 3. We show that f: M — M is a homomorphism with respect to u 


in the sense that f(u(x,y)) = f(x)f(y) for all x,y € M. We shall verify 
the commutativity of the following diagram. 


MxM ——> M 


r| | 
GI(q) x Gilg) <-> Glg) 


It is clear that this diagram commutes at (e,e). Since M is connected, by 
Proposition 1.4.19 it suffices to show that the Maurer—Cartan form wa; on 


16 
Note that by Exercise 1.5.20, the bracket is symmetric on 1-forms. 
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Gl(g), with values in gl(g), pulls back to the same form on M x M along 
the two possible routes. That is, we must show that 


(f o p)*wer = (uae (f x PY wet. 
Calculating the left-hand side at (x,y) E€ M x M, we have 


(f o pwa = fwa = u*(ad(w)) (where ad(w)v = [w, v}) 
= ad(y*(w)) 
= ad(n3 (f> (riw) + 72) 
= ad((f~*(y)(miw) + 72) 
— Ad(f~1(y))(ajad w) + mad w (since f~*(y) € Autrie(g)), 


while the right-hand side is 


(ucio (f x Pwa = (f x PY Har wat 
= (f x f)*{13(Ad7') (riwai) + mwai} 
= (m20 (f x f) (Ad) (riwa) + (12 0 (F x f))*war 
=(fo ma)*(Ad*)((f 7 Tı)“ wai) + (fo T2) WGI 
= (Ad( f(y) (ri f* wan) + 72 f wa 
= (Ad(f(y) +) (riad w) + mad w. 


This verifies that f is a homomorphism with respect to pL. 


Step 4. Now we show that p is associative. We shall verify the commu- 
tativity of the following diagram. 


uxid 
Mx MxM ——— MxM 


axu] | 


MxM —“—— M 


It is clear that this diagram commutes at (e,e,e). Since M is connected, 
it suffices to show that the form w on M pulls back to the same form on 
M x M x M along the two possible routes. That is, we must show that 
(po(uxid))*w = (po(idxu))*w. Calculating the left-hand side at (x,y, 2) € 
Mx MxM, and using pi: Mx Mx M > M, pz: MxMxM—4MxM 
to denote projection to the ith or ijth factors, we have 


(po (wx id))"w = (u x id)" pw 
= (p xid)" (f(2) riw + n3w) 
= f(z) (m o (u x id))*w + (m2 0 (u x id))*w 
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—1 = x — 
i (y) ‘(1 o pi2)"w + f(z) t (T2 o p12)“ w + p3w 


f(z) 
f(z) 
= f(z) pia(f(y) riw + rjw) + paw 
f(z) 
f(z)" fly)" piw + f(z)~* phw + pw. 


f 
f 


= f(yz) (mı o (id x p))*w + (m2 0 (id x p))*w 

= f(yz)~*pjw + (po po3)*w 

= f(yz)*piw + phh“ w 

= f(yz)~* pw + p3s(f (2) riw + mw) 

= f(yz) t pïw + f(z) (m1 © po3)*w + (T2 0 p23)*w 
= f(yz)* piw + f(z)" paw + paw 

= f(z) Fly)" piw + f(z) * paw + paw. 


This verifies the associativity. 


Step 5. Finally, we construct the inversion map. Proposition 4.10 shows 
that ı: M — M must have Darboux derivative given by 


n = —Ad(z)w = —fw. 


Thus the form w will determine zu j 
l , provided we can sh = 
integrable. But since Op thay aes 


1 
dn + 5m n| = -df w — f dw + flo] 


= — f ad(w)w — f {5h} + = flu, 


= —flw,w)] + flw,w] = 0 


and M is simply connected, it follows from the fundamental theorem that 
n is the Darboux derivative of a unique map :: M — M satisfying (e) = e 
However, we must still verify that ų¿ is the inverse map, that it satisfies 


p(u(x), £) = e. For this we shall veri _ 
eee all verify the commutativity of the following 
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It is clear that this diagram commutes at e. Since M is connected, for the 
general commutativity it suffices to show that the form w on M pulls back 
to the same form on M along the two possible routes. Since it obviously 
pulls back to 0 via the lower route, we must show the same for the upper 
route, namely, that (u(ı x id)A)*w = 0. Calculating at x € M, we have 


wo(txid)oA)*w = A*(t x id)" pw 
x id)* (f(a) riw + rzw) 
x) 1(u x id)*atw + (u x id)*73w) 
x) t (m o ( x id))*w + (m2 0 (1 x id))*w) 
xz) (Lo mi) w + Tzw) 
r) nti*w + Tzw) 
*(f(a)~*at(—F(2)w) + 73) 
-riw + mzw) 
= —(T14)*w + (T24 )*w = —w +w =Q. 


Thus, + is an inverse for p. 


The case mı(M) #1. 

Here the form w on M pulls up to the form 7*w on the universal cover G 
of M. Clearly, n*w satisfies the same three conditions on G that w satisfies 
on M. Thus case 1 applies to the pair (G,w), and we see that for any fixed 
choice of e € G there is a Lie group structure on G for which e is the identity 
and z*w is the Maurer-Cartan form. By Proposition 8.1, there is a unique 
injective homomorphism ®: Gal (G/M) — G satisfying ®(T)g = T (g) for all 
T € Gal (G/M). Thus, the group of covering transformations is identified 
with the period group, a discrete subgroup FEG. a 


Remark 8.8. Dropping condition (iii) in Theorem 8.7 still leaves us with 
the manifold M, which is locally a Lie group. 


Remark 8.9. If we drop condition (i), we are left with what may be 
regarded as a “deformation” of a Lie group. For example, we might consider 
altering the form w, which does satisfy (i), (ii), and (iii), by the addition 
of a small form 7 such that uw, = w + tn still satisfies (ii) for t € [0,1] so 
that w, is a deformation of w. The new form may also satisfy (iii), but it 
will not, in general, continue to satisfy (i), and so we will not even get a 
Lie group locally. 


Remark 8.10. Except in special cases, we cannot weaken condition (ii) to 
the following 


Gi)! w:T,(M) — g is an injection for all x 
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and still expect to obtain a discrete monodromy group. For example, we 
could take the case where G = SI3(C) (so that g = M3(C)po, the 3 x 3 
matrices of trace 0), M = S1, and w is the g-valued 1-form on S? which 
is the composite pwm, where wm is the Maurer—Cartan form on St, and 
y:R — g is the Lie algebra homomorphism given by x ++ diag(zz, VJ 2iz, 
—(1+ /2)ix). Of course, locally, p is the derivative of the locally defined 
map S! > T? C Sis(C) sending et? +> diag(e!”, eV, e~(U+v2)iz) The 
form w satisfies the structural equation automatically, since the dimension 
of M is 1, and since M is compact w is complete. Moreover, condition (ii) 
is obviously satisfied. What is the monodromy group I of w? Clearly, it is 
the subgroup generated by the element diag(1, e2V?'", e~2V2!™) € T?, and 
this subgroup is not a discrete subgroup of G. 


Corollary 8.11. Let G be a connected Lie group and let m:G — G de- 
note the universal covering space. For any choice of è € n—*(e), there is a 
unique Lie group structure on G such that é is the identity and m is a ho- 
momorphism of Lie groups. Moreover, the kernel of x is a discrete central 
subgroup of G. 


Proof. First we note that if such a Lie group structure exists on G, then 
(by Proposition 2.9) the Maurer-Cartan form on G is n*wg. Thus, we are 
led to define a g-valued 1-form on G by w = n*wg, and this form satisfies 
the structural equation since 


1 1 
dw + 5 lw] = dr*wg + 5 lt "wa, Twa] 
: 1 
=m" dug + 57" lwa, wal 


= 7" (de + slo, wel 
= 0. 
Since 7 is a local diffeomorphism, not only is w: T(G) — g an isomorphism 
on each fiber but also w is complete, since integral curves for wg on G will 
lift to integral curves for w on G. By Theorem 8.7, given ë € m~! (e), G 
has a unique Lie group structure with é€ as the identity and for which w 
is the Maurer—Cartan form. By Theorem 5.2, m is the unique map G, ë —> 
G,e pulling back w from wg, and then by Proposition 7.15, m must be a 
homomorphism. 
Finally, since ker m C G is a discrete subgroup of a connected group, the 
function : 
fz: (G, €) — (ker 7,€), where z € ker 7, 
g= g`*zg 


must be constant. Thus, f(g) = f.(€) = z, and hence ker 7 is central in 


G. - 


ee 
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The Classical Period Mapping 


Remark 8.12. This final remark anes a ke a hee 
j j j i essed to those who 

ee oe rr ages be a Riemann surface of genus g. a 
H'(M,,C) = Z29 is spanned by g closed (i.e., dw = 0) See oa ae 
W1,..+,Wg and their conjugates. Let A = (wis: " a E en 
form on M, with values in CI =R : which is the (a é ian eee 
of C9 (so that [w,w] = 0). Thus, w satisfies the structura a eee — 
over, it is complete since M is compact. It is known from comp = 9 is 
that w: Tp( M) — C9 is complex linear and injective for ee aie 
that the period group is discrete. However, the period aun saan 
a basis for C9, for if it were merely to span a proper (complex p 
V, then the composite 


e jection 
M POPE y Cê); (eS C? V 


would give a nonconstant holomorphic function on : A ios ee 
inci is i ible for M compact. I hus, 

imum modulus principle, is impossib mp n nae 

j C9/L, which is classically calle 

n C9, and we get the map M, > > | 7 

er mapping. The receiving group C9/L is called the Jacobian variety. 


4 


Shapes Fantastic: Klein Geometries 


Let us now do away with the concrete conception of space... 
and regard it only as a manifoldness of n dimensions .... By 
analogy with the transformations of space we speak of transfor- 
mations of the manifoldness; they also form groups. But there is 
no longer, as there is in space, one group distinguished above the 
rest by its signification; each group is of equal importance with 
every other. The following comprehensive problem then arises 
as a generalization of geometry: 

“Given a manifoldness and a group of transformations of the 
same; to investigate the configurations belonging to the mani- 
foldness with regard to such properties as are not altered by the 
transformation of the group.” —Felix Klein, 1872 


During the 19th century, non-Euclidean geometry made its appearance 
with the independent discovery by Gauss, Bolyai, and Lobachevski of hy- 
perbolic geometry in the plane. This geometry is very close to Euclidean 
geometry, satisfying as it does all the axioms except for the existence of 
a unique line through a point parallel to a given line. Elliptic geometry, 
the geometry of antipodal pairs of points on the sphere, appeared and 
again was non-Euclidean in this strong sense. In fact, another geometry, 
spherical geometry, had been studied by navigators for centuries, without 
being considered as “non-Euclidean” since it has models in Euclidean 3- 
space and perhaps also because, considered in its two-dimensional aspect, 
it more violently violates the axioms of Euclidean geometry. In the course 
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of a few decades, the number of these new geometries proliferated to in- 
clude affine geometry, projective geometry, Mobius geometry, Lie sphere 
geometry, Laguerre geometry and so on. Each geometry has its own set 
of theorems, that is, its own theory. In addition to this there are relations 
among the geometries. For example a theorem that seems to belong to Eu- 
clidean geometry might still be true in projective geometry. Moreover, 2 
purely projective proof, which could employ the larger group of projective 
symmetries, might well be simpler.’ 

It was Felix Klein’s idea to bring order to these new geometries by means 
of the unifying notion of the principal group? of a geometry. He noticed 
that each geometry, M say, is a connected manifold and has a Lie group 
G of “motions” acting transitively? on it and, moreover, all the properties 
of figures studied in the geometry remain invariant under these motions. 
If, in addition, the action is effective,* we may speak of an effective Klein 
geometry. It is this group G of motions that Klein called the principal group 
of the geometry, or more briefly, the group of the geometry. In the case of 
Euclidean geometry, the properties studied are angle and length, and the 
group is the group of rigid motions; for projective geometry, the properties 
are concurrence of lines and collinearity of points and the group is the 
group of projective transformations, and so forth. Thus, Klein extended 
the notion of geometry by defining a geometry to consist of a Lie group G, 
a smooth manifold M, and a smooth, transitive, and effective action of G 
on M.5 The study of such a geometry is the study of those properties of 
figures in M that remain invariant under the action of G. 


1 Associated to each of these geometries is not only a simple theory (a goniom- 
etry) in which one studies figures like triangles but also a differential geometry in 
which one studies the “figures” consisting of smooth curves and surfaces in the 
geometry. A great deal of effort was spent in studying these generalizations of 
differential geometry in the last decades of the 19th century and in the first four 
decades of this century. 

2K]ein called this group the haugtgruppe of the geometry. In his translation of 
Klein’s Erlangen program [F. Klein, 187 2], Haskell renders this as principal group. 
This has the two-fold advantage that the modern notion of a principal bundle 
generalizes this group and that the competing English term fundamental group, 
which many authors have used, is easily confused with Poincaré’s completely 
accepted use of the latter term for mı(M). 

3Let Gx M — M sending (g,x) — gx be a group action. Recall that the 
action is said to be transitive if, for any pair of points x,y €E M, there is an 
element g € G such that gx = y. 

4 An action is said to be effective if gx = z for all x € M implies that g is the 
identity element of G. 

5'The formal definition of a Klein geometry is given in §3. We shall not insist 


on an effective action. 
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Pees : salads of geometry allows us to shift the emphasis from 
o the group G in the following manner. L 
TA er. Let us fix a base point 
r 7 eee fee is a map 7: G — M sending g to gz. By the ee Te 
n, this map is onto; but it is not one to one. The inverse image 
es = _ a def 

A n - z G | gz = x} = H, is clearly a closed subgroup of G. It is 
5 te stabilizer of x. Moreover, if y € M, it is clear that 7~!(y) = {g€ 
ne a = 90H, where go is an arbitrary element of 7—!(y). It follows 
uces a bijection G/H, — M. The condition that the action be 


effective translates into sayi 
ying that the 2 
all p € M} is trivial. i subgroup N = {g € G | gp = p for 


E ‘ 
pas 0.1. If we do not assume that the action is effective, show that 
ubgroup N is the largest subgroup of H, that is normal i G d 


ate aca we may say that instead of describing a geometry 

a 4 a pair (M ,x) together with its principal group G, we 

se a ees describe it as the pair (G, H), where H = H, isa dosed 

cine mee nara course, all this depends on the choice of ate point x. 

= p may be regarded as “a constant of integration,” which 
ppears in the infinitesimal description of Klein geometries. | 


Exercise 0.2. Show that di j 
ifferent choices of x lead to conjugate subgroups 
J 


It j 
wre o Ba cme Klein geometries it is impossible to distinguish a 
other by properties of the geometry si i 
ft : y since, by definiti 
aay ae action of G preserves these properties. Thus, the Klein nore 
y homogeneous. We might say that they are “flat” or that th 
no “lumps” in them. — 
Al i 
7 co oes ra a geometry” to the geometries studied 
— e justice of this should be cl j 
aie ptel ear from the quotat 
fe crue: of the chapter—Klein himself was interested ae a 
aes es f at correspond most closely to our experience: projective ge 
oe sons and daughters, the parabolic, Euclidean, and D 
ad — us, he would have felt our present point of view to be too 
; was that remarkable pioneer Wilhelm Killing whose passion it 
- o try to understand these geometries in general. 
7 o : this chapter is not to study the theories of individual Klein 
es, but rather to try to understand their nature in general 
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§1. Examples of Planar Klein Geometries 


Let us see how Klein’s ideas, described in this chapter’s Introduction, work 
s of more or less familiar two-dimensional geometries.’ Each of 


in some case 
example drawn from an infinite 


these planar geometries is merely a single 
series of higher-dimensional analogs. 


«School Geometry” (the Euclidean plane). In this case M = R?. The 
Lie group of symmetries or congruences Or rigid motions’ is 


G = Euc2(R) = (; ay R(0) = ee poe Sa b 


which acts on M by the formula 


¢ pig ) = ROE + where 2 = (22). 


An easy calculation shows that the stabilizer of the origin of R? is the 


subgroup of rotations 


H = SO2(R) = (6 PA € R} 


Then we have the basic identification Euc2(R)/SO2(R) ~ R?. In fact, 
Euco(R) =~ SO2(R) x R? (the semidirect product with respect to the 


standard representation of SO2(R) on R’). 


Next follow the two non-Euclidean® geometries. 


Hyperbolic Plane. In this case M={z=atiyeCl|ly> 0}. The 
group is the group of Mobius transformations G = Sl2(R) = {A € M2(R) | 
det A = 1}, which acts on M by the formula 


a b see az +b 

c d ~ ez+d 
It is easy to check that this is indeed an action on M and also that the 
stabilizer of the point i € M is the circle group 


6A complete list of all 23 families of two-dimensional Klein geometries (13 of 
which are singleton families) may be found in [B. Komrakov, A. Churyumov, and 


B. Doubrov, 1993}. 
7Of course, in picking this group we have rather arbitrarily chosen to ignore 


the orientation-reversing congruences. In fact, there are actually two distinct 


interpretations of “school geometry.” 
8That is, non-Euclidean in the strong sense. See the introduction to this 


chapter. 
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SO2(R) = {A € M2(R) | det A= 1 and AAt = J}. 


sa a a die Beas space P*(R), which may be 

riented one-di j . 
a a eee 
E r Aen action os ee ts ia 
ne say theses ie Os(R), wish i embeded in SOs(R) via 


Wins oa o 
0 AJ’ 


Comple j j 
plementing these, we have a series of six other geometries 


A of Similarity. This geometry is a relative of Euclidean ge- 

os A : seat) also be regarded as a part of “school geometry.” Here 
= e group is the two-dimensional i 

G = H x R? (semidirect product) E ES 


? 


Ha + r? 0 
{Ac Gl (R)|AA* = ( 0 2 | for comer eR}. 


An element A € H has the form A = a cos? —rsind 


rsin@ rcos@ ) acting by matrix 


multiplication on the plane. 


Lorentz (or Minkovski) Plane. Here M = R? and the group is th 
e 


oriented two-dimensional Lorent j 
Z es Pa 
product), where group given by G = H x R* (semidirect 


a 
H = OÏ, (R) = {A € Sl(R) | AEA = £}, where X = (; 0 ) 
0 —1)' 


An element A € H has the form A = ( 9P? sinh 6 
hO coha (a boost) acting 


by matrix multiplication on the plane. 


Affine Plane. Here M = R? ; 
group given by and the group is the two-dimensional affine 


G = Af f} (R) = (; a E GI$ (R)|A € GIJ (R), v ER}. 


The action on M is gi 
given by th 
y the formula apas Ax + v, where x 


and v are column vector in, it i 
s. Aga j i ae 
the origin is gain, it is easily verified that the stabilizer of 


142 4. Shapes Fantastic: Klein Geometries 


§1. Examples of Planar Klein Geometries 143 


O 1 0 + ~ y+ Lie Sph 
H = o A € GIR) |A E€ Gly m) ~ Gl; (R) ie meee 7. on and S.-S. Chern, 1987] or [T.E. Cecil 
. of view, the space here is th i 2 ? 
2 e quad 3 
and G ~ H x R? (semidirect product). given by —2p +z? +z — 2x2 = 0. From another point ce coreg Sy 
A of lines on the quadric Q. A appears to b w, it is the space 
se a 5 geometry th o be more important for Lie sphere 
Real Projective Plane. The space is the real projective space P^ (R) just CP AUEN Q (cf. the references cited above). However, di j 
as in the elliptic case, but the group is now the full general linear group so this space is not a two-dimensional geometry awl we e = 3 = 
Gl3(R). The group Gl3(R) acts on R3 in the standard way and so it also remarks to Q, which does have dimension 2. Q is the pro ies enn oro 
acts on the “lines” in R°. The stabilizer of the xo-axis is H, where of a hyperboloid of 1-sheet in R3 given by x? + 22 — z? i oe oe 
morphic to a torus. These f a S 1 and so is diffeo- 
Ca , ihe se facts can be pieced together from the following 
#={(9 1) eGia(R)|4 € GLR), veER’, rer’ " 
and N = {XI € G(R) | à € R*} is the largest normal subgroup of G in 0 
H. 
universal cover 
aac ; mE . of the quadric 
Möbius Plane. Next we consider the Möbius plane. Here the space M is ese ae 
the standard 2-sphere, 9? = {x € R | z? + 23 + 23 = 1}. The principal 
group is the oriented Lorentz group I3i(R) = {Ae Sl4(R) | AZA = Dk 
where O+n 
0 00 -1 
0 10 0 The finite points of Q have the i 
= l the int j : 
2 0 0 1 0 as follows. For a finite point n € 0 a as oriented 0-spheres on S1 
100 0 a E lesen thie regener : bis 3 o orthogonal plane 
This time, however, it is more difficult to describe the action. The Lorentz ene points (one plus, one minus), that is, me eee Bua S cuere 
group G = L3,1(R) acts on R4 so that the level sets of the quadratic form s n tends to infinity, the two points of the corresponding an mi 
re 0 move 


—279%3 + r2 + x2 are preserved. In particular, the light cone L, given by together to yield an unoriented point : eee 
1 2 p sphere in the limit. 


—2rozr3 + T2 + x3 = 0, is preserved. Now the light cone is homogeneous 
in the sense that if x € L, then \a € L for all à € R. Thus, L is a union the circle in the plane x,= 1 
of lines through the origin, and the linear action of G on R4 restricts to ° 
give an action on this set of lines. Each such line meets the hyperplane 
tot T3 = /2 in exactly one point, so the set of lines in the light cone may 
be identified with the intersection 


LN {z € Rê | £o + z3 = V2} 
= {x € RÅ | zo + z3 = V2,—2ots + 24 + 13 = OF. 


The change of variables 


to = (1 + yo) /V2, 21 = Yi, T2 = Y2; 


T3 = t= 0 V2 ’Bri i 
(1 — yo) /V 2, es eee ne set of polynomials P;(r) = 0, j = 1 r. wh 
ee eR” | BO ee on the one hand, the locus X C R” a by 
ieo oa - , =0,j7=1,... r}. On the other hand, we may homogeni 4 
ate E o get polynomials Q; in the variables y = (z Ti 
ettin ; —7/Q. ao a ln 
g Q;(y) = z0 Q;(x/x0), where the powers d; are chosen just larger ae 


to make the Qs pol i 
This yields the action of G on Se. and eg an nomials. Then the equations Q = 0 h n 
nd Y N R” = X. Then Y is called the projective aa A E 


identifies the set of lines in the light cone with the 2-sphere 


{y E€ RË |y? +y +93 = 1) 
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(A point sphere can be perturbed in a pencil of spheres containing two 
copies of each unoriented sphere, one for each orientation; a point sphere 
may be thought of as the moment of change of orientation in a pencil 
of infinitesimal oriented spheres.) The group is G = OF (R) = {A € 
Sl4(R) | ALA = £}, where X = diag(—1,1,1,—1). G acts transitively 
on the quadric, and we take H to be the stabilizer of the line spanned by 
(1,1,0,0) corresponding to the equatorial 0-sphere S0 consisting of the two 


points (+1,0,0) in the figure above. 


We mention one other plane geometry, which, although identical to one 
already considered, in its higher-dimensional incarnations becomes an in- 


dependent geometry. 


Complex Projective Line. Here M = S°, the Riemann sphere (or the 
complex projective line), and the group G is the group of Mobius transfor- 


mations of M, G = Sl2(C), with 
x 0 
H= [a e soa- & ae 


Exercise 1.1. Show that Slg(C) is isomorphic to the Lorentz group and 
that the complex projective line is the same as the Mobius plane. LI 


§2. Principal Bundles: Characterization and 
Reduction 


tion make it clear that the study of “non- 
he study of the left coset spaces G/H, where 
H is a closed subgroup of the Lie group G. There are, however, some 
technical questions that begin to arise. For example, it is not so obvious 
that a geometry in Klein’s sense is always a smooth manifold. The purpose 
of this section is to deal with this difficulty and also to show that the map 


G—-G/H isa principal H bundle.!° In fact, in anticipation of later need, 


we shall prove something still more general. We are going to characterize the 
PxH >P. 


principal H bundles P — M in terms of properties of the action 
At the end of the section we give a brief study of the notion of a reduction 


The examples of the last sec 
Euclidean geometry” really is t 


of a principal bundle. 


Definition 2.1. Let P bea smooth manifold, H a Lie group, and Px H — 


P a smooth action. 


10Gych bundles constitute the frst and motivating examples of principal bun- 
dles; the Hopf bundle S! > S? —> S? studied in the first chapter is, of course, 


among these. 
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(i) The action is called free if ph = p for some p € P>h=e 


P er ' 
i Let G be a Lie group and H C G a closed subgroup 
on G x H — G given by multiplication is free and proper. | 


spe rodent mci = gh = g, then multiplying by g~! yields h = e. 
a no i T m B be compact subsets of G, and let K = {h € 
sae aoe A e s - that K is compact. Suppose that h1, h2,... is 
rere q J o as a - mOr sequences 41, i .. in 
= Ode abs jh; = 6; for all 7. Since A is com 
es > wed a J C {1,2,...} such that {a; }jes NIE 
tee : subsequence L C J, we may also assume that 
= ane ae . Thus {h; = (a;)~'b;};er converges to ba~! and 
in as a convergent subsequence. Thus K is compact. E 


N ; . 
ext we verify that right principal H bundles have these properties 


Proposition 2.3. Let € = (P. 
sd. = (P,n,M, H) b ; ae 
the action P x H — P is free and sid a right principal H bundle. Then 


Proof. The fact that the bundle is locally a pro 
een oe H action, shows that the sees aps oe rider 
: re ate shows that, for any sequence {h;} in K = {he H | Ahn 
Te = dans sean {a;}jex in A and {bj }jez in B converging to 
ete n is y, and such that ajh; = b; and for all j. Now z(a;) = 
e Pair a j, so 7(a) = m(b). Thus a = hb for some h £ H. 
the terms in the hp lic ‘ z a ‘a di E e l 
oordl 
a = ah the trivial bundle P = M H P Sn TE ao H 
a ies the equation p(a;)h; = p(b;) in the group H. Thus 
o- : i p(b;)};er converges to p(a)~'p(b). Thus, every se nee 
nvergent subsequence. | = =: 


N : ! 

Pa is complete this cycle of ideas by showing that these properti 

- ize principal bundles over a smooth manifold. We have the f ll ae 
g result whose proof, being rather technical, is given in Appendix E ~ 


Theorem 2.4. Let P be 
oe a smooth manifold, H a Li 
P a smooth, free, proper right action. Then te group, and u: Px H —> 


(i) P/H with the ) ' 
quotient topol ; . i 
dim Pi Gia HY: opology is a topological manifold (dim P/H = 
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(ii) P/H has a unique smooth structure for which the canonical projection 
na: P — P/H is a submersion, 


(iii) € = (P, r, P/H, H) is a smooth principal right H bundle. 


Example 2.5. It is important that the action be proper. For example, 
in the case of the right action G x H — G by a subgroup H C G, if 
the subgroup is not closed, then the action is not proper and the quotient 
G/H need not be a manifold. The standard example of this is the case 
of the torus G = T? = R?/Z? and an irrational subgroup H of G. To 
describe the meaning of this, we pass to the universal cover Gi = R? 
with the corresponding lattice Z? = {(a,b) € R? | a,b € Z} as kernel of 
the projection map R? > R2/Z?. Let Hy = {(t, /2t) | t € R}. In G, the 
subgroup Hj isa straight line, so it is closed. However, since 1/2 is irrational, 
its image H in G is a dense subgroup; in particular, H is not closed. To 
see how bad the quotient topology on G/H is, note that if f: G/H > R 
is any continuous function, then its lift to G is also continuous. Since f 
is constant on a dense subset of G, it is constant everywhere. Thus there 
are no nonconstant continuous functions on G/H. In particular, it is not a 


+ 


manifold. 


Example 2.6. From the preceding example we might be led to wonder if 
the problem arises only from the fact that the torus T? fails to be simply 
connected. Might it be true that for simply connected groups G, subalge- 
bras of g may always be realized as closed subgroups of G? The answer is 
again no in general, for many simply connected groups contain the torus 
as a subgroup; and so the phenomenon of the previous example persists. 
For example, Sl3(C) is simply connected, and yet it contains the torus li 
as the subgroup diag(e’’, e’”, e tt+#")) Op ER. + 


Exercise 2.7. Show that if G is a Lie group and H is a closed normal 
subgroup of G, then G /H has a unique Lie group structure such that the 
projection map 7:G —> G/H isa homomorphism of Lie groups. E 


Exercise 2.8. Let 
pXxH>X 


be a right action of a topological group H on a Hausdorff space X. Show 
that p is proper as an action if and only if the map 


XxH-X x X 
(x,h) |= (2,x-h) 


is proper. 
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Exercise 2.9. Let 
p: X x Ha X 
(z,h) = awh 


XXHxH- XxH 
(x,h,k) > (a-k,k th) 


is also a proper action. m 


Exercise 2.10. Let W be a real n-dimensional vector space. Let Grs (W) 
denote the set of all s-dimensional subspaces of W. Show that Gr. (W) 
can be given a unique smooth structure such that, if V € Gr (W) and 
W=U eV, then the canonical map Hom(V, U) — Gr,(W) aedi fe 
graph( f) is a smooth map onto an open subset. [Hint: Fix a basis Bee an 
inner product in W. Show that the map O,(R) — Gr,(W) sending A to 
the subspace of W spanned by the first s columns of A induces a Tan 

of sets On (R)/(Os(R) x On-s(R)) — Gr. (W).] l a 


Definition 2.11. The manifold Gr,(W) described in Exercise 2.10 is called 
the Grassmannian of s-dimensional subspaces of W. & 


Reduction of Principal Bundles 


An important procedure in worki j Ha 
i ing with principal bundles is th i 
a reduction of a principal bundle. omotima 


Definition 2.12. Let H be a Lie group and Ho C H a subgroup. Let 
H —> P — M be a principal H bundle over M. An Ho reduction of this 
bundle is a submanifold Py C P such that Po — M is an Hp bundle and 
the action of Hp on Pp is the restriction of the action of H is P. B® 


The following lemma is a 
preparation for stud 
reductions arise. en 


Lemma 2.13. Let 
u: G x M —M 
(9,2) + gr 


- i Giaa left action of a Lie group G on a connected smooth manifold 
. Then every orbit X C M of this action is a submanifold. Moreover, if 
the action is proper, then X is a proper submanifold. 


Proof. Fix an orbit X C M and choose zp € X. Set H = {g € G | gro = 


xo}. It will suffice to show that H i 
ey ee eee is a closed subgroup of G, that the 
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G/H— M 
gH > g'o 
is an injective immersion with image X, and that, if the original action is 
proper, then G/H — M is a proper embedding. 
Step 1. H is a closed subgroup of G, and the induced map 
G/H — M 


gH > g'Tūo 


is injective with image X. 

Since u`! (zo) is closed and H x £o = u`! (x0) N (G x xo), it follows that 
H x xo is closed in G x M and hence H is closed in G. The fact that the 
map is injective with image X is clear. 


Step 2. 
G/H > M 
gH > g':To 
is an immersion. 
Define 
U:G- M 
g |> gro 


and note that Y~! (zo) = H. Set V = ker Ure C Te(G) = g, the Lie algebra 
of G, and let h denote the Lie algebra of H. Since W is constant on H, it 
follows that Y,e(Te(H)) = 0, and hence h C V. We are going to show that 
V Ch. Since the left translations 

Lg:G—-G and l: M >M 


hr gh T > gT 
are diffeomorphisms, and since Y o Lg = 1,0 W, it follows that 
Wag O Loxe = lgxao O Vies 


and hence ker Vag = Lgxeker(Vxe) = Lge V for all g € G. Thus on G, W has 
constant rank r = dim g—dim V, and so by Theorem 1.1.31 the components 
of the level surfaces of Y foliate G with codimension r. The component of 
the identity in Y~! (xo) = H is the identity component subgroup Ho with 
Lie algera h. Thus V C h and so V = b. Now consider the following 
commutative diagram. 


(G) 


[Ns 


T,,(G/H) — Tax (M) 
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Since the two downward arrows in the diagram both have the kernel 
Loxe V, it follows that the bottom map is injective, so 


G/H => M 
gH +> gro 


is an immersion. 


Step 8. If the original action is 
proper, then G/H — M 
embedding. / 1S a proper 


Suppose that u: G x M — M is proper. Let C C M be any compact set 
Then | 
Y! (C) = {g E€ G | gro € C}, 


and n latter is compact since C and {zo} are compact. Hence the image 
of Y- (C) in G/H is also compact. But this image is just the inverse image 
of C under the map G/H — M. E 


We now apply this lemma to obtain a simple but useful sufficient condi- 
tion for the existence of a reduction. 


Proposition 2.14. Suppose that H — P — M is a smooth principal 
H bundle. Let Q be a manifold equipped with a smooth, proper, right H 
action. Let f:P — Q be a smooth equivariant map (i.e., f oh) = f(p)h 
for all h € H). Fiz a point qo E€ Q, and set Ho = {ho € H | qoho = qo} 
Suppose that qo E€ Q lies in the image under f of each fiber of P. Then. | 


(i) Po = f+ (qo) is an Ho reduction of P. 


Fiz another point qı E Q, and set Hı = {hy € H | qıhı = qı}. Suppose 
that qı €Q also lies in the image under f of each fiber of P, so that by (i) 
P, = f~ (qı) is also an Ho reduction of P. Then 


(ii) there exists an element h € H such that Hı = h~'Hoh and, for an 
such element h, we have P, = Poh. ) : 


Proof. (i) First we show that Pù is a submanifold of P. For this it suffices 
to show that f has constant rank. Since qo lies in the image under f of 
each fiber of P, it follows that the image of f is the orbit X = oH c Q 
By Lemma 2.13, since the action Q x H — Q is proper, all the orbits and 
in particular X, are proper submanifolds of Q. Since f takes values : X 
it follows that rankpf < dim X. We show equality by verifying that fae 
each fiber, rank(f | fiber) = dim X. But the map that f restricts to ee 
=i ae up to change of coordinates, the map H —> X sending h > a 
whic = di | 
E os X by the lemma. Thus f has constant rank and P) 
Next we note that 
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hems eh=icST a-r Get Gr f= (qo) 
< Ph = Po, 


so we see that Pp is stable under the induced action of Ho. 

Let p,p’ lie in the same fiber of Po. Then there is an h € H such that 
p' = ph € Po. Thus qo = f(ph) = f(p)h = qoh, and so h € Ho. It follows 
that the induced action of Ho on Po is transitive on each fiber of Po. Since 
Py = f~! (qo) is closed in P and Ho is closed in H, the induced action of 
Ho on Pp is proper and free. By Theorem 2.4, Pp is a principal Ho bundle 
over M and is therefore an Hp reduction of P. 

(ii) This part is easy, and so we leave it to the reader. a 


Exercise 2.15. Suppose that H > P > M is a smooth principal H 
bundle. Let p: H — GI(V) be a representation. Give sufficient conditions 
for the following subsets S C P to be reductions. 


(i) Let f:P — V transform according to f(ph) = p(h~*)f(p). Let vo € 
V, and take S = f~*(vo). 


(ii) Let Grn(V) = the Grassmannian of n-dimensional subspaces of V 
and fp denote the standard action of H on Gr,(V) induced by p. 
Let f: P — Gr,(V) transform according to f(ph) = p(h—*)f(p). Let 
Vo € Grn(V), and take S = f~*(Vo). 


§3. Klein Geometries 


Now we are in a position to give the formal definition for Klein geome- 
tries, which we have roughly described in the introduction to this chapter. 
However, to flesh out the context in which they appear, we first prove the 


following result. 


Proposition 3.1. Let G be a Lie group and H CGa closed subgroup. Then 
there is a unique maximal normal subgroup K of G lying an H. Moreover, 
K is a closed Lie subgroup of H, the left action of G on G/H induces a left 
action of G/K on G/H, and there is a diffeomorphism (G/K)/(H/K) > 
G/H commuting with the canonical left G/K actions. 


Proof. Let K be the group generated by all the normal subgroups of G 
that lie in H. Then K is clearly a normal subgroup of G that lies in H 
and is, moreover, the unique maximal normal subgroup of G that lies in 
H. Since the closure of K is also a normal subgroup of G that lies in H, it 
follows that K itself is closed. Now apply the general result of Kuranishi 
and Yamabe (cf. [H. Yamabe, 1950]) that a subgroup of a Lie group is a 
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Lie group’ to see that K is a Lie group. Finally, by Theorem 2.4, the 
aes ae t:G/K — G/H is a principal fiber bundle with fiber H /K 

us 7 induces a diffeomorphism (G/K)/(H/K) — G/H i ith 
the canonical left G/K actions. A ann g“ 


Definition 3.2. A Klein geometry is a pair (G, H), where G is a Lie group 
and H c G a closed subgroup such that G/H is connected. G is called 
the principal group of the geometry. The kernel of a Klein geometry (G/H) 
is the largest subgroup K of H that is normal in G. A Klein geometr 

(G, H) is effective if K = 1 and locally effective if K is discrete. A Klein 
geometry is geometrically oriented if G is connected. The connected coset 
space M = G/H is called the space of the Klein geometry or sometimes, b 

abuse of notation, merely the Klein geometry.!? A Klein geometry is called 
primitive if the identity component He C H is maximal among the proper 
closed connected subgroups of G. A Klein geometry is called E if 
there is an Ad H-module decomposition g = h @ p, where g and h are th 

Lie algebras of G and H, respectively. | 


We use the ind j i j 
Pe remainder of this subsection to discuss some aspects of this 
If (G, H) is a Klein geometry with kernel K, then, for any closed subgroup 
N C-K that is normal in G, by Proposition 3.1 the pair (G/N, H/N) 
a also a Klein geometry with space (G/N)/(H/N) ~ G/H. Of course 
ese geometri i l is: | 
ri aha ries are all ineffective except when N = K. This leads to the 


Definition 3.3. Let (G,H) be a Klein geometry with kernel K. Then 


the Klein t | 
a geometry (G/K, H/K) is called the associated effective — 


Exercise 3.4. Let Ke be the identity component of K. Show that (G/K 
H/Ke) is a locally effective Klein geometry with kernel K/Ke. J 


The reader may be wondering why all this fuss about ineffective Klein 
geometries. Proposition 3.1 seems to indicate that if we are interested in 
the geometry of the coset space G/H we need only consider the effective 
case. Why not define Klein geometries to be effective? The first point is 
that doing this would eliminate the subtle phenomenon of spin. While we 
do not deal with this notion in this book, we can keep it within ‘hie scope of 


11 
aie What A show is that a path-connected subgroup of a Lie group is a Lie 
: E ince we allow uncountably many components for our manifolds, this 
ONE - o that any subgroup of a Lie group is a Lie subgroup 
ote that the Euclidean plane and the affi 
; affine plane have th i 
R*) even though the geometries are distinct. ia a 


ee 
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our definition by allowing our Klein geometries to be merely locally effective 
rather than demanding effectiveness. We may say that the geometrically 
important cases of Klein geometries are the locally effective ones. The sec- 
ond point to be made is that ineffective geometries, even ones that are 
not locally effective, do turn up, SO we might as well have a language that 
allows us to speak of them. For example, of the planar geometries given in 
§1, only four were given with an effective description (Euclidean geometry, 
hyperbolic geometry, geometry of similarity, and Lorentz geometry). We 
could have done this for the others, too, but then we would have had to 
describe the kernels. 

The space G/H of a geometrically oriented Klein geometry need not be 
topologically orientable in the sense of Definition 1.1.9. For example, the 
effective version of the real projective plane has connected principal group 
G = PSI3(R) and so is geometrically oriented, but the projective plane is 
not topologically orientable. On the other hand, consider the subgeometry 
(G, H) of the geometry of similarity, where H is generated by SOz (R) and 
the dilation 

R? — R? 


y re Q 


and G = H x R? (semidirect product). The space here is R?, which is 
topologically orientable, but since G has infinitely many components the 
Klein geometry (G/H) is not geometrically orientable. Note that G acts 
on the space R2 by transformations preserving the topological orientation. 

The real meaning of the notion of a geometrically oriented geometry will 
become clear only in §4 of Chapter 5 when we extend the definition to 
include Cartan geometries. 

The following result shows that every Klein geometry (G, H ) determines 
a geometrically oriented geometry with the same space but with a possibly 
smaller principal group. 


Proposition 3.5. Let (G, H) be a pair of Lie groups, where H is a closed 
subgroup of G, and suppose that G/H 1s connected. Let Ge be the identity 
component of G, and set Ho = H N Ge. Then 


(i) G=G,: 4H, 
(ii) G/H = Ge/Ho. 


Proof. (i) It suffices to show that G C Ge- H. Let g € G. Since G/H is 
connected, there is a path in G /H joining gH € G/H toeH €G /H. Since 
the map G — G/H isa bundle, we can lift this path to a path joining 
g € G to some element h € H. Thus, gh™t € Ge and g = (gh™')h € Ge: H. 

(ii) By (i) the map J: G. — G/H is surjective. Suppose g1, 92 E Ge- Then 
gy 91 € Ge and 


i(g1) = 5(g2) ON E 2H | g3 'gı € H. 


a 
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Thus, j induces a diffeomorphism Ge/Ho —> G/H. E 


e Let (G, H) be a pair of Lie groups, where H is a closed 
subgroup of G. Let Ge be the identity component of G, and set Ho = HNG 


(i) Show that the set of products Ge - H = 
a subgroup of G. e` H = {gh EG | g E€ Ge, he H} is 


(ii) Show that the inclusion Ge C G induces a smooth inclusion Ge/Ho C 
G/H whose image is a component of G/H. a E 


We remark that the bundle H ; 
reduction of the bundle H — G ÉN a — Ge/Ho is an example of a 


Lie-Theoretic Properties of Klein Geometries 


As motivation for the bundle definition of Cartan geometries given in Defi- 


nition 5.3.1, we draw the reader’s attenti 
me ie tention t 
to a Klein geometry (G, H): n to the following data associated 


(a) the smooth manifold M = G/H; 
(b) the principal H bundle H C G — G/H; 
(c) the Maurer-Cartan form wa: T(G) — g satisfying 


(i) wg is a linear isomorphism on each fiber 
i) R*wg = Ad(h~1)wg for all h € H (Proposition 3.4.2, part c)** 
(iii) wa(Xt) = X for all X € h (cf. Exercise 3.2.15). 


, eran oe usage in modern literature is to use the term homogeneous 
pace for the coset space G/H, where nothing is assumed about the Lie 


groups H C G, except that H is closed i 
a j 1n G f. à A - . 
1972]). Older literature uses the term Klein s a e.g., [M. Golubitski, 


Geometrical Isomorphism and Mutation 


Definition 3.7. Klein geometries (G1, Hı) and (G2, H2) are called geo- 


metrically isomorphic if there is a Li i i 
eng Fel ie group isomorphism y: Gi — G2 


I l : 
ae ieee the pairs (G ,H ) and (G,gHg~') are geometrically isomor- 
. A useful generalization of isomorphism is the notion of mutation 


13 
Actually, this is true for all i j 
aa tee all h € G, but Rp arises from right H action on the 


ee 
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Definition 3.8. Klein geometries (G,, Hı) and (G2, H2) are mutants (of 
each other) if there is an isomorphism of Lie groups ¢: H, — Ho such 
that the induced algebra isomorphism xe: hı — Je extends to a linear 
isomorphism A: gı — 82, which is an H module map (i.e., a map satisfying 
MAd(h)v) = Ad(y(h))(A(v))). The pair (p, À) is called a mutation from 
(Gi, Hı) to (G2, H2). B® 


Exercise 3.9. Show that (Eucn(R), SOn(R)), (SOn+1(R), SO,(R)), and 
(Imi(R), SOn(R)) are all mutants of each other. (They are Euclidean 
space R”, elliptic space S”, and hyperbolic space H” , respectively.) E 


Locally Klein Geometries 


Here is a generalization of the notion of a Klein geometry. 


be a homogeneous space, and lt T C G 
T acts effectively by left multiplication 
as a group of covering transformations on the space G /H with T \ G/H 
connected. Then the triple (T,G, H) is called a locally Klein geometry. It 
is called geometrically oriented if G is connected. The double coset space 
T \ G/H is called the space of the locally Klein geometry or, by abuse of 
notation, merely a locally Klein geometry. Æ 


Definition 3.10. Let (G, H) 
be a discrete subgroup such that 


In the case that F is the identity, this reduces to the Klein geometry 
(G, H). 

Note that in the definition of a locally Klein geometry (I, G, H) it is not 
assumed that (G, H) is a Klein geomtery, that is, it is not assumed that 
G/H is connected. A consequence of the following exercise is that we can 
always replace (T, G, H ) by a locally Klein geometry (To, Go, H ) with the 
same space, and for which (Go, H) is a Klein geometry. 


Exercise 3.11. Suppose that ([,G, H) is a locally Klein geometry. Set 
Go = G.- H, where G, is the identity component of G, and To = Go AT. 
Show that Go is a Lie group, Go/H is connected, and the inclusion Go CG 
induces a diffeomorphism ¢: To \Go ~T\G. q 


Just as in the case of Klein geometries, locally Klein geometries also have 
an associated principal bundle. This fact depends on the following lemma. 


Lemma 3.12. Let T and H be Lie groups with free commuting left and 
right proper actions (respectively) on the smooth manifold X. Then 


T\X)xH>T\X is proper &T x (X/H) > X/H is proper. 


Proof. By symmetry it suffices to prove only the implication =>. 


a 
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Step 1. The action 
(Tx H)xxX— X 
((g,h),x) 


ad gth—} 


is proper. 


Let A,B C X be compact, and let C = {(g,h) ET x H | gAhN BF OD} 
We must show that C is compact. It suffices to show it is seuna 
compact. í 

Let (gi, hi) ET xH, i= 1,2,... be a sequence in C. Let A’ and B’ denote 
the images (which are compact) of A and B, respectively, in T \ X. Since 
(T\X)x H —>T\X is a proper action, the set C” = {h € H | ARO B! # 0} 
is compact. Moreover it is clear that h; € C’, i = 1,2,.... Hence {hj} 
has a convergent subsequence. Replacing (gi, hi) E C, i 2 1,2,... by he 
corresponding subsequence, we may assume that o 


(i) lim h; = hæ E C”. 


Since (gi, hi) € C we may choose points a; € A and b; € B such that 
gah; = bi, i = 1,2,.... Since A and B are compact {ai} and {b;} have 
convergent subsequences. Replacing (gi, hi) € C, i = 1,2,... by i corre- 
sponding subsequence, we obtain, in addition to (i), — 


| Now let K cC X be a compact neighborhood of agho so that aih; E K 
i > N. Since T x X — X is a proper action, the set | 


C" = {g ET | gK N {boo} # 0} = {g ET | g "bo € K} 


is compact. Now lim g7 bæ = lim g7 1b; = lim a;h; = 
g` ‘boo € K,i > M and hence g; Q" ; a ee oe 
; i2 ce g; E€ C", i > M. Thus {g;} has a convergent 


subsequence, and we may pass to this subsequence to obtain, in addition 
to (i), (ii), and (iii): 


(iv) lim gi = Jœ ET 


It follows that the original sequence (gi, h;i) E F x H, i = 1,2,... has a 
convergent subsequence, and hence C’ is sequentially compact. | 


Step 2. The action I x (X/H) — X/H is proper. 


Let A, B C X/H be compact. We must show that {g ET | gAN B FO} 
is compact. If we write A = Uizi<ca Ai B = Ui<;<a Bj, with A; and Bj 
compact, then it suffices to show that {g ET | JÄN B; # 0} is am set 
for all i,7. Thus it suffices to assume that A and B are small sets fie 

subordinate to some open covering of X/H). Now, by Theorem 2.4 the 
map X — X/H is a principal H bundle, so there is an open e of 
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X/H such that over each open set of this cover the bundle X — X/H is 
trivial. We assume that A and B are subordinate to this cover. 

Applying a local section to A and B, we can obtain compact sets A’ 
and B’ in X with images A and B in X/H. Thus, {(g,h) E€ T x H | 
gA’h-1 N B' + O} is compact. Therefore, the image of this set under the 
canonical projection IT x H — T is also compact; but this image is clearly 
{gE |gANBF DB}. E 


Corollary 3.13. Let (T,G, H) be a locally Klein geometry. Then the map 
Tr \G—>T\G/H is a principal H bundle. 


Proof. Apply Lemma 3.12, taking X = G, and use the left and right 
multiplication actions of I and H, respectively, on G. Since I and H are 
closed subgroups, these actions are proper. Since (T, G, H) is locally Klein, 
it follows that the action T x (G/H) — G/H is free and proper. So by the 
lemma, (T \ G) x H —>T \G is also free and proper. The result then follows 
from Theorem 2.4. w 


We remark that, according to Exercise 3.11, the principal bundle [\G —> 
T \ G/H is the same as the principal bundle T'o \ Go > To \ Go/H. 


Example 3.14. Consider the case of the hyperbolic plane M = Sl2(R)/ 
SO2(R). It is known that any closed, orientable surface M, of genus g > 1 
can appear as the quotient T \ M for some choice of T C Si2(R). Let Py 
be such a subgroup. Then the quotient M, = I’, \ M is a locally Klein 
geometry in the sense of the definition above. + 


We note that if (T, G, H) is a locally Klein geometry, then the Maurer- 
Cartan form wg: T(G) — g, because of its left invariance, induces a form 
WT\G: T(T \ G) — g. 


Exercise 3.15. Show that the form wr\g has properties analogous to those 
of the Maurer—Cartan form given on page 153. = 


Lie Algebras of a Klein Geometry 


For each Klein geometry (G, H), we have the corresponding pair of Lie 
algebras (g, b). If (G, H) is effective, then b contains no nontrivial ideal of 
g (cf. Exercise 3.4.7). 


Definition 3.16. An infinitesimal Klein geometry, or more briefly, a Klein 
pair, is a pair of Lie algebras (g, h) where h is a subalgebra of g. The kernel 
t of (g, b) is the largest ideal of g contained in b. If € = 0, we say the pair 
(g, h) is effective. If there is an h-module decomposition g = h © p, we say 
(g, b) is reductive. & 
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Let us consider the correspondence 


{Klein geometries} —> {Klein pairs}. 
(G,H) rn (9,5) 


This correspondence is not surjective, since Remark 3.8.10 gives an ex- 
ample of an effective Klein pair (g,h) for which h cannot be realized as a 
closed subgroup in any realization of g. We could define the closure of h of 
h to be the Lie algebra of the closure of the realization of h in the connected 
and simply connected realization of g. Then it is clear that the image of 
the correspondence consists of the Klein pairs (g, b) where p is closed (i.e 

= ). It is easy to see that the Lie algebra € of the kernel K of a Klein 
geometry (G, H) is the kernel of the associated Klein pair (g, b). 


Exercise 3.17. Let (g,) be an effective Klein pair with b closed. 
(a) Show that every realization is locally effective. 


(b) Show that there is an effective realization. 


(c) Study the relationship among the collection of all realizations of (g, h). 
m 


One-Dimensional Effective Geometries 


It is a remarkable fact that the real li 
: ne supports exactly three effecti 
Klein geometries. These are as follows. ý A 


Definition 3.18. (i) The Eucli o 
(R,0). (i) e Euclidean line is (R, 0) with Klein pair (g,b) = 


(ii) The affine line is (Aff? (R), Git . ' , 
lafi (R), gh (R)), oa (Affi (R), GIT (R)), with Klein pair (g,h) = 


asid] i )jeeReeR*}, artor)={(j 4 


iR = 4(° ijeeRders}, ate = { (6 1) 


(iii) The universal cover of the projective line is (Ĝ, Ñ) with Klein pair 
(g, b), where 


dert}, 


deri}. 


G = Sl2(R) = the universal cover of G = Sl2(R), 


~ 


H = the identity component of the inverse image in G of H c G 


#=1(% a) 


and where 


deR' ber}. 
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The Lie algebras of G and H (and of G and H) are 


(E Dpesenja- (CF Dem) + 


The proof of this depends on the following classification of Klein pairs. 


Proposition 3.19. Let (g,§) be an effective Klein pair with dim g/h = 
1. Then (g,4) is isomorphic to one of the three Klein pairs described in 


Definition 3.18. 


Proof. See Appendix C. H 
We use this proposition to prove the following slightly more general result 
than that stated at the start of this subsection. 


Proposition 3.20. 


(i) There are exactly three isomorphism classes of effective Klein ge- 
ometries on the real line: the Euclidean line, the affine line, and the 
universal cover of the real projective line. 


(ii) There are two families of isomorphism classes of effective Klein ge- 
ometries on the circle. 


(a) One is the family of Euclidean circles (R./(IZ),0) with the same 
Klein pair as the Euclidean line. The parameter l € R+ is the 
length of the circle. 

(b) The other is the family of finite covers of the projective line 
(PSl2(R)™, H (")) with the same Klein pair as the projective 
line. The parameter n E Z+ (the degree) indexes the subgroup 


nZ = nm (PSlo(R)) C m(PSl2(R)) = Z 


determining the covering PSL(R)™® —> PSI(R), and H™ 
is the component of the identity of the preimage of H in 
PSI.(R)™. 


Proof. Suppose (G, H) is a one-dimensional effective Klein geometry with 
Klein pair (g, h). Then by Proposition 3.19, (g,h) must be the Euclidean, 
affine, or projective Klein pair. 

First assume that (g, h) = (R, 0). Then the universal cover of G is R; in 
particular, G is abelian, and so H is a normal subgroup. Since the geometry 
is effective, H = 0. The preimage of H in the universal cover is a discrete 
subgroup that must then take the form IZ c R. Thus G = R/(/Z). This 
is the real line if | = 0 and is the circle otherwise. 
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Next assume that (g,h) is the affine Klein pair. Then g is realized b 
the connected and simply connected group Af fI (R). As a simple ete 
lation shows, Af f{(R) has no center and hence Af fT (R) is the unique 
ces of g. Now h C g has GI} (R) as its unique connected realization 
in Af fi (R). Another simple calculation shows that GIT (R) is a maximal 
superou in Af fi (R) and hence H = Gi} (R). Thus (G H) = (Af fT (R) 
Gh (R)). In particular, G/H = R. Thus, there are no affine Klein n 
tries on the circle and just one on the line. m 

Finally, assume that (g, h) is the projective Klein pair. Then g is realized 
by the connected and simply connected universal cover of Sl2(R) denoted 
by Sl2(R). In fact, the projection Sl2(R) > Sle(R)/{+I} = PSi.(R) 
is a 2-fold covering so that the composite SL(R) > Sh(R) > PSL(R) 
displays Slə(R) as the universal cover of PSl (R). Now the kernel of the 
covering homomorphism Sl2(R) — PSl2(R)) is rı(PSl2(R)) = Z and is a 
central subgroup. On the other hand, PSl2(R) has no center, and so Z is 
the whole center of Sl2(R). Now if G is an arbitrary aounected realization 
of g, there is a covering homomorphism p:G — PSi2.(R) determined b 
the subgroup p.71(G) = nZ C mı(PSL(R)) = Z, that is, by the ms 
n. Thus, we may write G = PSI2(R)™). Since the pair (G, H) is effective 
H A center(G) = {e}. Thus, H is isomorphic to its image Ho in PSI. (R), 
and hence Ho contains the connected subgroup of PSl2(R.) with Lie see | 
h. This latter subgroup is isomorphic to the image of a 


d! b 
0 d beR, de RH} C Sh(R). 


under the projection map Sl2(R) — PSl2(R). 

However, a third simple calculation shows that this subgroup is a maxi- 
mal subgroup of Sl2(R). Thus, it is isomorphic under the projection ma 
to Ho C PSI2(R). In fact, since Ho is connected and simply ene 
there is a canonical homomorphism Hp C PSla(R)®™® lifting the inclusio , 
for each n and hence we have the following diagram. : 


Ho c PSR) > R 

=} $ 

Hc PSR > S! 
=} ļ | n-fold cover 
Hy c PSL(R) > S! 


From this it follows that there is just one isomorphism class of projective 


geometries on the real line j : ; ae 
Ei: , while for the circle there is one for each eE 


Exercise 3.21. Verif “oj . 
l. y the three “simple calcul 4 i 
T p culations” referred to in the 


eer 
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Exercise 3.22. (a) Show that the Euclidean circles (Definition 3.18(ii), 
part a) are isomorphic as Klein geometries if and only if they have the 


same length. 
(b) Show that two projective circles (Definition 3.18(ii), part b) are iso- 


morphic as Klein geometries if and only if they have the same degree n. 
=) 


Exercise 3.23. Show that the geometries in Definition 3.18(i) and (ii) are 
reductive but that in 3.18(iii) is not reductive. | 


$4. A Fundamental Property 


In this section we prove a basic technical result about the connection be- 
tween a Klein geometry and its associated infinitesimal geometry. 


Theorem 4.1. Let (G,H) be a Klein geometry with kernel K and assoct- 
ated Klein pair (g,) with kernel t. Then K = {h € H | Ad(h)v — v € £ for 
allv € g}. 


Corollary 4.2 (Fundamental property of effective Klein geometries). If 
(G, H) is an effective Klein geometry, N is a subgroup of H, and n is the 
Lie algebra of N, then 


N = {h € H | Ad(h)v—v € n for all v € g} > N = {e}. 


Our proof of this result and its corollary depend on the following two 
lemmas. 


Lemma 4.3. Letn C h C g be Lie algebras and N c H Lie groups realizing 
the inclusion n C h. Assume N is normal in H, and let 


N' = {h€ H | Ad(hjv -ven for all v € g}. 
Then N' is also a normal subgroup of H. 


Proof. (i) Clearly e € N”. 

(ii) Next, a € N’ = Ad(aju-ven for all v € g > v—Ad(a7')u € 
Ad(a7?)n, for all v € g; but N is normal in H. Thus Ad(a~!)n C n. Hence 
a te N’, 

(iii) 

a, b € N! = Ad(aB)v — v = Ad(a)(Ad(S)v — v) + (Ad(a)u — v) 
€ Ad(a)n +n = n for all v E g. 


Hence aß € N’. Thus N’ is a group. Finally, we verify it is normal in H. 
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a € N',h € H = Ad(h‘ah)v — v = Ad(h~"){Ad(a)(Ad(h)v) — (Ad(h)v)} 
E Ad(h~")n = n for all v E€ g. E 


Lemma 4.4. Leth C g be an embedding of Lie algebras and H realize b. 
Define a sequence of subgroups of H inductively by 
No = A, 
N, = {h € H | Ad(h)v — v € no for all v € g}, 
where no = Lie algebra of No = 9, 
No = {h € H | Ad(h)v — v € n; for all v E€ g}, 
where nı = Lie algebra of Ni, 


Ny = {h € H | Ad(h)v — v € ng_ for all v € g}, 


where ny_1 = Lie algebra of Ny_1. 


se No D Ny SNe) ics SD Nx >... are all Lie groups that are closed 
and normal in H and, after finitely many steps, the sequence stabilizes at 
a group No whose Lie algebra na is an ideal in g and satisfies 


Noo = {he H | Ad(h)v — v E€ næ for all v E€ g}. 


Proof. Applying Lemma 4.3 inductively, we see that each of the groups 
Nx is normal in H. Also, if we assume N; D Nj+ı (which holds for j = 0) 
then n; D nj+1, so that 


n E€ Nj+2 > Ad(n)v — v € nj41 for all v € g 
= Ad(n)v—v E nį forallv E€ g 
= n € Nj+1ı, and hence Nj41 D Nj+2. 


Now set Næ = NNj. Since each is N; normal in H, so is Na. We note 
that the sequence of Lie algebras n; and hence also the identity components 
of the Njs form a decreasing sequence which must become constant after 
finitely many steps. It follows from their definition that the N;s themselves 


must also stabilize in the same finite number . 
. of steps, and so N, i 
a Lie group. Clearly i T 


No = {h € H | Ad(h)v — v € ty for all v € g}. E 


Corollary 4.5. Let H be a closed subgroup of G realizing the inclusion 


h C g. Assume that G is connected. Then in additi 
i ition to th 
4.4, Nœ is normal in G. rere 
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Proof. We continue from the end of the proof of Lemma 4.4. Writing the 
condition 


Noo = {h € H | Ad(h)v — v € Noo for all v € g} 


infinitesimally, we see the Lie algebra noo of Noo satisfies {noo,g} C g, SO 
that nə is an ideal of g. By Exercise 3.4.7 the identity component of Noo 
is a normal subgroup of G. For n € Noo, we have 


Ad(n)(Ad(g)v) — Ad(g)v E Noo, 
so that 
Ad(g~'ng)u—v = Ad(g7!){Ad(n)(Ad(g)v)—Ad(g)v} E Ad(g7 tno = noo: 


(The latter equality comes from the fact that the identity component of 
N. is already known to be normal in G.) Thus, g ing € Noo. It follows 
that Nə itself is normal in G. E 


Proof of Theorem 4.1. It suffices to show that K = No. The inclusion 
K > N. follows from the maximality of K (cf. Definition 3.2). We need 
to show that K c Noo. The fact that K C No = H is automatic. Let us 
assume inductively that K C N;. Thus € C nj. Now the fact that K is 
normal in G implies, by Exercise 3.4.7, that ad(k)v — v €E £ for all k € K 
and for all v € g. Thus, 


K c {h € H |ad(h)v — v € € for all v € g} 
C {h € H |ad(h\w — v E nj for all v E g} = Nas: 
It follows by induction that K C Noo, and hence K&N: E 


Proof of Corollary 4.2. The second half of the preceding argument shows 
that any subgroup N satisfying the condition N C fhe H |ad(hjv—-v En 
for all v € g} lies in Noo. But Noo = 1, since it is a normal subgroup of G 
lying in H. a 


§5. The Tangent Bundle of a Klein Geometry 


Let us consider a bundle chart (U,) for the principal H bundle 7:G — 
G/H. Thus we have the diffeomorphism *p:U x H — m`} (U) CG. Clearly, 
this yields a commutative diagram. 


i Wy Tux X TNH 
TUE TU x H) -> T(U) x TH) 


A |p Ae Oj 1 


T(U) 
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The top right-hand diffeomorphism is the one described in Exercise 1.4.15. 
From this diagram it follows that, if x = m(g), the diagram 


@ 
RH) ——> b 
| n 
WG 
T(G) — = g 


| 


T.(GIH) ——» g/b 


is commutative,” with exact columns. Since h is only a subalgebra of g 
(not an ideal), the quotient space g/h is merely a vector space (not a Lie 
algebra). The linear isomorphism y, is the unique map making the diagram 
commute. 

We can identify the tangent space of G/H at x with g/h, but the identi- 
fication pg depends on the choice of g € G over z. In fact tines TR, = 7 
the relation Rwy = Ad(h)~'wz implies that yy, = Ad(h)—y It follows 
that the identification of T,(G/H) with g/b is determined Ba up to the 


adjoint action of H on g/h. This fact accounts for the frequent occurrence 
of the adjoint action in the sequel. 


Proposition 5.1. T(G/H) ~ G x y g/h (as vector bundles over G/H). 


Proof. Define a map y:G x g > T(G/H) by (g x v) = (n(g), Tx Lge), 
where nT: G = G/H is the canonical projection. Clearly, p is smooth, sur- 
jective, and linear for fixed g. Moreover, for v € T.(H), Lg«v € Ty(gH) € 


ker The Thus, xv) = ` 
S p(g x v) = (g,0). There is also another fact about y. We 


(gh, Ad(h~*)v) = (1(gh), Ta LghxAd(h~*)v) = (1(9), Ta (Lons Ln. Rnxv)) 
= ((g), Lo gaT x (Rnxv)) = (a(g), Lgs (7Rp)V) 
= (1(9), Lgx (Tx (v)) = (g, v). 


Thus, y induces a smooth quotient mapping ¢:G xy g/b — T(G/H). 
Moreover, this map is injective since y(g xv) = y(g' xv’) implies g’ = gh for 
some h € H and T, LghxV = 1,4L,.v. The latter means that m, Lau’ = T U 
and hence that v’ — Ad(h~)v € bh. Thus, 


14 . 
Of course, the top map is not really wy except in the case when ge€ HH 


a for any choice of gh € gH, the composite T, (gH ) par Ta (hH) = 
Th(H) —> § is the same, so we may sensibly denote this map by wy. 


a 
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g xv = gh x Ad(h~*)v (mod h) =g x v in G xp 9/b. 


Thus, ¢ is a vector bundle map covering the identity on the base G/H, 
which is linear on fibers. E 


This proposition gives an identification of each tangent space T,(G/H) 
with g/b. This identification is canonical up to the adjoint action of H 
on g/b. Since tangential information involves only derivatives of the first 
order, we can make the following rough division of Klein geometries into 
two types according to whether or not H is faithfully represented by the 
adjoint action on the tangent space. 


Definition 5.2. A Klein geometry G/H is of first order if the representa- 
tion Adg/y: H > Gl(g/ h) is faithful (i.e., injective). Otherwise, the geome- 
try is said to have higher order. æ 


As one may see in Appendix C, the classification of primitive effective 
pairs (g, h) breaks into two cases of quite different nature depending on 
whether or not adg/p: b — GI(g/b) is injective. 


§6. The Meteor Tracking Problem 


In order to motivate the need for the notion of a gauge, we begin by de- 
scribing the meteor tracking problem in a Klein geometry M = G/H. 
Suppose we live in a small open set U C M and a meteor flashes through 
U. We wish to describe the motion of the meteor. We assume the meteor is 
rigid and sufficiently complicated. By the term rigid in the given geometry, 
we mean that for any two of its positions, where it has the configurations!’ 
Xo and X; say, there is an element of G carrying Xo to X1. By sufficiently 
complicated we mean that the subgroup of G that fixes the body pointwise 
(its stabilizer) is the identity. It follows that if X(t) is the configuration 
of its points at time t, then there is a unique path g(t) in G, the group of 
“rigid motions” for X, such that X (t) = g(t)X (0). One way to describe the 
motion would be to specify the path g(t) itself. However, it is more useful 
for us, and closer to what is actually observed, to describe the motion 
differently. We first describe the motion of one of its points q € X (0), 
which we take to be eH, by a path q(t) = g(t)H on U, and then describe 
the motion of the rest of the body as turning about this one point as it 
moves along. To describe this turning, we need the notion of a gauge. 


157¢ the “abstract” meteor is the point set X, then a configuration Xo of these 
points in M is a map Xo: X — M. This is what Cartan originally had in mind 
when using the term “moving frame.” 
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What Is a Gauge? 


The following figure depicts the anatomy of a generic gauge.!® 


23 4 
1 oh 5 
Something moving MW 


(what we wish to measure) 


Something fixed, 
but arbitrary 
(the choice of gauge) 


ie see that this structure consists of two parts: 
1) a part that is fixed but arbi i 
oo arbitrary, the numbered marks (the “choice 

ra a part that is moving and that we wish to measure by comparison to 
the xed part. In our example of the meteor tracking problem, the moving 
part is the meteor itself. What is the fixed part? 

Let assume that the open set U is small enough so that there is a 

smooth section o:U — G. Of course, once there is one o there will be 


many others also, and if a, and a j 
; 2 are two such sections, th 
differ by a map h:U — H, namely, fern re 


o2(u) = oi (u)h(u). 


The “choice of gauge” is merely a choice of one of these sections. The section 
is the gauge and the relation between cı and a2 above is called a gau 
transformation. A choice of gauge can be regarded as a choice of a 
varying smoothly with u, which maps the base point to u. The value of i 
‘pes e eas may be called a frame at that point and the gauge itself 
é; 
i A a » k fee a this point of view the principal bundle 
: Now let us see how we may use the gauge o: U — G to track the meteor 
a pee, and g(t) lie over q(t), they must differ by an dlement 
i E . Thus, in the presence of a gauge, the motion may be described 
y giving q(t) and k(t). The latter describes the way the meteor turns 


16 s 
ee scien eke Original use of the term gauge was in the restricted sense 
gauge of a railway track and refers to a scale factor. This appears as the 


special case H = R™. It isa ha 
= ppy accident of language that th 
has the more generic interpretation given here. ei ile in 
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about the point q(t). We emphasize that there is no intrinsic geometric 
meaning attached to the choice of gauge, or indeed to the function k(t) 
alone. Together, however, they complete the description of the motion of 
the meteor. 


§7. The Gauge View of Klein Geometries 


In this section we are going to formulate various aspects of the Klein geom- 
etry M = G/H from the gauge point of view. These remarks will serve as 
the motivation for the base definition of Cartan geometries given in §1 of 
the next chapter, which studies Cartan’s generalization of Klein geometries. 


Gauge Picture of Bundle Charts 


Fix a bundle coordinate chart (U,p) for the principal H bundle 7:G — 
G/H. Thus we have the diffeomorphism y: U x H — nx~!(U). Note that, 
since such a chart is by definition right H equivariant, specifying w is 
equivalent to specifying a section o over U. More precisely, setting o(u) = 
(u,e), we have y(u, h) = a(u)h. 

Let us study the coordinate change resulting from a change of sections 
over U. Suppose that o1 and gz are two sections of G — G/H over U. Thus, 
there is a unique smooth map k:U — H such that o2(u) = 01 (u)k(u) for 
u € U. If yı and we are the corresponding trivializations of na 1(U), we 
have the diagram 


yxHg (U) U xH. 


(u,h) => oı(lu)h=02 (u)h 7 (u,h) 


It follows that > di(u,h) = (u,o2(u) t01 (u)h) = (u,k(u)~*h). Thus, it 
is possible to reconstruct the bundle G — G/H if we are given only the 
transition functions (or gauge transformations) k:U > H. 


Gauge Picture of Maurer-Cartan Form 


Let us consider now the shape taken by the Maurer-Cartan form on a 
coordinate chart given by a section o of G — G/H over an open set U. 
The coordinate chart corresponding to ø is 


y:UxH- a *(U). 
(uh) => Rpa(u) 


We calculate * (wa). 


Proposition 7.1. The following diagram commutes, where 


o(v,y) = Ad(h)~*we(v) + wx). 
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Tun(U x H) 


boa 
Tux X Ty g 
-a 


T,(U) x T (H) 


P y . bd 


Ty(U) x Th(H) > Teun) (U x H), 
my) > ina (0) +5un(y) 


where tp: U — U x H sends x —> ( ; 
Thus it suffices to verify the P of A 


Ku, (U x H) IAN (U x H) 
aa V*wgG 
hs g Jux as 
n g|T,(U) = Ad(k)ag ioe ED = wy 
TH) = | (H) 


For the first diagram, we have 


(Y wa) O Thx = (Yir) wa = (Rho wg = o* Rwa 
=g" (Ad(h7*)we) = Ad(h7')a*we, 


and for the second we have 
(p"we) o jux = (Viu) we = (Lo(u)) we = WG. 


Infinitesimal Gauge 


Let o: U 
o:U — G be a gauge, namely, a section of the principal bundle G — 


G/H over an o . 
pen set U in G/H. Th 
form wg to a g-valued 1-form on U: en g pulls back the Maurer—Cartan 


o*(wg)=9. 


The structural equation for wg also pulls back to yield 


1 


S 
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We note that not only does o determine 6 but the reverse is almost true as 
well, since the fundamental theorem of calculus says that 0 determines o up 
to left multiplication by a fixed element of G. Indeed, for an effective Klein 
geometry, if ø is a section, then go is a section = g = e.'’ For this reason 
we may refer to both o and 0 as gauges on M. If we wish to distinguish 
them, we shall refer to 0 as an infinitesimal gauge. In fact, it will be the 
infinitesimal form of the gauge that will be of the most use to us exactly 
because it is “independent of the base point.” We may further note that 
since o is a section, by the diagrams in §5 identifying (noncanonically) the 
tangent space of G /H with g /h, the composite mapping 


canonical 


aru — s > wh 


is an isomorphism for every u € U. 

The infinitesimal gauge 0 can be roughly interpreted as assigning to each 
tangent vector v € Ty(M) the infinitesimal motion I + e6(v) € G (where 
c is infinitesimal and we are thinking of G as a matrix group SO that the 
addition makes sense) of M whose effect on u itself is to move it to u + €v. 

By varying the trivialization w, or equivalently by varying the section o, 
we change the infinitesimal gauge 0. We may see the variation explicitly in 
the following way. Let cı and o2 be two sections over U. Then, as we saw 
above, there is a smooth map A: U — H such that o2(u) = 71 (u)h(u) for 
u € U. According to the product rule (Proposition 3.4.10), differentiating 
this formula yields 


O5WG = Ad(h7!)of{we + h*wy, 
that is, 
b> = Ad(h7*)01 + h* wy. 


More explicitly, if v € Tu(U), then (v) = Ad(h7*)61(v) + wy (h(v))- 

We call such a variation of the infinitesimal gauge 0 an (infinitesimal) 
change of gauge, and the two infinitesimal gauges are said to be (infinites- 
mally) gauge equivalent. We denote this symbolically by 


0, Èh bə. 


It is quite clear from the “integral” version of the gauge that this is an 
equivalence relation, at least among gauges with a common domain of def- 
inition. 


171¢ go is also a section, then £z = n(ga(x)) and hence gz = q% for all x E U. 
Thus f-'gf € H for all f € x *(U) c G. This shows that {f €G| f-'of € H} 
contains an open subset of G. But it is also an analytic subset of G, so it must 
be equal to G, at least for G connected. Thus g € !fec ff -~t and this latter 
is a normal subgroup of G in H and is therefore trivial. 


87. The Gauge View of Klein Geometries 169 


o T Se Lel wg be the right-invariant Maurer—Cartan form on G 
H = o* Wg. Show that this (right) infinitesimal gauge beatisform’ 
according to 02 = 0; + Ad(o;)h*@y, where oz = ch. q 


To prepare for later work wi 
with : 
dehnition: Cartan geometries, we make the following 


Definition 7.3. A gau 
we ge symmetry of 
map b: G — G such that , ry of a Klein geometry (G, H) is a smooth 


(i) b(gh) = b(g)h for all h € H, and 


(ii) b(g) € gHg™ for all g € G. P 


g 


E : 
xercise 7.5. Show that a gauge symmetry b: G — G determines and is 


determined by a smooth l 
gEG. map f:G/H — G such that f(g) € gHg~* for all 
= 


5 


Shapes High Fantastical: Cartan 
Geometries 


In the wake of the movement of ideas which followed the gen- 
eral theory of relativity, I was led to introduce the notion of new 
geometries, more general than Riemannian geometry, and play- 
ing with respect to the different Klein geometries the same role 
as the Riemannian geometries play with respect to Euclidean 
space. The vast synthesis that I realized in this way depends 
of course on the ideas of Klein formulated in his celebrated 
Erlangen programme while at the same time going far beyond 
tt since it includes Riemannian geometry, which had formed a 
completely isolated branch of geometry, within the compass of a 
very general scheme in which the notion of group still plays a 
fundamental role. -E. Cartan, 1939 


The universe appears to be a nice mixture of homogeneity and nonho- 
mogeneity. At almost any location and scale, one is likely to see nothing 
(i.e., homogeneity) except for some concentrations (“lumps”) of something 
at some great distance. If we move to the center of one of these concen- 
trations, the nonhomogeneity may become more apparent; but if we then 
change our scale, the nonhomogeneity disappears and we are left with vir- 
tual homogeneity again. In a broad sense this is the fractal nature of the 
universe. Human life on earth is quite exceptional in this regard. We appear 
to be located at a position and scale where the nonhomogeneity is quite 
manifest. Nevertheless, we have not been so completely drowned in nonho- 
mogeneity that we were prevented from discovering Euclidean geometry, a 
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totally homogeneous idealization of our circumstance. Until this century, 
physics was regarded as the study of events in the amphitheater (as it were) 
of Euclidean geometry.! The present century has seen the appearance of 
“lumpy geometry” in physics, both in Einstein’s theory of general relativ- 
ity as well as in the gauge theories of electromagnetism and of weak and 
strong interactions. Here geometry sheds its passive appearance as back- 
drop and assumes increasingly the role of actor. Indeed the question arises, 
“Is geometry in its various forms the only actor?” 

The new geometries in the quotation from Cartan at the head of this 
chapter refer to his “espaces généralisés,” or what we are calling here “Car- 
tan geometries.” If Klein geometries represent perfect homogeneity, then 
Cartan geometries represent a perfect mixture of homogeneity and nonho- 
mogeneity. Riemannian geometry (see Chapter 6) had its origins in 1854 in 
Riemann’s celebrated talk.” It can be regarded as a nonhomogeneous ver- 
sion of Euclidean space. Cartan’s generalization of Klein’s geometries do 
for them what Riemann’s generalization does for Euclidean space, that is, 
it adds “lumps.” If a geometric theory is going to be of any use in a seam- 
less description of a nonhomogeneous universe, it had better be “lumpy.” 
Physical gauge theories describe fermions (“particles”) as complex-valued 
functions on a principal bundle over space-time, and bosons (“forces”) as 
connections on this principal bundle (cf. [Y.I. Manin, 1989]). Thus, it may 
become physically interesting to understand these notions in their proper 
geometrical context. 

Cartan geometries are modeled on, and named by, Klein geometries. For 
example, we refer to a Cartan geometry modeled on Mobius geometry as 
a Möbius geometry. This usage is justified, for instance, by the fact (cf. 
Theorem 5.1) that if the Cartan geometry is flat, then it is locally the 
same as the model space. 

There are, in fact, two forms of Cartan geometries, the local form and 
the global form. The two forms are equivalent only when the model Klein 
geometry is effective.* 

Our first definition is of local character and is called the base definition. 
Here the geometrical side is least apparent and analysis comes to the fore. 
This appears to be the version most preferred by the physicists because of 


1 However, Gauss had his suspicions about the truth of this. After his discov- 
ery of hyperbolic geometry, he realized that it could equally well serve as the 
amphitheater of events. In his capacity as director of the project to survey the 
Kingdom of Hanover, he was aware that the measurement of earthly triangles 
would not settle the issue. This story is told in Chapter 9 of [W.K. Bühler, 1981]. 
It was Lobachevski’s proposal to attempt to settle the question experimentally 
by studying stellar triangles. 

2 An English translation of this talk appears in [M. Spivak, 1975], p. 135. 

3See Appendix A for the relation to Ehresmann connections. 

4 Although this is a very important case, it does not exhaust the interesting 
possibilities. For example, spin geometries are based on ineffective models. 
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the local and analytical character of measurement. The second definition 
is global and is called the principal bundle definition. Roughly speaking, it 
presents a Cartan geometry as “a deformation of a Lie group which ae 
the cosets of a closed subgroup.” 

In 81 we use the gauge idea to generalize the notion of a Klein geometry 
(G,H) to that of the local version of “a Cartan geometry modeled on 
(G, H)” We also introduce the curvature 2-form, which is a measure of the 
failure of the structural equation. In §2 we see how, for effective geometries 
a Cartan geometry determines a principal bundle and a Cartan Peun 
on it. In §3 we give the global definition of a Cartan geometry in terms 
of the data obtained in §2. At the same time this definition generalizes 
the Lie-theoretic properties of the Klein geometries given on page 153 
Section 3 continues with the study of a number of concepts related tö 
Cartan geometry, including the tangent bundle, the curvature function 
Bianchi identity, tensors, differentiation, and special geometries. Section 4 
introduces the notion of developing a curve in a Cartan geometry as a curve 
in the model space. In the case of closed curves, this leads to the notion of 
the holonomy group. This group is a subgroup of the group G of the model 
In the case of a complete flat geometry, it is just the monodromy group. It $ 
one measure of the failure of the geometry to be Klein. Also in this section 
the notion of geometric orientation is generalized to Cartan geometries to 
prepare the way for the classification in §5 of geometrically oriented locally 
Klein geometries among Cartan geometries. In §6 we study the Cartan space 
forms, a class of geometries generalizing the Riemannian space forms. These 
again turn out to be locally Klein, but the model may change. The ideas 
in this section revolve around the notion of model mutation, which refers 
to the possibility of altering the model Klein geometry on which a given 
Cartan geometry is modeled. It is a change that may alter the curvature 
but in which there is no loss of information about the original geometry 
Finally, in the short §7, we apply the classification of Cartan space forms o 


nei of symmetric spaces. These latter can be defined for any reductive 
model. 


81. The Base Definition of Cartan Geometries 


In Chapter 4 we showed how a Klein geometry M gives rise to a gauge, or 
rather an equivalence class of gauges, on each sufficiently small open A 
We are now going to generalize this notion to that of a geometry modeled 
on a Klein geometry. But first there is the question of what data to take as 
the model geometry. The apparently simplest way would be to use a Klein 
geometry (G, H) itself as the model. This approach, however, would result 
in later difficulties related to the fact that the influence af tbe model is 
essentially local. For this reason we take the following definition. 
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Definition 1.1. A model geometry for a Cartan geometry consists of 
(i) an effective’ infinitesimal Klein geometry (g, b), 
(ii) a Lie group H realizing p, 


(iii) a representation, denoted Ad: H — Glrie(g), extending Ady: H —> 
Glrie(h)- 


The kernel K of the representation Ad: H — Glie(g) is called the kernel of 
the model geometry. If K is trivial, the model geometry is called effective. 


A model geometry is called primitive is the subalgebra § is a maximal 
subalgebra of g. It is called reductive if there is an H module decomposition 
g=h Op. 

We note that the hypothesis of effectiveness in Definition 1.1(i) implies 
that the kernel K is a discrete subgroup of H. It is clear that an effective 
Klein geometry (G, H), or more generally a Klein geometry with discrete 
kernel, canonically determines a model geometry. From now on we assume 
that we have chosen once and for all a fixed model geometry. 


Cartan Gauge 


Definition 1.2. Consider a model geometry (g,h) with group H. A Cartan 
gauge with this model on a smooth manifold M is a pair (U, ĝu), where U 
is an open set of M and ĝy (which we may abbreviate by 0) is a g-valued 
1-form on U satisfying the regularity condition that 


canonical 
projection 


gT) > g— 9/0 


is a linear isomorphism for each u E U. (One usually assumes that U isa 
coordinate neighborhood in M, although this is not strictly necessary.) & 


Definition 1.3. If M is a smooth manifold, then a Cartan atlas on M is 
a collection A = {(Ua,9a)} of Cartan gauges with model (g,) and group 
H such that 


(i) (Covering) the Ua’s form an open cover of M, 


(ii) (Compatibility) if (U, 0y), (V,Ov) € A, then there exists a smooth 
map k: UNV — H such that? 6y = Ad(k7!)0y + k*wH on UNV. 


>It is possible to omit the effectiveness condition here, but there seems to be 
no gain in doing so. 

6This equation is an abbreviation. It means that for each z € UNV we have 
(Ova = Ad(k(a)~*)(Ou x + (K")2wH- 
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(This compatibility relation is also called gauge equivalence.) Æ 
, Let us take a moment to study the compatibility relation between ĝy and 
As a in the last chapter, we denote this relation by writing ĝy >; Oy 
w onOWInE lemma is not unexpected since it is obvious for the Sina 
(“integral”) version of gauges given in the last chapter. 
Lemma 1.4. Suppose that (0;,U) are Cartan gauges for i = 1,2,3. Then 
(i) 01 ia 71, 
(ii) 0, =>. Qo implies Qo => p-1 01, 
(iii) 0, > h ə and Qo > k 03 imply 0; > hk 03. 
Proof. (i) is obvious. 
(ii) 02 = Ad(k~!)0; + k* (wn) implies 
0, = Ad(k)(@2 = k*(wg)) 
= Ad(k) 02 — Ad(k)(k* (wg)). 


Now by the quotient rul * 
2 ule, Corollary 3.4.11, Ad(k)(k*(wy)) = —(k7~!)*wy, 


0; = Ad(k)@2 + (ktw, i.e., Qo => p-1 0. 
(iii) 62 = Ad(h~")0, + h* (wy) and 63 = Ad(k™1)02 + k*(wy) imply 
03 = Ad(k~*)(Ad(h7*)0, + h*(wy)) + k* (wą) 
= Ad((hk)~*)0, + Ad(k7")h* (wy) + k* (wp). 
Now by the product rule, Proposition 3.4.10, applied to the composite 


U-&UxUŻŠ HxH- H, 
u |> (uu) > (h,k) œ= hk 


we have 
(hk)*wH = ((h x k)A)*p*wy 
= ((h x k)A)* (trž Ad(k“ wy + TWH) 
= (mı (h x k)A)*Ad(k7*)wyy + (m2(h x k)A)*wy 
= Ad(k7')h*wy + k“wyg 
and so 


03 = Ad(hk)~*)0, + Ad(k7~*)h*(wiz)) + k* (wy) 
= Ad((hk)~*)0, + (hk)*wy. 


nn 
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Exercise 1.5. Suppose that Ad: H > Gl(g/b) is surjective. Let (U,8) be 
a Cartan gauge and let <: U — g/b be any local coordinate system. Show 
that each point p € U lies in a neighborhood V C U such that the Cartan 
gauge (V,0 | V) is gauge equivalent to a gauge (V, p) with p= dx mod b. 
m 
Just as in the case of manifolds, bundles, and foliations, we call two 
atlases equivalent if their union is also an atlas, and we note that there is 
a unique maximal atlas equivalent to a given one. 


Definition 1.6. A Cartan structure on a smooth manifold M consists of an 
equivalence class of Cartan atlases on M. A Cartan geometry’ is a smooth 
manifold M together with a specified Cartan structure. A Cartan geometry 
is effective if the model is effective. B 


Definition 1.7. Let Mı and Mo be two Cartan geometries with the same 
model geometry. A diffeomorphism y: Mı > Msg is called an isomorphism 
of geometries (or a geometric isomorphism) if for any Cartan gauge (U, 0u) 
on Mo, the gauge (p-1(U), p* Ou) induced on Mı is compatible with the 
Cartan atlas on Mı. BR 


Curvature 

We note that in defining the notion of a Cartan geometry, we have not 
mentioned the structural equation. This is not an oversight. Rather, it 
constitutes Elie Cartan’s basic insight as the means for generalizing the 
Klein geometries. In particular, for any Cartan gauge (U, ĝu), the g-valued 
9-form Oy = déy + 5l6u, 0y] on U need not vanish. As we shall presently 
see, Oy is a measure of the nonhomogeneity—the lumpiness—of a Cartan 


geometry. 


Definition 1.8. The form Oy = diy + 5[6u,9u] on U associated to a 
Cartan gauge (0,U) is called the curvature with respect to this gauge. ® 


Of course, like the gauge Oy, the curvature is not intrinsically defined. 


Let us see how it transforms as we alter the gauge. 


Lemma 1.9. Suppose that (0;,U) are Cartan gauges on U fori = 1,2. 


Then 
0, =>h Qo implies O» = Ad(h™})O1. 


Proof. Calculating the exterior derivative of the equation 


TLater in this chapter we shall give another definition (3.1, page 184) of a Car- 


tan geometry equivalent to this one only in the effective case. The later definition 


is the definitive one. 
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02 = Ad(h-!)6, +h*wy, 


we get, using the formula for d{Ad( =i , 
h~*)6,} in Exerci 
symmetry of the bracket on 1-forms a 1.5.20(ii)), SR 


dôa = Ad(h™+)d0 a a : 
(h~*)d0, 5 [Ad(h )0,,h wa] — zh wa, Ad(h~")01] +h* (dwy). 


It follows that 


1 
O2 = dO2 + 5 (92, 02] 


= Ad(h-2\d0, — ttAa(h—26,. h* k 
(h~*)d6, 5 [Ad(h 0i, h wn] — 5h wa, Ad(h~*)01] + h*dwy 


1 
+ 5[Ad(h7*)6; + h*w, Ad(h7")6, + h*wy] 


= Ad(h~?) {do T [61.64 +h (awn - glomwn]} 


= Ad(h i : 
(h~*)O, since dwy + 5 H wH] = 0 


by the structural equation given in §3 of Chapter 3 = 


A simple conse E 

quence of this is that the vanishi 
Bike a oe a ishin 
intrinsic condition, independent of the choice of on the curvature is an 


Definition 1.10. A C 
-1U. artan geom 
points called Nar: geometry whose curvature vanishes at every 
Æ 


The anal 
og for a Cartan geometry of the structural equation for a Lie 


group is flatness. While the stru j 
cural equ . 
not all Cartan geometries are flat. a nee eet Oe 


Example 1. j 

the Klein oni ae examples of Cartan geometries are, of course 

E ee i) /H themselves equipped with the Cartan Boden 

and compatibl aes We showed there that these charts were all regul 
patible. This is called the canonical Cartan geometry on G/ 3 : 


Example 1. ; 

o aan Ta ae simplest examples are the open subsets of a 

restriction. In serie l Ta . nherit the structure of a Cartan geometry by 

still satisfy the Maur i Car oe : eau CEOE e DNeverticless the 

Moreover, if such ane elton equation, so they are flat Cartan geometr' A 
, if such a flat Klein geometry is not simply connected, each a 


covering spaces will have the st 

ructure of a Cart 
b artan geomet j 
y the covering map. These geometries are again Pa ry induced on it 


+ 


Exampl 
i E final example we give now is the case of a locally Klein 
, where T is a subgroup of G that acts on G/H by left 


erence y 
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multiplication as a group of covering transformations. The transformations 
in T act as geometric isomorphisms on G/H. Since the projection G/H — 
T\G/H is a covering map, it is a local diffeomorphism, and we can transport 
the Cartan atlas from G/H tol \G /H. The result is a Cartan atlas on 
T \ G/H, and the covering projection is locally a geometric isomorphism. 
In particular, the curvature on T \ G/H that vanishes so it is a flat Cartan 
geometry. + 


Since all of these examples are flat, the reader may well be wondering 
if there are any nonflat examples. Of course, there are such examples. In 
particular, in §6 we will study cases where the curvature is nonzero but, in a 
certain sense, constant. More generally, it often happens that a submanifold 
of a Klein geometry can be canonically equipped with the structure of a 
Cartan geometry, and these are seldom flat. Examples of this are given in 
Chapters 6 and 7. 


Finally, we define the notion of a gauge symmetry of a Cartan atlas. 


Definition 1.14. Suppose that A = { (Ua, 0a) | œ E€ A} is a maximal atlas 
for a Cartan geometry on the manifold M. A gauge symmetry of the Cartan 
geometry is a permutation b: A — A such that 


(i) Usja) = Ua, and 


(ii) b satisfies the compatibility condition: if Ua = Ug and 0a =n 9p; 
then Obla) >h 4): B 


The full meaning of this rather subtle notion of symmetry will become 
evident only after we study, in §2, the principal bundle associated to a 
Cartan geometry. In any case it is clear from its definition that a gauge 
symmetry does not alter the geometry in any way. 


§2. The Principal Bundle Hidden in a Cartan 
Geometry 


In the case of a Klein geometry M = G/H, there is a canonical principal 
bundle 7 over M given by H — G — M with the property that the Cartan 
gauges are all obtained by pulling back the Maurer-Cartan form on G via 
sections of 7. It is natural to ask whether a similar bundle exists canonically 
for any Cartan geometry. The answer is that it does, provided the model 
geometry is effective, and in this section we describe it. The construction 
depends on the fundamental property of Klein geometries given in 84 of 
Chapter 4. 


Proposition 2.1. Let U support a Cartan geometry modeled on (g, h) with 
group H. Let K be the kernel and let 6; (j = 1, 2) be two compatible Cartan 
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gauges on U : Then 0, =k 62 for a smooth function k:U — H that is unique 
up to multiplication with a smooth function l:U — K. In particular, if th 
Cartan geometry is effective, then k is unique.® j 


Proof. If kı and kz are two such ks, then by Lemma 1.4 
0; kiks 0. 


Thus it suffices to show that 0 >, 0 implies k takes values in K. That is 
we must show that every solution k to the equation i 


0 = Ad(k™t)O + k*wyg, where k:U > H, (2.2) 


a values in K. Although this may look like a nasty problem in dif- 
erential equations, it turns out that it can be solved by means of linear 


algebra by using the fundamental j 
property of Klein geometries. Recal 
we showed in Lemma 4.4.4 that the series of groups o_o 


No = H, with Lie algebra no = b, 


= 
I 


{h € H | Ad(h)v — v € no for all v € g}, with Lie algebra nj, 
= {he H | Ad(h\w — v € n; for all v € g}, with Lie algebra nə 


N, = {h € H | Ad(h\w — v € ng_y for all v € g}, with Lie algebra ny 


A a groups that are closed and normal in H. They satisfy No D 
R, i D... D MN, >D..., and this chain stabilizes after finitely many 
ie at a group NV whose Lie algebra næ is an ideal in g; moreover 

no = {h € H | Ad(h)u — v € ty W € gh. 


In the present case, since ng C h, i 
’ o0 , it follows (cf. Definiti 
Noo = 0. Thus, Noo is discrete and a tht) net 


No = {h € H | Ad(h)v —v =0 for all v € g} 
= ker(Ad: H — Gl(g)) = K. 


We mi show by induction that k takes its values in Ns, for s = 0,1 
ince No = H, we see that k:U — N, for s = 0. Assume ductvely that 


k:U — Ng. Fix u € U. Then E i 
s l q. (2.2), rewritten as Ad(k71)0—0 = — 
says that for any v € 0(T,,(U)) we have Pe ra alee 


Ad(k(u)~')v — v € image(wyksy) C ns. 


8 : ; 
We remark that this result is true even in cases where K is not discrete 


Thus, it applies to the mor i 
e general i 
described in footnote 5. S a a ty isle modelss 
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But since N, is normal in H, by Exercise 3.4.7(c), the same conclusion also 


holds if v € b. 
By the regularity condition on 0, g = h + 0(Ta(U)), which implies 


Ad(k(u)~*)uv — v € ns 


for every v € g. Thus, k(u) € Ns+1. But u was arbitrary here, so in fact 
k:U — N.41. It follows that k:U — Nemh: a 


The Principal Bundle of an Effective Cartan Geometry 


Now we are ready to pass to a description of the principal H bundle asso- 
ciated to an effective Cartan geometry. Let U = {U} be a cover of M by 
sufficiently small, connected open sets (i.e., so that each is contained in the 
domain of a Cartan gauge and the intersection of any two of them is con- 
nected). The principal bundle we seek is obtained by glueing together the 
products U x H for all U € U. For each U € U, we choose a representative 
connection 1-form Oy. Now if U1, U2 E€ U have corresponding forms 41, 02, 
then along U, NU? there is a gauge equivalence 0; =x 6, given, according to 
Proposition 2.1, by a uniquely determined smooth map k: U1NU2 — H. We 
can glue U; x H to U2 x H along the common (U1 N U2) x H by making the 
identification (u, h) > (u, k(u)~*h) as in Figure 9.2. It is easily checked that 
these identifications are compatible along the intersections of three open 
sets, so they fit together to give a right principal H bundle P. Of course, 
the right action of H ina coordinate patch is just right multiplication on 
the second factor, which clearly commutes with the identification maps. 


U, XH 


FIGURE 2.2. 
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By this construction, an effectiv 
re e Cartan geometry uniquely d j 
right principal H bundle 7: P — M. D a eeu noies a 


Right Multiplication and Ad 


= know, each vector v € þh uniquely determines a left-invariant vector 
e on the Lie group H whose value at e is v. Such a vector field extends 
over U x H as vt = (0, V). Because the field V is left invariant and th 

bundle P is made up of identification maps that alter the second fact i 
only by left multiplication, the vector fields vt on the coordinate a 
U x H fit together to yield a well-defined vector field vt on P itself j 


Lemma 2.3. Let Rg: P — P denote ri iplicati 
: ght multiplication by k 
(Rk) (vt) = (Ad(k7!)v)t for all v € b. E lee 


n Since both sides are invariantly defined, we need only check the 
ormula on a coordinate patch of the form U x H. In this coordinate patch 
right multiplication takes the form R;, = id x rz, where rg: H — H is ae: 
right multiplication on H. Let l: H — H denote left multiplication on H 
Thus, in our coordinate patch we have | 


(Ry) (v") = (id x rx). ((0, V)) = (0, rk V) 
= (0, rkslk-14 V) = (Ad(k7*)v)I, 


where we use the fact th i invari 
bV. at V is a left-invariant vector field to write V = 
E 


The Cartan Connection 


In eee to the bundle P just constructed, we also get a g-valued 1-form 
7 , called the Cartan connection, arising as follows. Given a gauge 
(U,@), we have the canonical linear isomorphism 


i canonical 
w: Teu,n) (U x H) = Ta (U) x Ta (H) =} Ta (U) x h > g. 
(v,y) i (vwy (y)) œ> Ad(h~*)0(v)+wa(y) 


Saw z verify that as we vary the gauge, these isomorphisms fit together 
othly to give a 1-form w on P. We do this by comparing them b 
transition function of the form 1 


f=(f,fh;UxH—> UxH. 
(u,h) ++ (u,k(u)~*h) 


The derivative of thi j . , 
a is map is the vertical left-hand map in the following 
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Tiy,~(U x H) —— 9 (v, y) ——> Ad(h')0,(v) + 0y 01) 


| | where | 


Tok yyy (U X H)——— 9 (v, y2) ————> Ad (K 'k)02(v) + Og O2) 


~ 


Since f2(u,h) = k(u)~th and fo.(v,yi) = Y2, it follows from Proposition 
3.4.10 ii) and Exercise 3.4.12 that 


waly) = wi fox(v, 1)) = Fwa), y) = —Ad(h*k) (K’wH)v +waly). 


This fact, together with the formula 0> = Ad(k~+)0, + k*wu, verifies the 
arrow conjectured in the diagram above. 


Properties of the Cartan Connection 
Proposition 2.4. The Cartan connection w on P with values in g has the 
properties 

(i) for each point p € P, the linear map wp: Tp(P) — g is an tsomor- 


phism, 
(ii) (Rp)*w = Ad(h“*)w, 


(iii) w(vt) =v for allv € b. 


Proof. (i) Since dim P = dim M + dim H = dim g/h + dim h = wee g, 
it suffices to show that wp: T(P) > gisa monomorphism for eac P. 
Thus, it suffices to show that for v € T; u(U) and y € TH ), the equation 
Ad(h-!)0(v) + wa (y) = 0 implies (v, y) = 0. Now Ad(h AS aa 
lies in h, and since h is Ad(H) stable, this means that Ov) Eh. n = : 
by the regularity property for Cartan gauges. But then wy(y) = 0, an 
= Q since wy is injective. | 
nt) We must verify the commutativity of the following diagram. 


(UxH) —— g E ETE AAK DOO) +04 (y) 


|B Ade} where | ? Ad(k™) ! 


w 


Luh) 


Tum (U XH) ————> g (v, Rig y) Ad(hky OCV) + @y (Rixy) 


But Ad(hk)~10(v) + wH(Rrey) = Ad(k~1)(Ad(h™)4(v) + wy(y)). | 
(iii) The vector field vt in a chart is given by (0,V), where V i 
the left-invariant vector field on H corresponding to v. Thus, w(0, V) 


Ad(h-1)0(0) + wg (V) = v. 


U 


E i 
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Note that the Cartan connection w on P gives a canonical parallelization 
of the space P and is the analog of the Maurer-Cartan form that appears 
on P =G in the case of a Klein geometry M = G/H. 


Proposition 2.5. Let o: U — P be any section over U. 


(i) 0 = o*w is a Cartan gauge on U compatible with the Cartan geometry 
on M. 


(ii) Let Q be the g-valued 2-form on P given by Q = dw + 5 [w, w]. Then 
o*{) = ©, the curvature computed from the gauge o*w. 


Proof. (i) To see this we note that it is automatically true for any of the 
sections used to define P and that the others differ from these by gauge 
transformations. 

(ii) © = dO + 5 [0,0] = o* (dw + 4[w,w]) = o* (Q). E 


Proposition 2.6. There is a canonical one-to-one correspondence between 
gauge symmetries of an effective Cartan geometry and bundle automor- 
phisms of the bundle P. 


Proof. Let b: P — P be a bundle automorphism and w the Cartan con- 
nection on P. Then b determines a gauge symmetry on the maximal at- 
las A in the following fashion. Given a connected open set U C M over 
which P is trivial, and a section o: U — P, we may compose a with b to 
obtain another section bo:U — P. Thus, we obtain two Cartan gauges, 
(U,o*(w)) and (U,o*(b*w)). We define the gauge symmetry by sending 
(U,o*(w)) — (U,o*(b*w)). Compatibility condition (i) for gauge symme- 
tries is automatic, and condition (ii) follows also, for if 0g =n 0g, then 
writing Ôa = o%(w) and 0g = o%(w), we have og = Gah and hence 
bog = b(oah) = b(oq)h since b is a bundle map; thus, (bo,)*w =>, (bo g)*w, 
which is condition (ii). 

Conversely, suppose that we are given a gauge symmetry b permuting the 
charts in a maximal atlas for a Cartan geometry. Then we may construct a 
bundle automorphism of the bundle P as follows. Given a chart (Ux, 0a) € 
A = {(Ux, fa) | a € A}, we have the associated chart (Usla) Obla) € A 
given by the gauge symmetry. Now U, = Uta) = U, say. These two charts 
determine two trivializations (which are bundle maps), Ya: U x H — P 
and Wiaj: U x H — P. We define the bundle map over U by Polta. 
Moreover, compatibility condition (ii) for gauge symmetries ensures that 
if (Ug,8g) € A is another chart with Us = Ua, then the same gauge 
transformation h giving 0, =n 0g also identifies their images under the 
gauge symmetry Obla) =n 9g). This means that Yg(z, k) = palz, h(x)k) 
and paco) (T, k) = Wala (z, h(x)k), and hence pray) = (3) Pg +. Thus, 
the bundle maps we have defined over our open sets U fit together to give 
a uniquely determined bundle map on P. 


Ú y 
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Finally, we leave it as an easy task for the reader to verify that the two 
correspondences we have described are actually inverse to each other. E 


§3. The Bundle Definition of a Cartan Geometry 


Motivated either by the discussion above or by the Lie-theoretic proper- 
ties of Klein geometries mentioned on p. 153, we are led to the following 
alternate definition of a Cartan geometry. 


Definition 3.1. A Cartan geometry € = (P,w) on M modeled on (g, 4) 
with group H consists of the following data: 


(a) a smooth manifold M; 
(b) a principal right H bundle P over M; 
(c) a g-valued 1-form w on P satisfies the following conditions: 


(i) for each point p € P, the linear map wp: Tp(P) — g is an iso- 
morphism; 
(ii) (Rp)*w = Ad(h~*)w for all h € H; 
Gii) w(X1) = X for all X € h. 


By abuse of notation, we also speak of a Cartan geometry M. The g- 
valued 2-form on P given by Q = dw + Fw, w] is called the curvature. If 
p:g — g/b is the canonical projection, then p(Q) is called the torsion. If 
Q takes values in the subalgebra h, we say the geometry is torsion free, Or 
without torsion. The geometry is called complete if the form w is complete, 
that is, if all the w-constant vector fields are complete.? We say a Car- 
tan geometry is effective, primitive or reductive, respectively, if the model 
geometry is effective, primitive or reductive. 8 


A geometry in the global sense of Definition 3.1 determines one in the 
local sense of Definition 1.6, but the definitions are equivalent only when 
the model is effective. The discussion in §2 culminating in Proposition 
2.5 of the previous section shows that every effective Cartan geometry in 
the original sense corresponds to an effective Cartan geometry in the new 
sense. Proposition 2.6 shows that the converse is true and that the two 
correspondences are inverse to each other. We shall henceforth take the 
present definition as the definitive one. 


°1t would be very interesting to have a definition of completeness in terms 
of M somewhat along the lines of Riemannian geometry, namely, something like 
completeness of geodesics. Cf. [B. Kamté, 1995]. 
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Definition 3.2. Let (P,,w 1) and (P2,w2) be Cartan geometries on Mı and 
M2 respectively, modeled on the pair (g, b) with group H. Let f: Mı > M 
be an immersion covered by an H bundle map f : Pi — Pp with the opens 
that f*we = w,. Then f is called a local isomorphism of geometries, or a 
local geometric isomorphism. If in addition f is a diffeomorphism een it is 
called an isomorphism of geometries, or a geometric’® isomorphism. Æ 


Exercise 3.3. If (P,w) is a Cartan geometry and b: P > P is any bundle 
automorphism, show that (P, b*(w)) is also a Cartan geometry. q 


Note, in particular, that if € = (P,w) is a Cartan geometry on M, then it 
is geometrically equivalent to the geometry b*€ = (P, b*w)), where b: P —> P 
is any bundle map. It turns out that the two Cartan OES will be 
equal if and only if the b is the identity (see Theorem 3.5 ahead), but 
it is clear that the geometries must be regarded as “the same” o the 
base definition of the geometry. The two Cartan connections w and b*w 

called gauge equivalent connections. = 


Exercise 3.4. Verify that two effective Cartan geometries are isomorphic 
in the original sense of Definition 1.7 if and only if their corresponding 
geometries are isomorphic in the sense of Definition 3.2. E 


We have the following uniqueness the 
! orem for the bundle j 
an isomorphism of geometries. iad 


oe 3.5. Suppose that y: Mı — Mz is an isomorphism of effective 
artan geometries, and let fj: Pi > Po (j = 1,2) be two H bundle maps 
covering p and satisfying f#w2 =w1ı (J = 1,2). Then fi = f2. 


Proof. Setting f = f7 +f (where fy t:P — P, is the inverse of f1), we 
obtain an H bundle map f: P; — P satisfying f*w; = w; and EE the 
identity map. Thus, it suffices to show that such a map is the identity. We 
ra = wı and P = P}. Define y: P — H by f(p) = py(p). Let us factor 


PÆ PxP S pe 5P, 
where p is the right multiplication map. Thus 
w = (uo (id x y) o A)*w 
= A*(id x yY)“ u*w 
= A*(id x p)* {aj Ad(y ~+ )w + mw} 
= Ad(Yy7 tw + Y*wyą. 


10 
Cartan uses the term holoédrique instead of geometric. 


er y 
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It follows that Ad(7!)w — w = —Y*wąH. But then, proceeding as in the 
last paragraph of Proposition 2.1, we may show by induction that % takes 
its values in N,, for s = 0,1,2,.... Since No = H, we see that 4: P — N; 
for s = 0. Assume inductively that p:P — Ns. Fix p € P. Then the 
equation says that for v € Wp(Tp(P)) = g we have Ad(#(p)~*)u — v € 
image(wy Wx) C ns. Thus, w(p) € Nj+41 by definition. But p was arbitrary 
here, so in fact Y: P > Nj+1- It follows by induction that yp: P > N. Since 
N.. is a normal subgroup of G that lies in H, it follows that Noo C K. 

Since we have assumed that the geometry is effective, ~(p) = 1 for all 
pEP. 


The following two exercises express obvious facts about the hierarchy of 
Cartan geometries on bundles intermediate between P and M. 


Exercise 3.6. Let (P,w) be a Cartan geometry modeled on (g,4) with 
group H and let B C H be a closed subgroup with Lie algebra b. Show 
that (P,w) may also be regarded as a Cartan geometry on P/B modeled 
on (g, b) with group B. q 


Exercise 3.7. Let P be an H bundle over M and let B c H be a closed 
subgroup. Assume that (P,w) is a Cartan geometry on P/B modeled on 
(g, b) with group B. Show that necessary and sufficient conditions on the 
form w so that (P,w) is a Cartan geometry on M modeled on (g, h) with 
group H are that condition (c), parts (ii) and (iii) hold for all elements of 
H and b, respectively, and not just those of B and b. m 


Exercise 3.8. Resolve the following paradox. We have described above a 
procedure that yields a one-to-one correspondence: 


Equivalence classes of = Cartan geometries 
Cartan atlases on M B (P,w) on M 


Let (P,w) be a Cartan geometry. If b: P — P is any nontrivial bundle 
automorphism, set 7 = b* (w). Then, by Theorem 3.5, n Æ w, and by 
Exercise 3.4, (P,7) is also a Cartan geometry. Now, given an open set 
U c M and a section o:U — P, the forms w and 7 pull back by o to 
yield forms o*w and o*(n) = o” (b*(w)) = (b0)*w, which are compatible 
in the sense of Definition 1.3 since ø and bo are both sections over U (cf. 
Proposition 2.5). Thus (P, n) = B(P,w) and hence (P,7) = aB(P,n) = 
aß(P,w) = (P,w). This is in apparent contradiction to the fact that n £ w. 


As one might expect from the strong form of the invariance of the cur- 
vature in the base definition, there is an analogously strong invariance in 
the bundle definition. We have the following result. 
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Lemma 3.9. Let (P,w) be a Cartan geometry on M modeled on (g,h) 
with group H. Assume wy: P — H is a smooth map. Define f:P — P by 
f(p) = Rypyp- Then f*Q = Ad(p(p))Q. 


Proof. By the calculation in Theorem 3.5, we have f*w = Ad(W7!)w + 


w*wy. Thus, by a calculation entirely analogous to the one in Lemma 1.9 
we obtain f*Q = Ad(y(p))2. B 


Corollary 3.10. The curvature form Q(u,v) vanishes whenever u or v is 
tangent to the fiber. 


Proof. We may suppose that u,v € T,(P) are independent and that v is 
tangent to the fiber. We may choose arbitrarily any map w: (P, p) > (H, e) 
such that W.p(v) = —wp(v). (Since v is tangent to the fiber, Y.p(v) € h = 


T.(H).) Define f: P — P by f(q) = q-Y(q). By the calculation in Theorem 
3.5, and by the lemma, at p we have 


f*w = Ady tjw + Yy*wg =wt+y*wy and f*N=Q, 


so that wp( fxv) = Wp(v) +wHYxp(V) = — = 0, that i = 
TAO OTTO =O 


Corollary 3.11. The curvature form Q may be regarded as a 2-form on 
the pullback of the tangent bundle of M to P. 


Proof. By Corollary 3.10, the curvature may be regarded as a 2-form on the 
quotient bundle T(P)/ker m, that is canonically isomorphic to 7*(T(M)). 


We also obtain various foliations on the principal bundle P, as seen in 
the following exercise. | 


Exercise 3.12.* Let M be a manifold and € = (P. 
= WwW) a Cart 
on M modeled on (g,h) with group H. Ea E ee 


(a) Let Y be any vector subspace of the Lie algebra h. Show that w~1(V) 
is an integrable distribution on P if and only if V is a subalgebra of 


h. 


(b) If £ is torsion free and V is a vector subspace of g containing h, show 


that w~!(V) is an integrable distribution on P if and only if V is a 
subalgebra of g. a 


The manifold P may be regarded as some sort of “lumpy Lie group” 1! 
that is homogeneous in the H direction. Moreover, w may be regarded 


11 . . 
Of course, it is not a group. 


nee y 


188 5. Shapes High Fantastical: Cartan Geometries 


as a “lumpy” version of the Maurer—-Cartan form. As we shall see in the 
following result, w restricts to the Maurer-Cartan form on the fibers and 
hence satisfies the structural equation in the fiber directions; but when 
Q Æ 0, we lose the “rigidity” that would otherwise have been provided 
by the structural equation in the base directions and that would have as a 
consequence that, locally, P would be a Lie group with w its Maurer—Cartan 
form. (This subject is studied in detail again in §5.) Thus, the curvature 
measures this loss of rigidity. 


Lemma 3.13. Each fiber F of the principal bundle P is canonically iden- 
tified with H up to left multiplication by some element of H. The Maurer- 
Cartan form wy on H induces a canonical form wr on F that agrees with 
the restriction of the Cartan connection w on P to F. 


Proof. By the very definition of a principal bundle, any fiber F of P may 
be canonically identified with H up to left multiplication by some element 
of H. This means that the left-invariant Maurer-Cartan form wy on H 
canonically determines a “Maurer-Cartan” form wr on the fiber F. Again 
by definition, the vector field vt on P, for v € h, restricts to a vector field on 
each fiber, which, under the canonical identification of F with H (always 
modulo left multiplication), corresponds to a left-invariant vector field on 
H. Then the condition w(vt) = v for all v € h implies wp = w | F. E 


Exercise 3.14. Use this result to get a second proof that the curvature 
form vanishes when restricted to any fiber. m 


Tangent Bundle of a Cartan Geometry 


In §4.5, we saw that the tangent bundle of a Klein geometry G/H can be 
expressed as a vector bundle associated to the principal bundle H — G —> 
G/H via the representation 


Adam: H > End(g/b), 


so that T(G/H) ~ G xy g/b. We also saw the related fact that for each 
element g € G there is a canonical linear isomorphism yy: Tyg (G/H) > 
g/b such that Yon = Ad(h—!)yg. These relationships continue to hold for 
Cartan geometries. This is expressed in the next result. 


Theorem 3.15. Let (P,w) be a Cartan geometry on M modeled on (g,}) 
with group H. Then there is a canonical bundle isomorphism T (M)= PXH 
g/b. Moreover, for each point p © P with x(p) = x, there ts a canonical 
linear isomorphism pp: Tz(M) — g/b such that ppn = Ad(h~")Qp. 


Proof. Consider the following diagram. The columns are short, exact se- 
quences and the two upper rows are isomorphisms, so there is a canonical 
isomorphism across the bottom making the diagram commute. 
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(pH) —i—~> h 


Moreover, if v € T,(M), we may write v = 7, p(u) = 
af =? * Ti x R x 
u € T,(P). Thus, p(U) = Tsph(Rhxu) for some 


Pph(V) = Pph (Txph(Rrxu)) 
= p(Wpn(Rnst)) 
= p(Ad(h~*)wp(u)) 
= Ad(h~")p(wp(u)) 
= Ad(h™")pp(tp(u)) 
a Ad(h~*)pp(v). 


It follows that we may define a smooth bundle map 
qg:Pxg— T(M). 
(p,w) = (x(p),~5 *(p(w)) 


Note that 


q(ph, Ad(h7')w) = ((ph), oon (p(Ad(h~*)w))) 


(p), (Ad(h) pn) *(p(w)) 
(p), Pp (p(w)) 
= (p, w). 


T 
T 


( 
( 
q 


Thus, we get a canonical smooth bundle map q: P x u g/b — T(M). This is 
a vector bundle equivalence since it is an isomorphism on fibers and induces 
the identity map on the base M. E 


Corollary 3.16. Let (P,w) be a Cartan geometry on M modeled on (g, b) 
with group H. The vector fields X on M are in bijective correspondence ith 
functions f:P — g/h transforming according to the adjoint representation 
(i.e., f(ph) = Adg/y(h")f(p))- The correspondence is given by 


Xr fx T {p e Pta Pp(Xr(p)) E€ g/b}. 


ee 
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Proof. fx transforms correctly since 
fx (ph) = Gpn(Xn(pr)) = Ad(h~")Pp(Xaw)) = Ad(h~*) fx(p). 


Conversely, a function f: P — g /h transforming according to the adjoint 
representation arises from the vector field X given by Xz = Yp 1(f(p)), 
where p € P is any point lying over x € M. The choice of p does not 
matter since yp, (f(ph)) = (Ad(h-!)yp)~1(Ad(h*) f(P)) = ep (F (p)). M 


Definition 3.17. Let (P,w) be a Cartan geometry on M modeled on (g, b) 
with group H. A vector bundle E — P is called a geometric vector bundle if 


it is given in the form E = P Xu V for some representation p: H — GI(V). 
& 


Example 3.18. Theorem 815 shows that T(M) is always a geometric 
bundle. + 


Proposition 3.19. Let M be a connected manifold. Let (P,w) be a Cartan 
geometry on M modeled on (g, h) with groups H. Fixx € M and fiz p E€ P 


lying over x. Then 


Adg/y(h) € Gl (g/b) for every 
M is orientable & 4 h € H such that ph € P lies in the 
same path components as p E P. 


Proof. Recall that M is orientiable if and only if every loop on M is 
orientation preserving (Proposition 1.1.17). Let A: (7,0,1) > (M,zxz,x) bea 
loop on M. By Proposition 1.1.14, we may choose a partition of Z, 0 = to < 
tı <- < tk = 1, anda compatible family of charts (U; pi) 1<i<k, 
such that A(fti—1,t:]) C Ui, 1 < i < k. Let o:(I,0,1) — (P, p, hp) be any 
lift of A. We consider the linear isomorphisms 


Wi t a(t 
Re PY TaM) ZS g/b, te [fat], 1 S43 k, 


and a basis for g/h so that this composite has positive determinant for t = 0. 
The compatibility of the family of charts together with the continuity of 
these maps implies that these maps have positive determinant for all t € I. 
Then the commutativity of the diagram 


n Vigi Pp 

R'e T,(M) — g/b 

Vig Winks NO | 907" = Ad(h) 
R = T, (M) — g/b 


83. The Bundle Definition of a Cartan Geometry 191 


shows that the loop A is orientation preserving (i.e. By iti 
determinant) if and only if Ad(h7') i wr Ubon = 
Thus, if M is orientable, then a path on P joining p to ph T to an 
orientable loop on M, and hence Ad(h) has positive determinant. 
| Conversely, suppose Ad(h) has positive determinant whenever p can be 
joined to ph by a path. Then if A is any loop on M based at x, we can 
lift A to a path joining p and ph for some h € H. Since Ad(h) has positive 
determinant, it follows that A is orientation preserving. E 


Definition 3.20. A Cartan geometry € = (P,w) on M, modeled on (g, 5) 
with group H, is a first-order geometry if Ad: H — Gl(g/b) is a 
Otherwise it is a higher-order geometry. & 


Exercise 3.21.* Let € = (P,w) be a first-order Cartan geometry on M 
nae: on (g,b) with group H. Fix a basis (ē1,...,ēn) for g/b. Call dlie 
ge ee of mays (vp (a). .--,95 (€n)), where p € P lies over 
, rames. Le e the set of admissible f j 

right H action given by fon ene er ee 


(yp *(E1),+-+1 Pp (En) “= (py (E1),-- + Pon (En))- 


Show that Q is a principal right H bundle over M and that the map P — Q 
sending 


pr (pp (E1) -Pp (En)) 
is a bundle isomorphism. qd 


Curvature Function 


The curvature form Q on the principal bundle P determines a certain func- 
tion K on P called the curvature function. 


Definition 3.22. The curvature function K 
. P 2 ; 
fined by the formula j — Hom(A*(g/b),g) is de- 


K(p)(X1, X2) = Qp (we X1, w5 X2). 
Lemma 3.23. The curvature function 1 l 
] . l 
e AA is well defined and satisfies the in- 
K(ph)(X1, X2) = Ad(h~)(K(p)(Ad(h)X1, Ad(h)X2)). 
Proof. First consider p fixed and suppose that Y; = X; + V;, for j = 


for some Vj E€ h. Then 2,(w5*Yi,w5 Y2) = Q,(w>1X1,w5'X2) by 
orollary 3.10, since w5 1V; is tangent to the fiber. Thus, K bakes: values in 
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Hom(A?(g/h), g). The invariance property follows from those of w and Q. 
E 


Exercise 3.24. Let M be a manifold; let (P;,wi), i = 1,2, be two geometri- 
cally equivalent Cartan geometries on M with curvature functions K;, and 
let b: Pi — Po be a geometrical equivalence. Show that Ko(b(p)) = Kı (p). 

q 


As in Exercise 3.28 of Chapter 1, we may interpret the curvature func- 
tion as a section, the curvature section, of the vector bundle, for p = 2, 
over M given by C?(M) = P XH Hom(A” (g/b), g). The action of H on 
Hom(A?(g/h), g) is given by h- Y = Ad(h)w(A?(Ad(h~*))). 


Exercise 3.25. Show that the two bundles C?(M ) associated to two geo- 
metrically equivalent Cartan geometries on M are canonically isomorphic 


and that, for p = 2, this isomorphism identifies the two curvature sections. 
QO 


Exercise 3.26. Show that a Cartan geometry is torsion free if and only if 
the curvature function takes values in the subrepresentation Hom(A?(g/b), 


b) c Hom(A7(g/5), g). 


Exercise 3.27. Show that K(p)(X,Y) = [X,Y] - wp(lw 7t (X), w1 (Y)]). 
This identity interprets the curvature function as measuring the difference 
between the Lie algebra bracket and the bracket of the corresponding vector 
fields on P. = 


Bianchi Identity 


Within the graded Lie algebra A(P, g) of g-valued exterior differential forms 
on any manifold P, various identities arise automatically. Here are some of 
them. 


Lemma 3.28. Let a, 3 € A(P,g) be homogeneous’? elements. Then 


+ sale if deg 8 is odd, 
0 


la, [6, £l] z if deg 8 is even. 


Proof. The graded Jacobi identity (Exercise 1.5.20(iii)) yields 


(—1)"*([8, 6], a] + (1) [[6, a], 8) + (-1)" lla, 8), 8] = 0, 


where a = deg a and b = deg 8. By graded commutativity (Exercise 
1.5.20(ii)), this is 


12That is, each lies entirely within some grade of A(P, g). 


§3. The Bundle Definition of a Cartan Geometry 193 


(-1)°*(-1)""[a, (8, P+O D” (-1)**" a, 8], 61+ (-1)*[[a, 8], 6] = 0, 


which yields the result. E 
oo 3.29. [a,la,a]] = 0 for every homogeneous element a € 
»G)- 


Proof. We may clearly assume that deg a is even, so that 


la, [a, a] = 2[[a, a}, a] (by (3.28)) 
= —2/a,[a,a]] (by graded commutativity). a 


The following Bianchi identity is a formal consequence of the above iden- 


tities and hence is true of the “curvature” associated to any element of 
degree 1 in A(P,g).'° 


Lemma 3.30 (The Bianchi identity). dQ = [Q, w]. 


Proof. Taking the exterior derivative of Q = dw + $[w,w 
E PA aad E t . 
Exercise 1.5.20(i) Al ], we get (cf 


dQ =0 + 5 {[do, — [w, dw} } 
TE 
= HR- wuha] l2- Eoo) 


1 l 
= 5 {[9,u] — zleo o] = [w, 9] + a7 [w, w]]} 


1 
= 5 o] —[w,Q]} (by the corollary 3.29) 
= [Q, w] (by graded commutativity). m 


Exercise 3.31. Show that [9,9] + [[Q, w], w] = §[Q, [w,w]] by taking the 
exterior derivative of the Bianchi identity. (In fact, there is a whole sequence 


of derived identities obtained by successive differentiation of the Bianchi 
identity.) m 


The original Bianchi identity of Riemannian geometry is usually ex- 
pressed as two identities, called the first and second Bianchi identities. 
In that case the Lie algebra g is the Lie algebra of rigid motions of Eu- 
clidean space which decomposes canonically as a direct sum of a translation 
part and a rotation part. The two classical identities correspond to the two 
projections. See Chapter 6, section 2, for more details. 


13 . 
More generally, it is true of the curvature associat 
; "J ed to any element of d 
1 in any differential graded Lie algebra. F SEHR 


D —— 
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Tensors 


Definition 3.32. Let € = (P,w) be a Cartan geometry on M modeled 
on (g,) with group H. Let V be a vector space and p:H — GI(V) a 
representation. A tensor of type (V, p) is a function f: P — V transforming 
according to the formula R} f = o(h~*)f. & 


We have already seen several examples of tensors. For example, the cur- 
vature function of a Cartan geometry is a tensor of type (Hom(A?(g/5), g), 
Hom(A?(Ad,/;,), Adg)). Tensors of type (V, p) may of course be interpreted 
as sections of the vector bundle E(p) = P x (V, p) (cf. Corollary 3.16 and 
Exercise 1.3.28, for example). 

How does a tensor of type (V, p) appear in a gauge? The following defi- 
nition replies to this question. 


Definition 3.33. Let (U,0) be a gauge of a Cartan geometry (P,w) corre- 
sponding to the section o: U — P (ie., o*w = 0). If f: P > V is a tensor 
of type (V, p), then ọ = fo:U — V is called (the expression of) the tensor 
in the gauge (U, 8). & 


Lemma 3.34. Let ¢:U — V be the expression of a tensor of type (V, p) in 
the gauge (U,0). Let 0 =>n 0’, h:U — H, denote a change of gauge. Then 
p(h—1)¢:U — V is the expression of the same tensor in the gauge (U, 6’). 


Proof. The change of gauge determined by h:U — H replaces the section 
o:U — P by ch:U — P, so that ¢ = fo gets replaced by ¢’ = f(ah) = 
p(h“1) f(a) = ph). E 


Universal Covariant Derivative 


Suppose V is a vector space and f € A°(P,V) (ie., f isa function on P 
with values in V). Then the universal covariant derivative D is, roughly 
speaking, just the derivative of f with respect to the w-constant vector 
fields.!4 More precisely, if X € g, then 


Dxf =w! (X)f, so Dx: A°(P,V) > A (P, V). (3.35) 


Since this expression is linear in X, we may regard D itself as the adjoint 
operator 


D: A? (P, V) — A’ (P, V 8 g*) defined by ixs(Df) = Dxf. 


(Note that tx» is the coefficient homomorphism induced by 


14 Cartan studied this notion in the context of projective and conformal 
geometry in his papers [E. Cartan, 1934, 1935, and 1937]. 
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ix:V ® go V. 
vn œ n(X)v 


For the details of this, see the subsection concerning change of coefficients 
in §1.5.) The universal covariant derivative is the grandfather of all “geo- 
metric” differential operators (i.e., operators with geometric meaning) in a 
Cartan geometry.!* For example, as we shall see below, the universal co- 
variant derivative, which exists in any Cartan geometry, gives rise to the 
usual covariant derivative if the geometry is reductive (cf. Definition 3.42) 
In Appendix D we show how the classical operators in the plane (i.e. A 
curl, and the Cauchy-Riemann operator) arise from it via erao 
theory. 

Suppose that f:P — V is a tensor of type (V,p). It is interesting to 
inquire after the transformation properties of Dp to see if it also may be 
interpreted as a tensor of some type. 


Definition 3.36. For any representation p: H —> GI(V), we denote by 
AT (P, (V, p)) (= ANP, p)) 
= {n:d1(T(P)) > V | Rin = p(h~")n, forall h € H} 


the associated space of functions (if q = 0) or forms (if q > 0). A%(P, V, p)) 


is called the space of q-forms on P transforming according to the represen- 
tation p. RK 


(We shall deal mostly with the case of functions in our use of this definition. ) 


Eee 3.37. Show that there is a canonical isomorphism ¢: A41(P, p) ~ 
A (P, p®A%(Ad")). (Note that an example of this correspondence is given 
in the case q = 2 by K = ¢(Q); cf. Definition 3.22.) QO 


Lemma 3.38. D: A°(P, p) — A°(P, p 8 Ad*). 
Proof. Let f € A°(P, p); then for any p € P, v € g, we have 
ix»(Ri(Df))(p) = ex«((Df)(ph)) 
= (Dx f)(ph) 
= won (X)J. 


Now the equation R*w = Ad(h~!)w may be read as wpn Rn» = Ad(h™ tjw 
for each p, and hence T = Rpx»w,* Ad(h). Thus, " 


15 
Cartan’s book [E. Cartan, 1938] (Engli i 
l glish translation, [E. Cartan, 1966]) i 
devoted to the study of differential operators in Riemannian and Ee JA 


ometries from this point of view. For exampl i l 
. e, h . 
operator. p e is able to derive the Dirac 


D 
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1x (RDP) (p) = (Rix (wy (Aalh) X): 
Since for any vector field Y on P we have 
(RY) f = fe(Rne¥) = (FRa) KY = PhD SY = pY f, 
taking Y = w7 (Ad(h)X), we get 


txa (RCDE) = Ph) op (Ad(h)X)) = p(h")Daanxf M 


Note that even if the representation (V, p) is irreducible, the same need 
not be true of (V @ g*, p ® Ad"). For example, it may be that the latter 
decomposes as a sum of several representations V 8 g* = W10...0 Wp. In 
that case D may be broken up correspondingly as a sum D = Di +---+ Dy 
of several first-order differential operators where the D; are the projections 
of D on the various summands. This is the way in which the Cauchy- 
Riemann operator, div, and curl are obtained in Appendix D. 


The following result calculates Df in the fiber direction. 


Lemma 3.39. For X € h and f € A°(P,p), we have txs(Df) = —ps(X)F, 
where px: — End(V) is the derivative at the identity of the representation 


p: H > GI(V). 
Proof. 


(.x«(Df))(p) = wp (X) = for 0) 
d 


S TC exp(tX)) = £ Eoo 


= —px(X)f(p). = 


Exercise 3.40. Exercise 3.37 allows us to extend the definition of the 
universal covariant derivative to forms on P with values in (V, p) to yield 
a map D: A9(P, p) > AUP, p 8 g*). Suppose 7 is any q form on P. Show 
Dn = 0 if and only if n may be expressed as a linear combination, with 
constant coefficients, of exterior products of the components of the Cartan 
connection w with respect to some basis of g. E 


Because of the canonical identification A°(P, p) = A°(M, E), where E is 
the vector bundle P x y (V, p), the universal covariant derivative associated 
to (V,p) may equivalently be regarded as a linear first-order differential 
operator D: A°(M, E) > A°(M, F), where F = P xy (V @ g*, p 8 Ad”). 
We note that this operator gives the derivatives of a section of E not in 
a direction given by a tangent vector of M but in a direction given by a 


tangent vector of P. Another way to say this is that to describe how a 
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section changes from point to point it is not enough to give the two nearby 
points of M; we must give two nearby frames of M (infinitesimal meteors 
in the parlance of §4.6). 


Exercise 3.41. Show that, if P is connected, then 
ker(D: A°(M, E) > A°(M,F)) = V¥ 


where 


V” = {ve V | p(h)vu=v forallhe H}. 2 


This exercise shows that, apart from the constant functions, there are no 
tensors on M that are “generalized covariant constant” fimeaons: 

Finally, we remark that if the representation V ® g* decomposes as 
a sum of representations V @ g* = Wı @--- ® Wk, then the bundle 
F decomposes correspondingly as a sum F = F) @®--- © Fk, where 
F; = P xy Wi. Moreover, the constituent operators in the d 
tion D = Dı + --- + Dx may be regarded as first-order linear differential 
operators Dx: A?(M, E) —> AP (M, F;). 


Covariant Derivative in a Reductive Geometry 


The covariant derivative D (see Definition 3.47) generalizes the vector gra- 
dient in Euclidean space (see Exercise 3.50). However, the existence of a 
covariant derivative requires that the geometry be reductive.!® 


Definition 3.42. A Cartan geometry modeled on (g,) with group H is 
ren if there is an H module decomposition g = h © p (cf. Definition 
3.2). æ 


Let us assume now that the geometry we are considering is reductive in 
this sense. Any form with values in g will decompose into an h component 
and a p component. This is true in particular for a Cartan connection 
(w = Wh + wp) and any gauge (0 = 6, + 0p). In addition, the universal 
covariant derivative also decomposes as D Dy x+ D, ae 

By Lemma 3.39, for X € h and f € A°(P,p), tx.(Df) = —p(X)f 
namely, Dy = —p. That is, Dy merely tells us how f transforms under 


16 
The reductive geometries have, theref j 
Phe cece , therefore, a much richer structure than the 
17 This use of the term reductive conflicts with another use of it in the the f 
. . . me 
= ak which calls a Lie algebra reductive if it is the sum of a Saas 
: ea e an abelian ideal. The two notions are loosely related in the following 
Pa iven a Klein pair (9, h) for which the representation ad: — gl(g/h) is 
ge and h is reductive in the Lie algebra sense, then (g,h) is reductive in 
e sense of Definition 3.42 (cf., e.g., |J. Humphreys, 1972], pp. 31 and 102, and 
[W. Fulton and J. Harris, 1991], p. 131). 
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H, which we already know, so this projection is not very interesting. ‘The 
component Dp, on the other hand, is very interesting. 


Definition 3.43. In a reductive geometry the operator D, is called (the 
bundle version of) the covariant derivative. A function f: P — V is called 
covariant constant or parallel if Dp f = 9. 8 


Since sections of geometric vector bundles over M can be interpreted as 
functions on P, it follows that this notion of parallel applies also to these 
sections. We wish now to go into more detail on this point in order to 
reinterpret the covariant derivative (as well as the notion of parallel) at the 
level of sections. The key idea is to use the reductive hypothesis again to 
get a canonical way of lifting a vector field on M to a vector field on P. 


Definition 3.44. The distribution on P given by wy = 0 is called the 
horizontal distribution and vectors in it are called horizontal vectors. Æ 


Note that a function f: P — V is parallel if and only if it is constant in 
the horizontal directions. We now relate these horizontal directions to the 
directions in the base M. 


Lemma 3.45. The projection m: P — M induces an isomorphism between 
the vector space of horizontal vectors at p E P and Tp) (M ye 


Proof. From the exactness of the columns in the following diagram and 
from its commutativity 


Wr 
TPR) —=—> 5 
| N 
0 
T,(P) —z— 9=bOpP 
p 


Pp 
T,(M)—z—> 9/} 


(see the proof of Theorem 3.15), the lemma is immediate. i 


Definition 3.46. Let (P,w) be a reductive Cartan geometry on M. If X 
is a vector field on M, then the horizontal lift of X, denoted by X, is the 
(unique) vector field on M such that p(X) = An(p) for all p € P and 


wy(X) = 0. & 


Definition 3.47. Let (P,w) be a reductive Cartan geometry on M, E = 
P xy (V,p), and X € r(T(M)). Let p: P(E) ~ A?(P, p) be the usual 
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identification of sections of vector bundles associated to P with functions 
on P (cf. Exercise 1.3.28). The (base version of the) covariant derivative 
Dx:T(E) — T(E) is defined by the equation (Dx f) = X(w(f)), where 
fErT(E). | Æ 


Proposition 3.48. Let k:M — R, X,Y e T(T(M)), and f,g € T(E); 
then the covariant derivative has the following properties: 
(i) Dx(f +9) = Dxf + Dxg; 
(ii) Dx+y f = Dxf + Dxf; 
(iii) Dex f = kDyxf; 
(iv) Dx(kf) = X(k)f +kDx f. 
Proof. (i) and (ii) are straightforward from the R-linearity of ~ and of 


the R-bilinearity of the derivation X. For (iii) we note that n*(k)X is the 
horizontal lift of kX, where 7: P — M is the canonical projection. Thus, 


V(Deex f) = Drg WF) = 1" (k) Dg (b(f)) = 0" (k)W(Dx f) = WkDxf) 


whence (iii). Finally, 


w(Dx(kf)) 


w(kf)) 

n*(k)b(f)) 

1*(k))b(f) + 2*(k)X (v(f)) 
= (1*X(k))v(f) + 0" (k) (Dx f) 
VIX (k)f) + W(kDx f), 


which, by the linearity and injectivity of y, yields (iv). E 


X( 
X( 
x 


Although we see some of the properties of D from Proposition 3.48, it is 
still not clear how to calculate it in terms of a gauge. The following result 
remedies this. 


Proposition 3.49. Let 


(U,0) be a gauge for a reductive Cartan geometry, 
X be a vector field on U, 


$ be the expression in the gauge (U,6) of a tensor of type (V, p). 


Then Dx¢ 5 X ($) — px(9y(X))p is the expression in the gauge (U, 0) of 
the covariant derivative of the tensor expressed by ġ in the gauge (U, 0). 


Proof. Let o:U — Py = 1~'(U) be the section corresponding to the 
gauge (U,@) and let ®: P — V be the tensor of type (V, p) of which ¢ is 
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the expression. If o,(X) were horizontal, then our job would be easy since 
then it would be the horizontal lift of X and we would have 


(Dx$)(z) = (Dx®)o(2) = Xaia)(®) = ®,(Xo(c)) = Bx (0% (Xz)) 
= (00)4(Xe) = bx(Xe) = X2(¢)- 


This does indeed yield the formula claimed when o. (X) is horizontal since 
in that case the expression 0, (X) vanishes. The general case will come mom 
making a change of gauge so that o! (X) is horizontal in the new gauge o. 
We have 6’ = Ad(h~!)@ + h* (wi). Applying this to X and taking the b 
components yields 


0 (X) = Ad(h™!) (X) + wH(hsX). 


We may choose h: U — H so that at a fixed but arbitrarily chosen point q 
we have h(x) = e and h, X = —0y (X). Then, at z, we have 


Dxo! = X(#") = X(p(h)d) = X(o(h™)) 9 + p(h~*) X(4) 
= —(p(h)«(X))o+ X (9). 


The left- (and therefore right-) hand side of this equation is D x® expressed 
in the gauge (U, 0’). By Lemma 3.34, and because h(x) = e, this is the saa 
at x, as the expression for Dx® in the gauge (U, 0). 


Exercise 3.50. Show that in Euclidean space the covariant derivative of 
a vector field is just the usual vector gradient. [Hint: Apply Proposition 


0 0 — 
3.49 using the gauge given by 6(e;) = - 4 € eucn (R), where e; is the 
LJ 


standard column vector.| 


For simplicity, we have expressed the covariant derivative as a aa F a ; 
T(E) — T(E), where X is a vector field on X. However, we e a e 
operator is local in the sense that the value of Dx f at x depen on a 
the value of X at z and the behavior of f ona neighborhood o in ' ; 
(In fact, only the zero- and first-order terms of the Taylor eens f a A 
play a role in the contribution of f to this formula. Cartan woule i i 
the formula depends only on the values of j in a first-order A 00 
of z in M.) These and similar facts may be invoked to justify the following 


definition and exercise. 


Definition 3.51. A section 7 € I'(E(p)) is called parallel along a = 
o: I — M if Dean = 0 for every tel. 


Exercise 3.52. Show that a function f: P — (V, p) is parallel in the sense 


. À , ig 
of Definition 3.43 if and only if the corresponding section 7 € r(E(p)) : 


parallel along every curve in M. 
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Special Geometries 


In general, the values of the curvature form will span, as a vector space, 
the whole of the Lie algebra g. In special cases, however, this span may not 
be the whole of g. For example, in the case of a torsion free geometry, the 
span will lie in h. However, as the following lemma shows, the span cannot 
be an arbitrary vector subspace of g. 


Lemma 3.53. Let V C g be the vector subspace spanned by the values of 
the curvature form Q. Then V is an H submodule of g. 


Proof. It suffices to show that the set of values of Q is stable under the ad- 
joint action of H. Let v = Q (Xp, Yp). Then Ad(h~')v = Ad(h7!)(Q,(Xp, 
Yp)) = (RRQp) (Xp, Yp) = Opn (Rh Xp, RhxYp) = a value of Q. E 


In particular, if V C h, so that the geometry is torsion free, then V is an 
ideal in h. 


Definition 3.54. Let V C g be an H submodule. A Cartan geometry of 
g-curvature type V is a geometry whose curvature form takes values in V. 
& 
Assume now that our geometry is torsion free and the adjoint action of 
H on § is irreducible. In this case, there are no special geometries arising 
from g curvature-type conditions. Nevertheless, the representation of H 
on Hom(A?(g/),§) may have nontrivial submodules V so that one may 
distinguish various cases according to how K relates to these submodules. 


The following definition carries the same idea as Definition 3.54 but the 
context is different. 


Definition 3.55. Let V c Hom(A?(g/h),h) be an H submodule. A Cartan 


geometry of curvature type V is a geometry whose curvature function K 
takes values in V. Æ 


By Exercise 3.4.8(b), Hom, (à? (g/b), b) C Hom(A?(g/h), b) is a submod- 
ule and, for H connected, it is the submodule of H invariant elements. If 
the submodule is nontrivial, this leads to a class of special geometries, the 
constant-curvature geometries, studied in §4. 

When H is a compact group, it is known from the representation theory 
of Lie groups that Hom(A?(g/h),h) decomposes as a direct sum of irre- 
ducible submodules. In this case C?(M) and its section K will split up 
correspondingly, and we may speak of the various “component curvatures” 
associated to K. For example, in the general Riemannian case C?(M) splits 
into three pieces corresponding to the scalar, the Ricci, and the Weyl curva- 
tures (cf. Table 2.5 on page 236). In the special case when M has dimension 


4, the Weyl curvature splits up further into a self-dual and an anti-self-dual 
part. 
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When H is noncompact, even though Hom(A?(g/), h) may not in general 
decompose into irreducibles, it may still have nontrivial submodules. For 


example, the composite mapping 


Hom(A?(g/b), b) = 2(g/b)* 8 h = X (g/b)" @ End(g/b) 


_ d2(g/b)* @ 9/5 8 (9/b)* > (8/b)* 8 (g/b)* 


Y i Au" Qu@w* > (t*(v)u*—u*(v)t" )@w" 


is an H module homomorphism, and so its kernel is a submodule. 


Definition 3.56. The kernel of the composite mapping above is called the 
normal submodule of Hom(A?(g/b), b). B 


Exercise 3.57. Show that if End(g/h) is given the H module structure 
h- = Ad(h)¢Ad(h—*), then the map ad: h > End(g/b) and the canonical 
map End(g/h) > g/b @ (g/6)* are H module maps. Use these facts to 
verify that the composite mapping above is an H module map. B 


The normal submodule will be useful in defining normal geometries. In 
some cases—for example, in conformal geometries— “normal” means that 
K takes values in the normal submodule. In other cases, such as projective 
geometry, it means that K takes values in a submodule analogous to the 
normal submodule. In general, however, a normal geometry is defined in 
a somewhat ad hoc manner so that the Cartan geometry will be uniquely 
determined by a given set of geometric data that may seem at the outset to 
have no necessary connection with a Cartan geometry at all but determines 
one via Cartan’s method of equivalence. Several examples of this are given 
in Chapters 6, 7, and 8 on specific geometries. 


84. Development, Geometric Orientation, and 
Holonomy 


In this section we study properties related to paths in a Cartan geome- 
try. In particular, we introduce the notion of geometric orientation! in 
this context. Its importance for us is in connection with the classification 
of locally Klein geometries given in Theorem 5.4. Then we discuss issues 
connected with the development of paths in a Cartan geometry as paths 
on the model space. In the last part of this section, we apply the notion 
of development to introduce and to discuss some issues surrounding the 
holonomy group of a Cartan geometry. 


18Our notion of a geometric orientation differs from the notion of the same 
name discussed in [E. Cartan, 1941]. 
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Recall the notion of development given in Definition 3.7.4 in connec- 


a Lie group G with Lie algebra g, 
a manifold P equipped with a g-valued 1-form w, 
a piecewise smooth path ø: (I,a,b) — (P,p,q), where I = fa, b]. 


We showed that, given g € G, there is always a unique path õ: (I,a) — 


(G,g) such that ¢*wg = o*w. This path on G 
of w Stenting ate: p was called the development 


Recall that ad w takes val in t : 
Exercise 3.4.9). ues in the Lie algebra End(g) of Gl(g) (cf. 


Lemma 4.1. Let À be a path on P and let 


(i) A: (I,a) — (G,e) be the development of X via w, 


(ii) A: (I,a) — (Gl(g),e) be the development of X via ad w. 


Then X(t) = Ad(X(t)) fort € I. 


Proof. Since, by Proposition 3.1.8, the hom 
, .1.8, omorphism Ad: G — Gl(g) h 
the property that Ad*wGı(g) = Adxewg, it follows that aa 


Ad(A)“waig) = A*Ad*wen(g) = X" Adsewa = Adse(A*wa) 
= Adxe(A*w) = A* Ade (w) = A*ad w = A"wag). 


Since \(0) = e = Ad(X(0)), it follows that Ad(X) = Â. E 


Geometric Orientation 


Let € = (P,w) be a Cartan geometry on a manifold M with model (g, b) 
and (not necessarily connected) group H. We approach the notion of a 
geometric orientation for € indirectly through the notion of the geometri 

orientation-preserving subgroup of H. ° o 


Definition 4.2. Fix a point p € P lying over z. An element h € H i 
called geometrically orientation preserving with respect to the base m 
p if there is a path A from p € P to ph € P whose development P ad 
w, yields a path À on Gl(g) joining the identity e to Ad(h). The set of 


Á~ y 
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geometrically orientation-preserving elements of H is denoted by Hor (cf. 
% 


Propositions 4.4 and 4.5). 
We will need the following result. 


Lemma 4.3. Let p,q € P, let o be a path joining p to q, and let ĉ: (I,a) — 
(Gl(g),e) be its development, via ad w, on Gl(g). We claim that, for any 
h € H, the development of Rao on Gl(g), via ad w, and starting at the 


identity, is the composite 


Ad(Ad(h)~*) 


(1,0) -2+ (GU(g),e) — (GI(g), e). 
gre Ad(h)~ *gAd(h) 


Proof. We calculate 


(Ad(Ad(h)~*) 0 6)"Wan(a) = &(Ad(Ad(h)~*))*warca) 
= 6*(Ad(Ad(h)~*))wan(g) (by 3.1.8) 
- Ad(Ad(h7*))6* wag) = Ad(Ad(h™*))o* (ad w) 
(by definition of G) 
o*(Ad(Ad(h~*))ad w) = o*(ad(Ad(h~*)w)) (by 3.3.5(ii)) 
= o*(ad(Riw)) = o* Rž ad(w) 
= (Rpc)*ad(w). 


queness part of the fundamental theorem of calculus (3.5.2), 


By the uni 
a 


Ad(Ad(h)~*) oô is the development of Ryo. 


Proposition 4.4. For P connected, the subset Hor C H of elements pre- 
serving the geometric orientation does not depend on the choice of p. 


Proof. Fix p,q E€ P. Let h € Ho, preserve the geometric orientation with 
respect to p. We wish to show that it also preserves the geometric orienta- 
tion with respect to q. 

Let À be a path joining p to ph and ao be a path joining p to q. Let 
the developments of A and ø on Gl(g), via ad w, and starting at the 
identity, be denoted by å: (I,a,b) — (Gl(g),e,Ad(h)) and ô: (I,a,b) > 
(Gl(g),e, Ad(T*)), respectively. 

By Lemma 4.3, the development of Rro, via ad w, and starting at the 
identity, ends at Ad(Ad(h)~*)Ad(!) = Ad(h7*Ih). 

Using this fact, the following diagram, and Exercise 3.7.5, we see the 
path a7 x Ax (Rro) develops, via ad wg, to a path on Gl(g) joining e to 


Ad(T!)Ad(h) - Ad(h~1Uh) = Ad(A). 


4. j 
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AdU TDAd(WAd( h Ih) 


This sho 
ws that h preserves the geometric orientation with respect to q. E 


Proposition 4.5. For P connected, we have He C H, < H 
or * 


Proof. If h lies in the identi 

tity component H, of 
h(t) on H wi as e of H, then there 
is eine Ele e and h(1) = h. This path then yields a oa os 
tothe Maur p C ph. Since this path lies on the fiber pH, where w a ict 
er aie - ; F 5 H, it follows that ph(t) develops to h(t) on 
h © Hor. on Gl(g). Thus it joins e to Ad(h), showing that 


Next we show that Hor i 
or is a Sub . ait 
T multiplication and inverse group of H by showing that it is closed 
hı, ho E€ Hor, then ther l 

’ ator) e are paths A d å» ioini 

h S Az and Ag Jomi 
the Identity to Ath) & developments Ay and Az on Gls), gh : ne 
O 1) and Ad(h2), res j i » JOm 
Rh, Àı develops to a. A a remy oenee 


Ad(h)Ad(Ad(hY )Ad(hy) = Ad(hyhy) 
Ad(h)Ad(Ad(h,) ') Ay 

Ad(Ad(h;)~)Ad(hy) 
Ad(Ad(hyy A, ay 


Then t J 

o i. STR yr on ee ph, hg and develops, via ad w, to the 
2 T Man ’ 
hile € Hor. (h2)~")A1 on Gl(g) joining e to Ad(hyh2). Thus, 
If h € Hor, then there i 

oo i s a path À joining p to ph wh c 
on Gi(g) via ad w, joins the identity to Ad(h). E a : 
joining 


UL 
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(= p), and the development of A7}, via ad w, starting 


q (= ph) to gh 1\—-1 which ends at 


at the identity on Gl(g) is (cf. Exercise 3.7.5) Ad(h)~ 


-1 Thus, h7! € Hor- " 
sa ch H, C H is normal, let h € H,, and k € H . Choose a pa 


X. joining p to ph, so that it develops, via ad w, to a path A gee Aire 
Nae By Lemna 4.3. R.A, which joins pk to phk = p 
e to 


develops, via ad w, to the composite 

1,0 2 Gl(a),e ER Gig), ¢ 
which ends at Ad(Ad(k)~*)Ad(?) — Ad(k~thk). Thus, ko hk e€ Hor. W 
ms difficult to describe the geometric orientation- 


of a Cartan geometry with more precision Fa 
4.5. there is an important case in which Hor = Be. 
tae 


While in general it see 
preserving subgroup H pe 
that given in Proposition 


w) be a Cartan geometry on M modeled on (g, b) 


igi P a 
PPT n Lie group realizing 9 and containing H as a 


with group H. Let G bea 
subgroup. Assume that 


(i) GeN H = He, and 
(ii) Adg:G — GI(g) is injective. 
Then Hor = He. 


iti i ces to show the reverse 
T a re 7a a o a path À Joining p 
a via ad w, yields a path A on G(g) sear ae 
cone e to Ad,(h). We can also develop À via w, to ee ma S) i 
G joining the identity € to an element g € ae rinses ? F n , 
so, in particular, Adg(9) = Ad,(h). Thus, g = a 7 L 
allow that h € GeN H = He and hence Hor C HRe- 


) ; is an 
Corollary 4.7. Suppose that H is a Lie group ie i A oe : 
injective homomorphism. Regarding V as an abelian i : hee 
ae xo V (i.e, |h, v] = px (hw forheh, ve V). Let Spar seat 
es on M modeled on (g,) with group H. Then Hor = He 


P is connected. 


ebra of the Lie group G = H xp V. 


l ; al ; 
Proof. First note that g is the Lie alg suffices to verify conditions (i) ane 


Clearly, H C G. By the proposition, it 
= Let (h, v) € H xp V and (k,w) € 5 xp V. We have 
Ad(h, v)(k, w) = (ad(h)k, p(h)(w — Px (k)v)). 


E es 
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Then 
Ad(h)k = k, Ad(h) = idp, 
Ad(h, v) = idg > 4 p(h)w = w, for all (k, w) € g => < p(h) = idy, 
p(h)px(k\v = 0, v=0, 


and so Ada: G — Gl(g) is injective because p is injective. 
(ii) As a topological space, G is just the topological product of H and V. 
Since V is contractible, it follows that Ge = Hex V and hence G.NH = H. 


Definition 4.8. Let € = (P,w) be a Cartan geometry on a manifold M 
with model (g,) and (not necessarily connected) group H. € is called 
geometrically oriented if Hor = H. The principal covering Mor = P/ Hor > 
M (with group H/Hoər) is called the geometric orientation cover of M. 
€ is called geometrically orientable if there is a reduction of the bundle 


P — M to the subgroup Hor. A geometric orientation is the choice of such 
a reduction. & 


Exercise 4.9. Show that a Cartan geometry € = (P,w) on M is geomet- 
rically orientiable if and only if the principal covering space Mo, — M is 


trivial. Show that the geometric orientation cover of M is geometrically 
oriented. g 


Proposition 4.10. Locally Klein geometries are geometrically oriented. 


Proof. Consider a locally Klein geometry M = T \ G/H. As a Cartan 


_ geometry, this has principal bundle P =T \ G and Cartan connection w = 


wrc. Fix the point p = Te € P =T\G. Let h € H be arbitrary. Since G is 
connected, we may choose a path À: (7,0,1) — (G,e,h). Let its projection 
to P be A: (J,0,1) — (P,p,ph). Since TwWr\g = We, it follows that the 
development of à on G via A*wr\g is the same as the development of on 
G via wg, which is just À itself, which ends at h. Thus, the development of 
à on Gl(g) via ad wp\g is the development of À on GI(g) via ad wg, which 


is \ = Ad(A) ending at Ad(h). Thus, h € Ho, for any h € H. It follows 
that locally Klein geometries are geometrically oriented. E 


Lemma 4.11. The Cartan geometry £ = (P,w) on Mo, with model (g, b) 
and group Hor is orientable with a canonical orientation. 


Proof. By the very definition of Hor, the geometry is geometrically ori- 
entable and is itself a geometric orientation. 
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Development of Paths on M 


Let € = (P,w) be a Cartan geometry on M modelled on the Klein geometry 
(G, H). Here we are ultimately interested in the development of a path 
on M as a path on G/H. However, we begin by considering again the 
development of paths on P. If £ is flat, so that the structural equation 
holds for w then the discussion of monodromy given in §7 of Chapter 3 
applies directly. In the case of a general Cartan geometry the structural 
equation fails so the development of a path on P depends on more than 
just the homotopy class of this path. However, there is a remnant of the 
structural equation still in force. According to Lemma 3.13, on each fiber 
pH of P the Cartan connection can be identified with the Maurer-Cartan 
form of H. This means that the structural equation continues to hold in 
the fiber directions even in the most general Cartan geometries. The effect 
of this will be to maintain some homotopy invariance in the fiber direction 
in the development construction. Our study of this phenomenon will be 
based on the following observation. 


Lemma 4.12. Let E = (P,w) be a Cartan geometry modeled on the Klein 
geometry (G, H). Let 


o: (I, a,b) — (P, p,q) 
h:I — H 


be piecewise smooth maps, where I = [a,b]. Then (oh)~ = oh, where the 
development (ah)~ starts at h(a) and the development õ starts at e € G. 


Proof. First note that (ch)~(a) = h(a) = õ(a)h(a), so the two curves on 
G start at the same place. Let us show that the Darboux derivatives of oh 


and (oh)~ are the same. 
For ah we can use Exercise 3 4.12 to calculate the Darboux derivative 


as 
(Sh)*we = Ad(h~*)a*we + h*wa. 


Now consider (oh)~. By the definition of development, we have 
(ch)~*wg = (ch)*w. We cannot use Exercise 3.4.12 to calculate (ah)*w, 
since oh takes values in P, which is not a Lie group. However, a similar 
calculation is possible. Factoring oh as 


oxh 


p4oixitsepxH oP, 


we find 
(ch)*w = (po (0 x h)o A)*w 
=((o x h) o A)*p*w 
=((0 x h)o A)*(Ad(h7*)mpw +THWH) 
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= Ad(h™*)(mp o (a x h)o A)*w+ Ty 0 (0 x h) o A)*wy 
= Ad(h7")o*w + h*wy 
= Ad(h7')@*we + h*we. 


Thus, (@h)*wg = (oh)~*wg and hence Gh = (ch)~. = 


The first consequence of Lemma 4.12 is that we can extend the notion of 
development of paths on P to that of development of paths on M Wherea, 
a path on P develops a path on G, a path on M develops a path a am del 
space G/H. This is studied in Proposition 4.13 and Definition 4.15 i 


Proposition 4.13. Let € = (P,w) be a Cartan geometry on the manifold M 
modeled on the Klein geometry (G, H). Let o:(I,a,b) — (M,z,y), where 
r= [a,b]. Let ô: (I,a,b) + (P,p,q) be any lift, and let &: (I = (G e) b 

its development on G. Then its image õ = 16: (I,a) > (G/H e) 1 G H 
is a curve that is independent of the choice of the lift Ô. a 


o Ifô:(I, a, b) — (P,p,q) is a lift of o developing to ĉ: (I a) — (G,e) 
then any other lift has the form Gh for some map h: I — H aiid by lenis 


4.12, Gh develops to Gh. Since rå 5 

y i oh = 

ene Tô, the two developments on G/H 
E 


Exercise 4.14.* In the context of Proposition 4.13, consider a red 
tive model of the form (G, H) = (H x, V,H), eee pH - GI(V) 
ae D and we regard V as a commutative lic group a 
AR ne, i V (ie, [h,v] = p(h)v for h € h, v € V). 
ays: :(I,a,b) — (M,z,y) may be lifted to a horizontal curve 
:(I,a,b) — (P,p,q), namely, a curve such that ô*w takes values in V.19 


Show that the development i 
E Ee pment of ø on V is the curve õ: (I,a) — (V,0) satis- 


Since any curve on M h i j 
Ms as a lift to P, the following definition makes 


EEE 4.15. Let € = (P,w) be a Cartan geometry on the manifold M 
7 X e on the Klein geometry (G, H). Let o:(I,a,b) — (M,x,y), where 
7 [a,b]. Then the development of o on G/H is the projection to G /H of 
the development on G of any lift to P of ø. & 


For a concrete inter j : . 
pretation of this , 
Appendix B. is notion of development, see §3 in 


19 a 
Of course, V is its own Lie algebra. 


E 
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This definition has a certain conceptual power. For example, if we have 
a notion of straight line? on G/H, we can define the corresponding notion 
of a geodesic on M by calling a path on M a geodesic if it develops to 
a straight line on G/H. See Definitions 6.2.6 and 8.3.4 for examples in 
Riemannian and projective geometries. In general, however, there is no 
notion of a straight line in G /H. There is, however, the following more 


general notion. 


Definition 4.16. Let € = (P, w) be a Cartan geometry on M modeled 
on (g,6) with group H. A generalized circle is a curve on M that is the 
projection of an integral curve of an w constant vector field on P. 8 


Exercise 4.17. (i) Show that the generalized circles in a Klein geometry 
M = G/H are the projections to M of the left G translates of the one- 
parameter subgroups of G. 

(ii) Show that the generalized circles in the Euclidean plane are the 
circles and the straight lines. Determine the generalized circles in Euclidean 


3-Space. - 


Holonomy 


A second consequence of Lemma 4.12 is that we obtain an analog of the 
notion of the monodromy of a loop on P called the holonomy of a loop on 
M. In general, only the loops on M whose classes lie in Im 7x: m1(P,p) > 
mı(M,x) have well-defined holonomies attached to them. (But see §3 of 
Appendix A.) 


Definition 4.18. Let € = (P,w) be a Cartan geometry on M modeled 
on the Klein geometry (G, H). Fix a point p € P lying over Tx €E M. 
Let à: (I, ðI) — (M,x) (where I = [a,b]) represent an element of Im 
m: mı(P,p) ~> m™(M,z). Let \:(1,01) — (P,p)_ be any lift, and let 
A: (I,a) > (G,e) be its development on G. Then \(a) € G is called the 
holonomy of the loop À with respect to p. The holonomy group of € with 
respect to p is the set (p) C G of all such holonomies. ® 


This definition is justified in the following exercise. 


Exercise 4.19. 


(i) Show that the holonomy of a loop with respect to p is independent 
of the choice of lift. 


201n a reductive model G/H where g = h ® p, a straight line is (up to left 
translation) the image of a one-parameter subgroup whose generator lies in P. 
In the absence of this property, there is no general notion of a straight line in a 
homogeneous space. The best one can do in general is speak about generalized 
circles, that is, the images of arbitrary one-parameter subgroups. 
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(ii) Show that if the holonomy of the loop with respect to p is g, then 


its holonomy with respect to ph is h`? 
h-!@(p)h. ph is h~“gh. In particular, ®(ph) = 


(iii) Show that ®(p) C G is a subgroup. 
(iv) A o A lie es x,y E M, respectively, and ø: (1,0,1) > 
, P,q), then ®(y) = g` ®(x)g, where g is th dpoint of a 
opment (starting at e € G) of ø. A 


(v) oe pc Im N: nı(P, p) — mı(M,x) be a subgroup. Show that the 
olonomies corresponding to the loops in M with classes in p form a 


subgroup ®,(p) C ®(p). 


(vi) Show that for a flat geometry ®(p) i 
e y ®(p) is the monodromy group of (P, = 


a a a e 
Exercise 4.21. Show that 

(i) o(p) is a connected subgroup of G, 

(i) 
(iii) 
(iv) there is a canonical epimorphism 7\(M,xr) — ©(p)/®o(p). (This 


could justly be called the j 
tne E monodromy representation of the Cartan 
Q 


®o(p) is a normal subgroup of ®(p), 
o(p) is trivial for a flat geometry, 


ooo — aa se sana of the meaning of a torsion free geom 
infinitesimal loops have no translatio j i 
However, this doesn’t necessari ee eee 
; ssarily hold true for actual | 
of a sphere rolling without slippi isti a ae 
7 pping or twisting on a plane gi 
pendix B models the develo ee singh ied 
pment, and clearly rolling a sphere 
O 
an equator gives a pure translation as its development. i = i 
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I . . . . 
ee i Des in detail the question, when is a connected Cartan 
ry a locally Klein geometry? Locall ion i 
y, the only obstruction is the obvi 
ous one: the curvature. This is our fi fae global 
rst result. For the corr di 
statement, there are two rea eee a 
sons why mere flatness is not en j 
t ough. First, an 
pen subset of a Klein geometry is flat but is not geometrically D 
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to a Klein geometry. The missing ingredient here is completeness. Second, 
by Proposition 4.10, locally Klein geometries are geometrically orientable. 
For these reasons the argument in the global case is more involved than the 
local one and uses the “characterization of Lie groups” given in Chapter 3. 


Theorem 5.1. Let M be a flat, effective Cartan geometry modeled on 
(g,h) with group H. Then each point of M has a neighborhood U which 
is canonically isomorphic as a Cartan geometry to an open subset of the 
model Klein geometry G/H, where G is any Lie group realizing g. 


Proof. Fix a point z € M. Let (U, 0) be a Cartan gauge on M, with U con- 
nected, simply connected, and containing x. Flatness means the structural 
equation holds, so by the fundamental theorem of calculus, there is a map 
f:U — G, unique up to left translation, satisfying f* (we) = 6. Fixu EU, 
and set g = f(u), x = m(g). Then we have the following commutative 


diagram. 


TU) TAGIH) “> g/b 


By the regularity condition on 0, it follows that the composite 
proj 0, = proj WG fru = Yg(af)*u: Tu(U) — g/b 


is an isomorphism. Thus, the map p= 7 f:U — G/H is an immersion, and 


hence a local diffeomorphism. 
Shrinking U if necessary, we get an injective immersion t: U — V c G/H 


onto an open set V. Clearly, this is a geometrical isomorphism onto its 
image since o: V — G defined by a(u(v)) = f(v) is a section, over V, of 
m:G — G/H, and the gauge o* (wg) on G/H pulls back under ų to yield 
1*(o*(we)) = (ot)*(we) = F" (we) = 0. | 


We also have the following companion result giving uniqueness. 


Theorem 5.2. Let U C G/H be a connected and simply connected open 
subset and let (P,w) be the Cartan geometry induced on U by this inclu- 
sion. Let f:U — G/H be a local geometric isomorphism. Then there is an 


element g € G such that f(x) = gz for allz EU. 


Proof. Let (P;,w s) be the Cartan geometry on U induced by f. We have 
the following commutative diagrams. 
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i f 

PcG Bp cG 

TE E ees 
l f 

U c GIH U c GIH 


Since f is a local geometric isomorphism, there is a bundle map k: P — Py 
covering the identity map on U and such that k*wş = w. Then 


aneia a we = k* ftwg = (fk)*we 


so that by Theorem 3.5.2, T and fk differ by left translation by an element 
g € G. Since k covers the identity, it follows that f(x) = gx for all x € U. 
E 


Geometrically Oriented, Complete, Flat Cartan Geometries 


Now we pass to a study of geometrically oriented, complete, flat Cartan 
geometries. Every locally Klein geometry T \ G/H is not only flat in its 
canonical Cartan structure but is complete since the w-constant vector 
fields on G are just the left-invariant vector fields which are complete. It 
is also geometrically oriented by Proposition 4.10. Our aim is to show the 
converse, namely that every geometrically oriented, complete, flat Cartan 
geometry arises in this way. 

The following theorem generalizes results found, for example, in [J.H.C 
Whitehead, 1932] and [C. Ehresmann, 1936]. | a 


Theorem 5.3. Let € = (P,w) be a complete, flat, connected, geometrically 
oriented Cartan geometry, with model (g,h) and group H, on a manifold 
M. Then there is a connected Lie group G with Lie algebra g containing 
H as a closed subgroup and a subgroup T C G such that (T \ G wrcg) 
is a locally Klein geometry on T \ G/H and such that € is res 
isomorphic to it. In particular, M =T \ G/H. 


Proof. Let 7: Go — P denote the universal cover of P, and fix e € Go. Let 
A P m(e) € P. Theorem 3.8.7 applies to give us the following two pieces of 
ata: 


(a) there is a unique Lie group structure on Gop with Lie algebra g such 
that e is the identity and 1*(w) = wG; 


(b) the group of covering transformations of 7:Go — P is a subgroup 
To C Go acting on Go by left translations. Thus, P = Fo \ Go. 


Using this data, we define K = U, -4{k Em * 
| ph) | Ad(k) = Ad(h)}. 
are going to show that a m i oem 


rrr y 
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(i) K is a closed subgroup of Go (see steps 2 and 3 below), 


(ii) the map ¢:K > H defined by 7(k) = p(k) is a covering epimor- 
phism of Lie groups (step 4), 


(iii) the kernel of ¢ is a normal subgroup Z of Go and To N K = Z (step 
6). 

In the presence of these three facts, we can set G = Go/Z, T = To/Z. 

Then H = K/Z C G is a closed subgroup, P = To \ Go = T \ G, and 

w = wp\q. Thus, € is geometrically isomorphic to (T \ G,wr\g) and, by 

Lemma 4.3.12, I acts as a group of covering transformations on the space 

G/H with quotient M. Now we proceed to verify (i), (ii), and (iii). 

Step 1. is surjective. 

Proof of step 1: We show that for every h € H there is an element k € 
x—*(ph) C Go such that Ad(k) = Ad(h). It will follow that k € K and, 
since 1(k) = ph, o(k) = A. 

Since the geometry is geometrically oriented, we may choose a path 
r:I,0,1 > P,p,ph such that it develops on Gl(g), via ad(w), to a path 
\:1,0,1 — Gl(g), I, Ad(h). The lift of À to Go joins the identity to some 
element k on Go by a path whose development on Gl(g), via ad(wa), is, 
since 1*(w) = wg, once again X. But by Corollary 3.5.3, this development 
is just the restriction to the path of the adjoint representation of Go. Thus 
Ad(k) = Ad(h). 

Step 2. K is a union of path components of nx—'(pH) and hence is a 
closed submanifold of Go. 


Proof of Step 2: Suppose that k and l lie in the same path component of 
1! (pH). It is sufficient to show that kek >Slek. 

Write 1(k) = ph and z(l) = phs, where h,s € H. Then there is a path ĝ 
on 77! (pH) joining k to l and covering a path o on P joining ph and phs. 
Since k € K, there is a path dX on Go from e to k covering a path À from p 
to ph on P such that Ad(k) = Ad(h). Then the path Ax ô joins e to l and 
projects to a path Axo on P joining p to phs. This path develops (see the 
figure below) via ad(w) to a path joining e to Ad(hs) on Gl(g). Then, as 
in step 1, Ad(l) = Ad(hs), and so LEK. 


5 phs Ad(h) Ad(h)Ad(s) 
ph Ad(h)õ 
j Ad(s) 
p E 6 GI(g) 
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Finally, we note that since pH C P is a regular submanifold and 7: Go —> 
P is a covering space, it follows that 7~/(pH) is a regular submanifold of 
Go. Thus K, being a union of some of the components of 7~1(pH), is also 
a regular submanifold and hence is closed. | 


Step 3. K isa group and K = { oa 
_ g € G | R = Rn for some h € H 
Rg: P — P is induced by Ry: Go > Go. í i DEE 


Proof of Step 3: First we show the inclusion C. 
Let k € K. Since P = To \ Go, and the left and right actions commute, it 


follows that Rp: G — G induces a map on P, which we denote by Ry: P > 
P. Now j 


nm (Rw) = Rpm w = RWG = Ad(k~")we, = Ad(h7")we, 
= Ad(h7')a*w = 1*(Ad(h7*)w) = 1* (Rew). 


Since T" is injective, it follows that Riw = Ryw, so that Ryp and Rp are 
equal if they agree at a single point. But we also know that Rip = 7(Ree) = 
n(k) = ph = Rpp, so that Ry = Rn on P. 

Now we show the inclusion D. 

Let g satisfy Rg = Rp for some h € H. On the one hand, 


Ad(g~*)we, = Rin*w = 1* Ryw = 1* Riw = m* Ad(h7*)w = Ad(h™')we, 
and hence Ad(g) = Ad(h). On the other hand, 


R, = Ra => Rp = Rap > m(eg) = ph > g € m~ (ph). 


Thus, gE K. 

Now we show that K is a group. Clearly, e € K. If k € K, then Ry = Rn 
for some h € H, so Ry-1 = Ry’ = Rp’ = Rp-1ı and hence k~! € K. 
Finally, if kı, k2 E€ K, then Ry, = Rn,, hi € H for i = 1,2. Thus Rik. = 
Rk, Rk, = Rk Rh, = Rhiho and hence kiko E K. | = 


Step 4. For all elements k € K and g € Go, m(gk) = m(g)¢(k). Also 


@: K — H is a covering epimorphi . 
À phism. In particular, the L 
is the subalgebra h C g. e Lie algebra of K 


ah of Step 4: We have m(gk) = 7(Reg) = Ret(g) = Rat(g) = n(g)h. 
aking g = e, we see by definition that @(k) = h and we have verified the 


formula. Now we apply this formula to sh 
ow that h 
Let kı, ko € K. Then p is a homomorphism. 


t(e)O(kyk2) = m(ky ko) = 1(k1) b(ko) = 1(e)b(k1) (ke). 
Thus, $(kik2) = (ki) (ke). 


Fan t:Go — P is a covering map and ¢ is the restriction of 7 to a union 
of path components over pH (~ H), it follows that ¢ is also a covering map. 


er rr 
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Step 5. To N K = {7 € To | Ad(y) = e}. 

i 
Proof of Step 5: y € Yo => mye) = m(e) = p. Thus, oCo pg 
n- (pH). Hence y € ToN K & y € Vo and Ad(y) =e. 

Step 6. Let Z be the kernel of d. Then Z = ToN K and is a normal 
subgroup of Go. 
Proof of Step 6: Consider the right action of z € Z on To \ Go. This action 
‘s of course trivial, but it means that for each g € Go there is an element 
~ € To such that yg = gz. This shows that gzg™' E To for all g € Go. Let N 
be the subgroup of Go generated by the set {9297 |zEZ,gE€Go} C lo. 
Since this generating set is stable under conjugation by elements of G, it 
follows that N is a normal subgroup of G that lies in To. 

We have Z c N CTI». Also, for z E€ Z, 


Ad(gzg~}) = Ad(g)Ad(z)Ad(g~") 
= Ad(g)Ad(g~*) 


= e. 


So by step 5, N C To N K. Hence Z C N CToN K. 7 

On the other hand, let g € To N K. Then g € To = r(e) = 7g) = 
r(e)o(g). Thus, o(g) = e and hence g € ker d = Z. It follows that Ton K E 
Z and Zc N Cron K c Z. Thus, Z = N =T N K is normal in Go. 

If we have two locally Klein geometries (Tj \G /H), j= 1,2, for which the 
subgroups [';, j = 1,2, are conjugate in G, say clic = Ts, eR there 2 
a geometric isomorphism relating these geometries induced by L&G aG. 
The following result shows that this is the only geometric isomorphism 
between two such locally Klein geometries. 


Proposition 5.4 (Geometric rgidity). If (T; \ G, H ), i= 1,2, are ee 
locally Klein geometries that are geometrically isomorphic in their canonica 
structures as Cartan geometries modeled on the Klein geometry (G, H), 
then the subgroups Tı and l2 are conjugate in G by some element cE a 
and the geometric isomorphism 1s induced by the left translation Le: GG. 


Proof. Let 7:G — G be the universal covering group, and consider the 
following commutative diagram 


ee a eee 
r-e — Goh-n'@) 
E 
DNcG Got, 
T ikg 
l f 


D\G ——7 D\G 
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where f is the H bundle map satisfying f*wr,\e = wp,\q and f is any lift 
of f to the universal covers. Since wp,\g and wp,\q both lift to we on G. 


and f is just f locally, it follows that fwg = we and hence by Theorem 
3.5.2, f is just left multiplication by some element č € G. 
For all 7; € I1, we have 


mom o f(F1) = fomon(h1) = f o m1 o r(e) = m2070 f(e), 


and so it follows that for all Jı € I, there is a ¥2 € [2 such that f(j1) = 
Jef (e). Recalling that f is left multiplication yields č = 72é or G)1é7* € 
Io. Thus, čl} c Is. The same argument applied to f~! yields the 
reverse inclusion so that él',é~! = ES: Since the kernel of 7:G — G is a 
central subgroup Z and T; /Z = T;, it follows that cric™* = P2, where 
c = 7(C). z 


Moduli Space of Complete, Flat Geometries 


Suppose that I C G is a subgroup. It acts as a group of covering transfor- 
mations on G/H if and only if the following two conditions hold. 


(i) (Free action) For every g ET, g Tgn H =e. 


(ii) (Proper action) For every compact set K CG, {yET|yKNKH # 
Ø} is finite. 


In light of Theorems 5.3 and Proposition 5.4, we see that the “moduli 
space” of geometric isomorphism classes of complete, flat Cartan geometries 
modeled on a given Klein geometry (G, H) may be identified with the set 
of G conjugacy classes of subgroups I C G satisfying (i) and (ii). 


86. Cartan Space Forms 


In this section we introduce and study Cartan geometries of constant curva- 
ture. The possibility for the existence of nontrivial (i.e., nonflat) examples 
of these is governed by the H module Homy(A?(g/bh), 6), which depends 
only on the model. If this module vanishes, there are no nontrivial examples 
(cf. Exercise 6.7). A Cartan form is a complete, torsion free, geometrically 
oriented, constant-curvature geometry, and our main result is that these 
geometries are all locally Klein geometries of the form T \ G’/H, where the 
Lie algebra of G’ may not be the model algebra. 


Mutation 


The appearance of G’ in the preceding description is the result of model 
mutation. Mutation replaces a geometry modeled on (g,h) with group H 
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by one modeled on (g’,) with group H. We formulate the precise relation 
we require for mutation between models in the following definition which 
is essentially the same as Definition 4.3.8. 


Definition 6.1. Let (g,4) and (g’,) be two models with group H. A 
mutation map is an Ad(H) module isomorphism A: g — g’ satisfying 

(i) A] b = idp, 

(ii) for all u,v € g, [A(u), A(v)] = A([u, v]) mod b. 
We say the model (g’,) with group H is a mutant of the model (g, hb) with 
group H. B 


We mention that in [K. De Paepe, 1996] it is shown that, for primitive 
models of higher order, mutations are always trivial in the sense that the 
map A is always a Lie algebra isomorphism. Thus, in the primitive case, 
mutation is entirely a phenomenon of first-order geometries. 


Example 6.2. Take H = SO,(R), h = 50n(R). Now define g~, g?, g as 
follows: 


at 
a) 
o 0 0 > 
g a 4 )PeR Aco}. 
at 


{0 %) 


These are all mutants of each other, since we may define 


VER", AED}, 


VER”, Ach}, 


A wk ! 0 0 0 —v! 
g — g™ sending ( sei A 


g? à ,g7 sending a A 
v A v AJ? 


It is easily verified that these are mutation maps. + 


and 


Mutation of models gives rise to mutation of geometries. This is described 
in the following result. 


Proposition 6.3. Let M be a manifold and let € = (P,w) be a Cartan 
geometry on M modeled on (g,h) with group H. Let \:g — g’ be a mutation 
of models, and set w’ = Aw. Then €' = (P, w') is a Cartan geometry on M 
modeled on (g',h) with group H. Moreover, 


(i) "9 — of these geometries are related by Q = AN+$ (w, w’]— 
Alw, w}), 
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(ii) the geometry €' is complete if and only if the geometry € is complete. 
Under the additional hypothesis that € is torsion free, we have 
(iii) € is torsion free, 


(iv) A induces a bijection 


fi cg i) lisa re a fi Cg" 


ii)h CT 
Proof. Let us first verify that w’ is a Cartan connection. (We refer to 
Definition 3.1, page 184.) 
Properties (a) and (b) are clear. 
(c) (i) Since \:g — g’ is a linear isomorphism, it follows that w’ = 
Aw: Tp(P) — ge is a linear isomorphism for each p € P. 


(c) (ii) Using the fact that à: g — g’ is an H module isomorphism, we 
see that 


i) [is a subalgebra 
ii) CI i 


(R,)*w’ = (Rn)*Aw = A(RpY w = A Ad(h™ tw = Ad(h7")w’. 

(c) (iii) If X € h, let X? be the corresponding vector field on P so 
that w(Xt) = X. Since à | h = idp, it follows that Xt = A(X)!. Thus, 
w! (A(X) = w (XT) = Aw(XT) = A(X). 

(i) We calculate the curvature of the mutated geometry: 


ox = dw’ + slo’ 
= d(\w) + slo’ 
= Md) + 5 [u's 
1 
=À (de + T) + = (lo! — Afw, w]) 
= AQ + = (uw — Afw, w]). 


(ii) The equivalence of the completeness of the geometries € and €2 is a 


consequence of the fact that the wı—constant vector fields are the same as 
the wə—constant fields. 


(iii) By the definition of mutation, we have 3 ([w’,w’]—A[w, w]) € b. Thus, 


NQEHRSANE HSM Eh. 


(iv) Suppose that h C I C g for some Lie subalgebra | different from } 


and g. Then, by Exercise 3.12(a), w~/(l) is an integrable distribution on 
P. But then 


(w )“*(A(D) = (Aw) (AD) = w 4 (0, 
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so that the same integrable distribution may be described as (w T AUN 
Then h C A([) C g’, and by Exercise 3.12(b) we see that A([) is a subalgebra. 
Since A:g — g’ is an isomorphism, it follows that it induces an injective 


mapping 


fica 


Finally, since A~!:g’ — g is also a model mutation, this inclusion must be 
a bijection. a 


i) | is a subalgebra ; 
i) HCI = fi =e 


i) [is a subalgebra 
ii) h CI l 


Note that in mutating the model geometry, no information is lost. We 
may read the mutation data “backwards” and so recover the original ge- 
ometry. One may say that mutant geometries are the same geometry with 
different presentations. The interest in mutation lies in the possibility of 
changing, and perhaps simplifying, the curvature. 


Mutation for Reductive Models 


In the case of a reductive model, the notion of mutation takes on a special 
significance, which can already be seen in Example 6.2 involving reductive 
models. Recall that a Cartan geometry with model pair (g, b) is reductive 
if there is an H module decomposition g = h © p. 


Lemma 6.4. Let (g,h) be a reductive model pair, with group H. Write the 
H module decomposition as g = h ® p. Then there is, up to isomorphism, 
a unique mutant (g’,h) with g =h @p’ and [p’,p’] = 0. 


Proof. Existence. Set p’ = p as an h (and H) module but with multiplica- 

tion on p’ given by [p’, p’] = 0. It is then easy to verify that g’ = h @ p’ is 

a Lie algebra and that the canonical map g — g’ is a mutation. 
Uniqueness. This part is easy. a 


Since, in the reductive case, we can always find a mutation such that 
[p,p] = 0, and since we lose no information by passing to a mutation, 
it follows that for reductive Cartan geometries we exclude nothing if we 
assume that [p,p] = 0. This allows us to completely forget about the larger 
Lie algebra g and retain only the subalgebra h and the H module p. 

If, in addition to being reductive, the geometry is of first order (i.e., 
Ad: H — Gl(g/bh) is injective, cf. Definition 3.20), we may use the iso- 
morphism y,:T(M) — g/h = p to reinterpret the bundle P as a bundle 
of frames (cf. Exercise 3.21) with group H C GIl,(R), and we can forget 
about p too. This leads to the notion of an Ehresmann connection (see also 
Appendix A). 
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Uniformization of Constant-Curvature Geometries 


Constant-curvature Cartan geometries are generalizations of the classical 
Riemannian space forms, namely, geometries of constant sectional curva- 
ture that are, locally, Euclidean space, the round spheres, and hyperbolic 
space. The generalization we consider includes, for example, products of 
the classical space forms. The main point is that every constant-curvature 
Cartan geometry is locally a mutation of a flat Cartan geometry. In partic- 
ular, each of the three classical types of Riemannian space forms is locally 
a mutation of each of the other two. 


Definition 6.5. Let M be a connected manifold and let € = (P,w) be 
a Cartan geometry on M modeled on (g,h) with group H. Let Q be the 
curvature 2-form. We say that € has constant curvature if Qp(Xp, Yp) is 
independent of p € P whenever the vector fields X and Y are w—constant 
vector fields. A Cartan space form is a complete, torsion free, geometrically 
oriented Cartan geometry of constant curvature. Æ 


The constant-curvature condition may also be expressed by saying that 
the curvature function K: P — Hom(A?(g/h), 6) is constant, since 


Si, (W5 (u), w, (v)) 
K (p) = constant <= 4 is independent of p 
for all u,v € g 


<> (P,w) has constant curvature. 


This may be restated a bit more computationally as follows. 


Lemma 6.6. Let M be a connected manifold and let € = (P,w) be a torsion 
free Cartan geometry on M modeled on (g,h) with group H and curvature 
2-form NQ. Let {er} be a basis of h and let {e;} complete this to a basis of 
g. Let 0; denote the eith component of w with respect to this basis. Then 
we may write Q = XijraijrÂi A Ojer, where aijr = —ajir: P > R and 


(P,w) has constant curvature > the functions aijr are all constant. 


Proof. It is clear (cf. Corollary 3.10) that (P,w) has constant curvature = 
Olus Cait, le) is independent of p for all 1 < s,t < n. But 


—1 4 —1 ~1 
Qy (Wy Es, Wp Et) = Luz Qiz1 9; A Oj (Ww esw ez )er 
= bij1diz1(bisd;¢ — Oie6j5)er 


= Ðz (asti — Gtsr er = 2Uase7€1, 


which finishes the proof. E 
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The following exercise shows that the existence of nontrivial examples 
of Cartan space forms modeled on the Klein pair (g,h) depends on the 
nontriviality of Homy(A7(g/b6), b). 


Exercise 6.7. Suppose that Homy(A*(g/h),4) is trivial and that K is 
constant along each fiber of P. Deduce that the geometry is flat (cf. Exercise 
3.4.8). E 


The fundamental fact about the constant-curvature Cartan geometries is 
that, at least locally, they are all mutations of flat geometries. The first step 
toward proving this is to find the appropriate mutation of the Lie algebra 


g. 


Proposition 6.8. Let K € Hom(A?°(g), b) be the (value of the) curva- 
ture function of a torsion free, constant-curvature Cartan geometry, so 
that K(g,b) = 0. Let g’ be g equipped with the multiplication given by 
[u,v] = [u,v] — K(u,v). Then g' is a Lie algebra, and for all u,v € g and 
h € H, [Ad(h)u, Ad(h)v]’ = Ad(h)[u, vl’. 


Proof. The bilinearity and skew symmetry of the bracket [ , |’ are obvi- 
ous, but we need to check the Jacobi identity, [[u, v], w]’ + [[w, u], v] + 
[[v, w]’, ul’ = 0. Since [u, v]’ = [u,v] — K (u,v), this reads, in terms of [ , ], 
as 

[u,v] — K(u,v), w] — K ([u, v] — K(u, v), w) 


+ (cyclic permutations of u, v, and w) = 0. (6.9) 


Now the bracket [| , | already satisfies the Jacobi identity. The terms 
K(K(u,v),w) are of the form K(b,g) and so vanish by Corollary 3.10. 
Thus, the Jacobi identity for | , |’ is equivalent to the identity 


—[|K(u, v), w] — K([u, v], w) + (cyclic permutations of u, v, and w) = 0. 
(6.10) 
We show this is a consequence of the Bianchi identity dQ = [0,w] as 
follows. Let Xo, X1, X2 be three w—constant vector fields on P. Then we 
may explicitly calculate the two sides of the Bianchi identity 


dQ( Xo, X1, X2) — [Q, w](Xo, A i Xə). 


By Exercise 1.5.16, the left-hand side is 


2 


N O(-IŻ XOU Xo,- Xi,---, X2)) 


1=0 


+ So ODHA, Xj], Xo... Xi... Xj, ---, X2). 
O<i<j<2 
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The first sum vanishes by the constancy of Q on w—constant vector fields, 
and the second sum is simply 


—Q([Xo, X1], X2) + Q([Xo, X2], X1) — Q([X1, X2], Xo). 
The right-hand side is 


` (—1)?[Q(X,(0), Xa1)); w(Xo(2))| 
(2,1) shufffles o 


= [Q(Xo, X1), w(X2)] — [O(Xo, X2), w(X1)] + [O(X1, X2), w(X0)]. 

Thus the Bianchi identity reduces to 

Q([Xo, X1], X2) + [O(Xo, X1), w(X2)] 

+ (cyclic permutations of 0, 1, and 2) = 0. (6.11) 

Set w(Xo) = u, w(X) = v, w(X2) = w. Calculating again, we have 

dw(Xo, X1) = Xo(w(X1)) — X1(w(Xo)) — w([Xo, X1] 

=0-0- w([Xo, Xıl), 

and so 

K(u,v) = Q(Xo, X1) = dw(Xo, X1) + lw(Xo),w(X1)| 

= —w([Xo, X1]) T lu, v). 


Thus, Q([Xo, X1], X2) = K(w([X0o, X1]), w(X2)) = K([u, v] — K(u, v), w) = 
K([u, v], w). This identity allows us to rewrite Eq. (6.11) in terms of K, 
yielding 


K([u, v], w) + [K(u, v), w] + (cyclic permutations of u, v, and w) = 0, 


which is exactly the identity in Eq. (6.10) required of |, |’ for it to satisfy 
the Jacobi identity. 

Finally, we show [Ad(h)u, Ad(h)v]’ = Ad(h)[u, v]’. Recall Lemma 3.23, 
which says that 


K(Ad(h)u, Ad(h)v) = Ad(h)K (u,v) 
Thus 
[Ad(h)u, Ad(h)v]’ = [Ad(h)u, Ad(h)v] — K(Ad(h)u, Ad(h)v) 


= Ad(h)|u, v] — Ad(h)K (u,v) 
= Ad(h)[u, vl’. E 


The following result describes all the Cartan space forms with a con- 
nected model group H. 
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Theorem 6.12. Let M be a connected manifold and let € = (P,w) be a 
Cartan space form on M modeled on (g,) with group H. Suppose one of 
the following conditions holds.*! 


(i) H is connected. 
(ii) M is simply connected. 


Then E is a mutation of a locally Klein geometry T \ G'/H, where G" has 
Lie algebra g' as described in Proposition 6.8. 


Proof. The “identity” map v:g — g’ is a linear isomorphism. Since 
Kh, g) = 0, the restriction of 1 to h is an isomorphism of Lie algebras. 
This same identity also ensures that [u, v]’ = [u,v] whenever u € b. It fol- 
lows that the identity map v:g — g’ commutes with the adjoint action of 
the identity component He C H. By model mutation we may regard M 
as equipped with the geometry of vanishing curvature modeled on (g’,) 
with group H. Either of conditions (i) or (ii) implies that the geometry 
is geometrically oriented. Then the classification of complete, flat geome- 
tries, Theorem 5.3, applies to tell us that € is locally Klein and of the form 
[\ C/H. a 


Exercise 6.13. (a) Suppose that (P,w) is a constant-curvature Cartan 
geometry, and let (U, 0) be a compatible gauge with curvature O. Let e;, 1 < 
i < n, be a fixed basis for g/h and let e;(x) € T,(U) be the corresponding 
smooth vector fields on U defined by e; = 9(e;(x)), 1 < i < n. Show that 


(i) for each 1 < i,j < n, Oz(e;(z), e;(x)) is independent of x € U; 
(ii) for any h € H and any z E€ U, 


Ad(h)O.(97'(u),07'(v)) = O2(0~* (Ad(h), u), 0° (Ad(h)v)). 


[Hint for (ii): Relate Qp(w7 + (u), wz '(v)) and Qn (wey (u), wep (v))]. 

(b) Show that when the adjoint representation Ad: H — End(g/h) is 
faithful, then the converse of (a) holds. That is, in this case, show that if 
a Cartan geometry (P,w) is covered by gauges satisfying (i) and (ii), then 
it must have constant curvature. [Hint: Show first that if (i) and (ii) hold 
for one gauge and one basis {e;}, they hold for all equivalent gauges and 


all bases. m 


21] do not know whether or not the property of being geometrically orientable 
is unchanged under mutation. If it is, then Theorem 6.12 is true without the 
necessity of these conditions. 
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§7. Symmetric Spaces 


One of the classical definitions of a Riemannian locally symmetric space 
is a Riemannian geometry in which the curvature is covariant constant. 
This definition continues to make sense for any reductive Cartan geometry 
using the covariant derivative of Definition 3.43. As usual, for reductive 
geometries we assume that g = þh È p is a fixed H module decomposition. 


Definition 7.1. Let M be a reductive Cartan geometry modeled on (g, ) 
with group H. M is called a locally symmetric Cartan geometry if the 
curvature function K satisfies D,K = 0. Æ 


The following result shows that the locally symmetric spaces are “ge- 
ometries extended from flat geometries.” 


Proposition 7.2. Let M be a locally symmetric Cartan geometry (P,w) 
modeled on (g,h) with group H. Then there is a reduction of the bundle 
P to a connected principal bundle P, with group Hı C H such that (P), 
w, =w | Pi) is a constant-curvature Cartan geometry modeled on the Klein 
A 1 ® p, hı) with group Hı. Moreover, if (P,w) is complete, then so is 
P, w ; 


Proof. Fix po € P, let Po = {p € P | K(p) = K(po)}, and let Ho = 
{h € H | h- K(po) = K(po)}. Then Ho is a closed subgroup of H. Let ho 
be its Lie algebra. Since K is constant along horizontal paths in P (i.e., 
paths tangent to the distribution w~!(p)) and horizontal paths can join 
any point to any fiber, the function K takes on the value K(po) on each 
fiber. Since K(ph) = h~!- K(p), K is equivariant. Thus, by Proposition 
4.2.14, Ho — Po — M is a principal bundle. The fact that K is constant 
along paths in P tangent to the distribution w™!(p) implies that, for each 
p € P, we have wp(Tp(Po)) D p. Since the fiber of Po is Ho, it follows 
that wp(Tp(Po)) D bo. The equality dim Po = dim M + dim Hp implies 
wp(Tp(Po)) = ho @ p. Thus, w = w | Po is an (ho @ p)-valued 1-form 
on Po. Since the form w: T (P) — g satisfies conditions (i), (ii), and (iii) 
of Definition 3.1, it follows that wọ does as well, and so it is a Cartan 
connection on Po. Let us calculate the curvature of this geometry. It is 


1 1 
Qo = dwo + 5 wo, wo] = (do + T) | Po =<) | Py. 


Since the curvature function Ko = K | P = constant, the geometry 
(Po, wo) has constant curvature. 

Finally, fix a component P, of Po and an element pı € Pi, and set 
Hı = {he H | pıh € Pi}. By Exercise 1.3.23, Hı has codimension zero 
in H and Hı — P, — M is a principal Hı bundle. Setting wı = wo | Pr, 
we see that (P;,w1) is a connected, constant-curvature Cartan geometry 
on M modeled on (bı @ p, bı) with group Ay. 
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The completeness of P implies the completeness of Fo since the wo- 
constant vector fields on P) are restrictions of w—constant vector fields on 


P E 


Corollary 7.3. Let € = (P,w) be a complete, reductive, locally symmetric 
Cartan geometry on M modeled on (g, h) with group H. IfM is connected 
and simply connected, then it has the form Gı/Hı, where Hı, C Ho is a 
closed subgroup with Lie algebra hı and G, ts a Lie group with Lie algebra 
ho Op, with bracket given by [u, v]’ = [u,v] — Ko(u, v). 


Proof. The long, exact homotopy sequence 


> mı(M) > m0(A1) > m0(Pi) > --- 


0 0 


shows that H, is connected. The corollary follows by applying Theorem 
6.12 to the conclusion of Proposition 7.2. w 


6 


Riemannian Geometry 


A Riemannian geometry consists of a smooth manifold M together with 
a Riemannian metric, that is, a smooth function qy:T(M) — R, which 
restricts to a positive, definite, quadratic form on each tangent space.! 
Euclidean geometry of dimension n, denoted by E”, consists of the pair 
(R”, (-,—)), where (—,—) is the usual inner product on R”. It may be 
regarded as the simplest example of a Riemannian geometry by defining 


q:T(M) =R” x R” +R by qlz, v) = (v, v). 


This example makes it clear how Riemannian geometry is a generalization 
of Euclidean geometry. 

A deeper study of Riemannian geometry shows that more structure can 
be canonically associated to a manifold with a Riemannian metric, includ- 
ing the bundle of orthonormal frames along with its tautological 1-forms 
and the Levi-Civita connection. This construction is reviewed in §3. The 
extra canonical structure just mentioned determines a torsion free Cartan 
geometry on M modeled on Euclidean space. Conversely, any Cartan ge- 
ometry on M modeled on Euclidean space determines, up to a constant 
scalar factor, a Riemannian metric on M. These facts provide a more pro- 
found justification for regarding a Riemannian manifold as a generalization 
of Euclidean space and show the equivalence between Riemann’s original 
idea and Cartan’s version of the same thing. 


‘Riemann actually had something more general in mind. Cf. [S.-S. Chern, 
1996]. 


a 
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In §1 we study, in an ad hoc manner, the representation theory associated 
to the model Euclidean space. In §2 we define the Cartan geometries mod- 
eled on Euclidean space, giving a brief picture of the corresponding special 
geometries and ending with a discussion of the geodesics. In §3 we show 
how these geometries “geometrize” Riemannian metrics as described in the 
preceding paragraph. In §4 we study some of the special geometries, the 
Riemannian space forms. In 85 we pass to a study of subgeometries, sec- 
ond fundamental form, Ehresmann connection on the normal bundle, and a 
complete set of invariants for a submanifold. In §6 we apply these notions to 
introduce isoparametric submanifolds of Riemannian space form. We end 
that section by proving Cartan’s formula relating the principal curvatures 
of an isoparametric hypersurface in a space form. 


§1. The Model Euclidean Space 


There are really two versions of Euclidean geometry, the oriented and the 
unoriented models. We describe the unoriented version here; the oriented 
one is obtained from it by replacing O,(R) by SO,(R). Let G = Euc,(R) 
be the group of rigid motions of Euclidean n space. Let H = On(R) CG 
denote the subgroup fixing the origin. In more detail, 


1 0 
e={(5 n € Mai (R |A € O.R) } 
1 0 
w= {(1 9) EM AE om), 
with Lie algebras g = eucn(R) and h = o,(R) given by 


a= {(¢ A € Myia(R) | A+A = 0,0 ER"), 
= {(8 9) eM Ata =O} 


Definition 1.1. The group Euc,(R) = G is called the Euclidean group in 
dimension n. The pair (G, H), with H ~ On (R), described above is called 
the Euclidean model dimension n. Æ 


The model geometry is reductive since the subalgebra h C g has an 
Ad(H) invariant complement 


Te A € Mpi(R) |v ER") 


and so g = h @ p is an H module decomposition, and the adjoint action of 
H on p & g/b is given by ad(A)v = Av. Let e; € p denote the standard 
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basis and let e;; € h denote the unique elements satisfying ad(e;;)ex, = 
Oj ke: = OiKej such that ad(€pq) corresponds to ep @ ež — e, Q ež aR 
canonical isomorphism End(g/b) = (g/b) @ (g/b)*. Note that ies i<j 
is the standard basis for h. lis 
The structure of the H modules h and Hom(A*(g/h),h) determine th 
possible types of the (torsion free) special Cartan EE modeled 


Euclidean space. The remainder j ion i 
i of this sect 
these models. ion is devoted to the study of 


T 1.2. Show that is a simple Lie algebra for n Æ 4, and that for 
n = 4, h ~ so(3) ® so(3). [Hint: For n = 4, consider the matrices 


0 1 0 0 0 0 1 0 0 0 0 1 
—-1 0 0 QO 0 0 0 -1 0 0 1 0 
0 0 0 1 ff’ -1 0 0 O l’ 0 —1 0 0 
0 0 -1 0 0 1 0 0 -1 0 0 0 
and 
0 1 0 0 0 0 1 0 0 0 0 1 
-1 0 0 0 0 0 0 1 0 0 -1 0 
0 0 0 -1 ]’ -1 0 0 Of’ 0 1 0 0 ] 4 
0 0 1 0 0 —1 0 0 -1 0 0 0 


It follows from this exercise that for n # 4 there are no special t 
of torsion free Cartan geometry on M modeled on Euclidean s ace 2 
ing from the ideals of h. However, there is still the ie of eine 
cial types of geometries arising from the decomposition of the H F 
Hom(A*(g/h),h). Note that this module vanishes for n = 1 — 


Definition 1.3. The Ricci homomorphism is the composite mapping 


Ricci : Hom(?(g/h), h) "= A2(g/h)* @ 


SS" \?(g/b)* @ End(g/h) + (g/b)* © (g/b)*, 
where (vi A v3 8 p) = vt 8 (v3 0 p) — v3 8 (vf oy). B 


Proposition 1.4. Let n > 2. 
(i) Ricci is an H module homomorphism satisfying 
Ricci(e* A ež = 6;,e; Q e* “Qe 
(e; ^e} 8 epa) = jpe; Q €q — Ojqe; B ep — bipe; Q ez + bige; Bp 
so that, in particular, 


a ee ee eee : 
(a) wheni#Ak Aj, Ricci(e} A ež Q e,;) = e @ e} + ijek Q ef. 
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Moreover 
(b) for n =2, Ricci is injective. 
(c) for n > 2, Ricci rs surjective. 


(ii) Let Hom(A?(g/b),6)B C Hom(A?(g/h), h) denote the subspace of ele- 
ments satisfying the “first Bianchi identity” given by: 
p € Hom(2(g/b),5)B if and only if 


Doca lP) A Voe) Yag) = 9; for all v1, V2, v3 € 8/b 


(where As is the alternating group of order 3). Then Hom(A?(g/6), 5) a 
is an H submodule of Hom(A*(g/b), b). 
Moreover 


(a) let p = Udijpge; ^ €} 8 Cpa © Hom(A?(g/h),5) where aijpg t8 
skew symmetric in the first two and last two indices. Then 


p € Hom(d?(g/b),)B ® dijkatajkiqgtarija = 9 for alli, j,k,q 


(b) for n = 2, Hom(à? (g/b), b)s = Hom(A? (g/b), 5) 


(c) forn > 2, Ricci(Hom(A?(g/5),5)B) = S?(g/h)* (the symmetric 
elements in (g/h)* ® (g/b)*)- 


(iii) Let n > 2 and set bij = Dicren(es NEk B Cay + ež A eX ® eki), 
1<i,j<n. Then 


Ricci(bi;) = (n — 2)(e; ® ej + ej @e;)+ 26i Uke, @ Ek 


The elements b;; are linearly independent, and the vector space they 
span is an H submodule Rn C Hom(A?(g/h),)B- The Ricci homo- 
morphism induces an isomorphism Ry, — S?(g/h)* and a canonical 
H module decomposition into irreducible pieces 


Hom(A* (g/b), b)B ~ Ry ® Wn 


where Wn = ker Ricci | Rn. 


(iv) The submodule Hom, (A?*(g/5), b) C Hom(A?(g/6),5)B has dimension 
1 and generator 4jxe; ^ ej @ eki = tibi and its image in S?(g/h)* 
is (3n — 4) Une], ® ek- 


(v) There is an H module decomposition Rn ~ Ron ® Hom, (à? (g/b), 5) 
corresponding under the Ricci homomorphism to the decomposition 


S?(g/b)* ~ (Li<k<nek Q €k) © tw E S?(g/b)* | Trace w = 0}. 


E a 
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Proof. (i) We leave it to the reader to check that each of the maps com- 
posing Ricci $ an H module homomorphism. Next, note that under Ricci 
the element ef ^ e€} ® epq is mapped according to | 


x * x 
e; A €j 8 epg +> €; A €; @ ad(epq) 
Hrer 7 = X 
i Nej Q Ue (Sgeep — pieg )ez 
tej (Sgt€p Opt lq Ej Se — Lee; (grep bnt€g Je; & e; 
Ôjpei 8 eg — bjqe; Q ep — Sipe; Q eg + ôiqe; Q er 


and 7 particular, 
a) for t £ J] = icci(e* N e* * k 
AR TE 
basis for Hom(A?(g/h), h) and, by the formula (a) ee ie o 
eï Q eï + ez Bes £0. l Ad aa 
e ea aan 
J = se a that p € Hom(A?(g/h),6)s implies that for all 


Dee AsAd(h)[p(Ad(h™ voa) A Ad(h™)vg(2)), Ad(h1)v5(3)] = 0 
which is 
Nee As |Ad(h)(p(Ad(h~*)v,(2))),Yo(3)] = 0 
and so 
Yee Asl(Ad(h)y)(Vo(1) N Vg(2));Vo(3)] = 0. 
Thus Ad(h)y € Hom(A*(g/h),6)g and so the latter is an H submodule of 


Hom(\*(g/b), b). 
(a) The condition that y € Hom(A?(g/h,h)p may clearly be written as 


y , , et 
oe Ag lleis A Cigcay )s Giaa] — 0, for all 11,22, 23 
which, since l ; Z 

i Plein N eian) = 2Xpq (Qi aioapa) Epa: becomes 


0= 25 aai 
7€A3,pq Fig (1yi¢(2)pql€par Cig (3) ] = -4X o EAs, p%%, (1yig(2) tg (3) PEP 
Since the e, are independent, this is equivalent to (ii)(a). 
(b) Let us fix i Æ k # j and note that by (ii)(a) 


1 
* * 1 
5 ep Benj +e; Ae, @e;; 5 eke en; = ef Ae; Qeji € Hom(A7(g/b), b)B. 
Thus, for n = 2, the basis e* A ež 
, ; * Než @ ez for Hom(A\? lies i 

Hom(A? (g/b), h) which verifies (ii)(b). AR idaanitdi 

Ae the ae hand, for n > 2 the formula in (i) verifies (ii)(b) 

gain we leave it to the reader to verify that R,, i | 
Using the formula in (i)(a) we calculate i e 


232 6. Riemannian Geometry 


Ricci(bj;) = Eki j Ricci(e} A ef 8 exj +e; Ne; ® eki) 
= Epzi jle © e} +e} 8e; + 26:j3€; 8 ek) 
Drzi jle 9e; +e; @ e) ifi#j 
= ea. ifi= j 
2)(eF Qe} +e; 8e) ifi ÆJ 


i 2(n — l)e} @ e* + 2Dprie* Q et ifi =j 
o +e} Q ež) if 439 
Jež 9 e* + ILe @ e ifi=j 
wae ee Q ei +e; Qer) + 264; Upez @ ek. 


It is clear from this formula that the elements Ricci(b;;),7 < i,j < n are lin- 
early independent and span the symmetric submodule 8° (g/ b)” C (g/ b)” ® 
(g/h)*. It follows immediately that the Ricci homomorphism induces an iso- 
morphism R, —> S?(g/h)* and that Hom(A?(g/b),6)B © Rn ® Wn is an 
isomorphism of H modules. ; 

(iv) We refer to Exercise 3.4.8(c) for the proof that Homy(A~(g/b), 6) has 
dimension one with the given generator. It is clear that Xipe ^ e% 8 eki = 
5 Li dii and, using the formula in (iii), it is easy to determine its image in 
S?(g/h)* is as stated. 

(v) The decomposition 


S?(g/h)* ~ (Ei<k<nek Q ek) 
an) {w E S*(g/h)* | w = Uijaije; ® e; with Dia; = 0} 


is just the decomposition of n x n symmetric matrices as a sum of mul- 
tiples of the identity matrix and trace zero matrices. This decomposition 
is clearly stable under conjugation by any orthogonal matrix. The first 
summand is irreducible because its dimension is one. For the irreducibil- 
ity of the second summation, see Exercise 1.6. Since the Ricci homomor- 
phism restricts to an isomorphism R, ~ S°(g/h)* that, by (iv), identifies 
Hom, (A?(g/h), 6) with (Li<k<nej, ® ej), we may define Ron to be the sub- 
module of R, corresponding to the “trace zero” submodule of S*(g/h)*. 

Then the decomposition R, ~ Hom,(A?(g/h),§) © Ron is clear. H 


Definition 1.5. The submodules of Hom(A?(g/h),6) described in Propo- 
sition 1.4 have the following names: 


(i) Hom(A?(g/b),6)B is the Bianchi submodule. 


n is the Ricci submodule. 


(i 


(iii) Wn is the Weyl submodule. 


i) R 
) 

(iv) Ron is the traceless Ricci submodule. 
) 


(v) Hom (à?°(g/b), h) is the scalar submodule. & 
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Exercise 1.6. Let SO,(R) act on the space of trace-free symmetric 
n x n matrices Sym,(R)o by conjugation. Show that this representa- 
tion is irreducible. [Hint: Suppose there is a nonzero subrepresentation 
V C Sym, (R)o. Each nonzero element of V is conjugate to a diagonal ma- 
trix of the form diag(a, @,...), where a Æ 8 and neither is zero. Then this 
diagonal matrix is in turn conjugate to the same matrix with a and @ in- 
terchanged. The difference, which also lies in V, is a multiple of a matrix of 
the form diag(1,—1,0,...,0). It then easily follows that V = Sym, (R)o.] 
O 


It is known that as an O,(R) module, W, is irreducible (cf. [I.M. Singer 
and J.A. Thorpe, 1969]). 


Exercise 1.7. Show that, as an SO,(R) module, W,, can decompose into 
at most two submodules and, if it does so, these submodules are isomorphic 
and will be interchanged by the action of any orientation-reversing element 


of O,(R). QO 


Note that when n = 4, W4 = Wt @W7 as an SO,4(R) module (cf. [I.M. 
Singer and J.A. Thorpe, 1969]). Wn is irreducible as an SO,(R) module for 
n #4. The existence of the decomposition W4 = W+ ẹ@ W- in dimension 4 
is at the root of Donaldson’s important work relating differential geometry 
to the structure of smooth four-dimensional manifolds (cf. [S. Donaldson 
and P.B. Kronheimer, 1990]). 


In summary, the decomposition into three irreducible O„ (R) modules 


Hom(A*(g/b), he= Homy (A*(g/b), h) © Rn D Wn 


provides a corresponding decomposition of L € Hom(A?(g/b), h)g as L = 
s(L)+ro(L)+W (L), where the notation is chosen so that s, ro, and W will 
correspond to the scalar, traceless Ricci, and Weyl curvatures respectively. 

We end this section with the following criterion for the equality of ele- 
ments of Hom(\?(g/h), 6) z. 


Proposition 1.8. 
(i) p € Hom(A?(p),6)B satisfies 
(ad(p(X AY))Z,W) = (ad(y(ZAW))X,Y) forall X,Y,Z,W €p. 
(ii) Let p1, p2 E Hom(A?(p),h)B. Then 


— go, ap J dlp (v A v2))v1, v2) = (ad(y2(v1 A v2))v1, v2) 
= ee for all vi, v2 € p. 


Proof. (i) This is a consequence of the Bianchi identity. Adding the equa- 
tions 
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(ad(y(X AY))Z,W) + (ad(y(Y A Z))X,W) + (ad(y(Z A X))Y, W 
_((ad(y(W ^ X))Y, Z) + (ad(y(X AY))W, Z) + (ad(p(Y A W))X, Z) 
_((ad(y(Z A W))X,Y) + (ad(y(W A.X))Z,Y) + (ad(y(X A Z))W,Y) 

(ad(y(Y A Z))W, X) + (ad(y(Z A W))Y, X) + (ad(o(W AY))Z,X 

Z, 


and using the skew symmetry of (ad(p(X AY))Z,W) in X, Y and 
yields 


2Xlad(y(X AY))Z,W) — 2(ad(y(Z AW))X,Y) =0 for all X,Y, Z,W € p. 


\=0 
)=0 
= 
y= Ó 
W 


(ii) It suffices to prove this result for the case p1 (= y say) and p2 = 0. 
Since > is automatic, we prove <=. Suppose 


(ad(y(v1 A v2))v1, v2) =0 for all v1, v2 € p. (x) 
Then (ad(y(v1 A (v2 + v4)))v1, V2 + v4) = 0 for all v1, v2, U4 € P. So by (*), 
(ad(p(v1 A v2))v1, va) + (ad(p(vi A v4))¥1, V2) =0 for all v1, v2, 04 E P 


or, by (i), 
(ad(y(u1 A v2))v1, v4) =9 for all vı, v2, v4 €E P. (**) 


Thus, (ad(y((v1 + v3) A v2)) (vı + v3), va) = 0 for all v1, v2, v3, va E P. So by 
(**), 


(ad(y(v1 A v2))v3, va) + (ad(y(v3 A v2))v1, v4) =0 for all v1, v2, U3, V4 E€ P 


and so, by the Bianchi identity, (ad(y(u1 A v2))v3, v4) = 0 for all v1, v2, = 
v4 € p. Thus, y = 0. 
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Definition 2.1. Let M be a smooth manifold. A Euclidean geometry on 
M is a Cartan geometry on M modeled on Euclidean space. A Riemannian 
geometry? on M is a torsion free Euclidean geometry. Æ 


We continue the notation at the beginning of §1. Let us assume that 
(P,w) is a Euclidean geometry on M with model (g, h) and group H. Since 
the Lie algebra g decomposes as an H module as g = h @ p, the Cartan 
connection w: T(P) — g and the curvature (): A? (P) — g decompose corre- 
spondingly as w = wp Ð wp and Q = Qy @ Qy. These may also be expressed 
as 


2Of course, this is not the usual definition of a Riemannian geometry, which 
is a manifold together with a Riemnanian metric on it. The equivalence (up to 
scale) of these definitions will be shown in 83. 
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0 0 ) 0 0 
w= ( — 2 Bees: > Wijêij, or w = ( , . ). 
Vp Wh 1<i<n 1<i<j<n (wi) (wig) 
0 0 0 0 
= ei Op ) = 2 Qei + 2 reiz or Q = Pa E . 
l<i<n l<i<q<n 


Definition 2.2. In the case of a Riemannian geometry, the form Wh is 
called the Levi-Civita connection. The form wp has been called the solder 
form. æ 


Exercise 2.3. Verify that the Levi-Civita connection on the principal bun- 
dle P satisfies the following properties: 


(i) Riwy = Ad(h~*)wy; 
(ii) wy(X1) = X for every X € b. m 


The properties of wy given in this exercise were adopted by Ehresmann 
as the definition of what is today called an Ehresmann connection on the 
principal bundle P with any group as fiber. 


Definition 2.4. Let H — P — M be an arbitrary principal bundle over 
M and let h be the Lie algebra of H. An Ehresmann connection of P is an 
h-valued 1-form y satisfying the conditions 


(i) Rey = Ad(h7')y, and 
(ii) (Xt) = X for every X € b. 


The curvature of the Ehresmann connection y is the two form dy + 517; 7]. 

Æ 

Ehresmann connections are studied in [S. Kobayashi and K. Nomizu, 

1963] and enjoy wide usage since in important cases—Riemannian geome- 

try, for example—all of the geometry may be simply expressed in terms of 

an Ehresmann connection. See Appendix A for a discussion of Ehresmann 
connections and their relationship with Cartan connections. 


Special Geometries 


We are going to study the most important case, the Riemannian 


geometries on M. Thus, we assume that Qp = 0 or, equivalently, Q; = 0, 
l<i<n. 


`The more general Euclidean geometries are apparently not very important. 
The Lorentzian analog of the extreme case of a Euclidean geometry on a manifold 
M with Q} = 0 was investigated by Einstein from 1929-1932 in the hope that a 
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The Bianchi identity is dQ = [Q, w] or 


€ an,) = [(o a) (cy eli een Oanl) 


This identity decomposes into 
(first Bianchi identity) O=Q)Awp or 0= >}; Qiy Aw,;, 
(second Bianchi identity) dQ, = (Qy, wy], or 
da= S Nk A Weg — Wig A Ne): 
The curvature function K: P —- Hom(A?(p), h) is defined by 
K(p)(v1, v2) = Q (wz (v1), wz (v2)) for v1, v2 € P. 


Writing Qi; = Ekiaijkiwk ^w, (which we may do since { is semibasic), 
the first Bianchi identity becomes 0 = NjKiaijniwe A wy A Wj, OF Qijkl + 
aiklj + aiik = 0 for all i, j, k, 1. Thus K takes values in Hom(?(p), h)s. It 
follows from the results of §1 that in a Riemannian geometry the curvature 
function decomposes as 


K = s(K) +1ro(K) + W(K). 


Table 2.5 lists the usual terminology. 


TABLE 2.5 


PK) | W 8K) + ro(K) | WK) | 


alar curvature | traceless Ricci | Ricci curvature | Weyl curvature 
curvature 


WK) =ro(K)=0 


constant curvature conformally flat Einstein 
if n > 2 (cf. §4) (cf. Theorem 7.3.9) | manifold 


Geodesics 


The notion of a straight line in Euclidean space immediately extends to 
the notion of a geodesic in a Riemannian manifold as follows. 


Definition 2.6. A geodesic in a Riemannian manifold M is a curve on M 
whose development in Euclidean space is a straight line. Æ 


unified field theory might be based on it [E. Cartan and A. Einstein, 1979]. Since 
the holonomy of such a geometry is purely translational, and the translations form 
a normal subgroup of all the group of all motions, there is an absolute parallelism 
on M in the sense that there is a canonical trivialization of the tangent bundle 
of M inducing isometries between the tangent spaces at any two points of M. 


§3. The Equivalence Problem for Riemannian Metrics 237 


Note that we speak here of an unparametrized geodesic. One may of 
course choose the arclength parameterization for a geodesic, which is also 
the parameterization by the arclength of the development. 


Proposition 2.7. Let (U,0) be a Riemannian gauge on M. Let I denote 
the interval (a,b). Then the geodesics c:I — M are the solutions of the 
ODE. 


chee 
m ee a P,(v) = 2 0i; (v)ð; (v). 


Proof. We must show that the given differential equation is a necessary 
and sufficient condition for the regular curve c(t) to develop to a straight 
line in the model space R”. Consider the associated function 0(ċ): I — g, 
which develops to give a curve on G 


c:I,a— Gye 


satisfying wa (č(t)) = 0(ė(t)). Now the projection of this curve to the model 
space R” is ¢(t)eo, where eg € R”+?. Then C(t)eo lies in a straight-line 
segment in R” if and only if č(t)eo and č(t)eo are linearly dependent. Since 
c(t) is regular, it is a geodesic if and only if there is a function A(t) such 
that cep = ACeo or, equivalently, @~ eg = Ač tčeo. 

But we have č! = wga(č) = O(é). Since (č!) = —@ée- 
have 


l we also 


A(é) = — ee + &1E = o (è)? + E78. 


With these identities, the equation for geodesics becomes 6(é)'e9 + 
0(¢)*e9 = A0 (ċ)eo. If the gauge is written as 


(0 0 
= (4, iy) 


the geodesic equation may be expressed as 


BC) + Lirsj<n Ois (È); (6) 


0;(é) = fori=1,...,n. a 


Exercise 2.8. Show that the equations for a geodesic parametrized by 
arclength are 6;(¢)' + P;(¢)=0,1<i<n. QO 


83. The Equivalence Problem for Riemannian 
Metrics 


We begin with the classical definition of a Riemannian metric. 


238 6. Riemannian Geometry 


Definition 3.1. A Riemannian metric on a manifold M is a smooth func- 
tion qu: T(M) — R whose restrictions qs: Ts(M) — R are all nondegen- 
erate quadratic forms. & 


What is the relation between this notion and that of a Riemannian geom- 
etry as given in Definition 2.1? It turns out that these two notions are, up 
to a constant scale factor, the same. The following proposition shows that a 
Euclidean geometry on a manifold always determines a Riemannian metric 
up to scale. The converse will be treated in Theorem 3.4. Taken together, 
these results “geometrize” or “solve the equivalence problem” for Rieman- 
nian metrics in the sense that they show that two manifolds equipped with 
Riemannian metrics are isometric up to scale if and only if the associated 
Riemannian geometries are geometrically isomorphic. 


Proposition 3.2. A Riemannian geometry on M determines a Rieman- 
nian metric on M up to constant scale factor. 


Proof. As we noted in §1, the adjoint action of H = SO,(R) on g induces 
the standard action on g/b ~ R” given by ad(A)v = Av. This action 
preserves the standard quadratic form q on g/h, and in fact q is, up to 
scale, the only quadratic form on g/b preserved by H. We may use the 
isomorphisms ~p:T;,(M) — g/b (where p € m™+(x)) to transport q to a 
quadratic form qp on T,(M) defined by gp(v) = a(yp(v)). Since Yon = 
Ad(h~!)@p, it follows that 


Qpn(v) = a(Ypn(v)) = g(Ad(h~")yp(v)) = a(Yp(v)) = a(v). 


Thus, the quadratic form qp on T,(M) is independent of the choice of 
p € m~*(a), and we have found a canonical (up-to-scale) Riemannian metric 
qm on M. To see that qm is smooth, consider the following diagrams. 


T(P) iy g TP) —> g 
w | mo] 
T.(M) 2g h TM) gh 


NEO ONI 


FIGURES 3.3(a) and (b) 


The diagram on the left commutes by the definition of qz and of yp, and it 
implies the commutativity of the diagram on the right. However, the upper 
composite T(P) — R in the diagram on the right is clearly smooth, and 
since 7, is a submersion, it follows that qm is smooth. a 
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The proof of the converse of Proposition 3.2 depends on the following 
lemma, which will also be useful in other contexts. 


Cartan’s Lemma 3.4. (a) Let V be an n-dimensional vector space, and let 
0; E V*,i=1,...,n, bea basis. Let p; E€ A7(V*), i =1,...,n, be arbitrary. 
Then there exists a unique collection of elements Bae Vs) = lee, 
satisfying 


(i) 0; 5 Oji = Q, 
(ii) Hi + Dig Oss N 0; = (); 


(b) Suppose that 0; € A1(U), where U is some open set in R”, and that 
ui E A?(U). Then the forms 0;; guaranteed by the lemma are smooth, that 
is, 45 € Al(U). 


Proof. (a) Existence. Write uw; = X` jik Aijn9; \ 0x, where we may assume 
Aijk + Aizkj = 0, so the As are uniquely determined. Set 


0:5 = — S (Ajik + Aig — Ange) Oe. 
k 


Then 


(i) ig + Oji = —Ek(Ajik + Aikj — Arji + Aige + Agri — Aniz)On = 0, 
(ii) D A 0; = =k Akk A 0; = Dik (Ajik — Anji) Ox A 0; 


Uniqueness. If there were two sets of 1-forms satisfying (i) and (ii), 
their differences yi; would satisfy (i) and (ii) with pu; = 0. Writing 
Vij = Xk Bijkôk, (i) implies Bijk +Bijtk = 0 and (ii) implies 0= Vig NO; = 
XjkBijkôk NO; = ee Bak — Bizz) Ox N Oj, SO Bijk = Bix;. But skew sym- 
metry in the first two indices together with symmetry in the last two indices 
imply that all the Bs vanish. 

(b) This is automatic from the formula for 0;; appearing in the proof of 
(a). E 


We apply this lemma to obtain the next result. 


Theorem 3.5. Let (M,g) be a smooth manifold equipped with a Rieman- 
nian metric g. There is exactly one torsion free Cartan geometry on M 
whose associated metric is, up to scale, g. 


Proof. Let e(x) = (e1(z), e2(z),...,@n(x)) be any choice of orthonormal 
frame field on an open set U C M, and let 0),...,0, € A'(U) be the dual 
1-forms. Lemma 3.4 assures us that there are unique forms (0;;) on U such 
that d(@;) + (0:;) A (0:) = 0. We set 
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{0 0 1 
res g ) E40: 


Thus, 0 is a g-valued 1-form on U, and since e(x) is a frame, @ has the 
property that the composite 


05 roj. 
T,(U) + g = g/b 


is an isomorphism. Thus, 0 is a Cartan gauge. It is clear that the Rieman- 
nian metric induced on U from the standard Euclidean metric on g /h is the 
original metric g | U. The whole of M is covered by such Cartan gauges, and 
it remains only to show that a different choice of orthonormal frame fields 
yields an equivalent gauge. Suppose that f (x) = (falx), fo(z),.--) fn(2)) 
is another orthonormal frame field with dual 1-forms ¥1,..-,Y%n € Al(U). 
Now the two frame fields must be related by an orthogonal transformation 
h:U => O(n), so that filz) = Lg hize;, and w;(a) = 5 hi 8;. But under the 
change of gauge h: U — O(n), we have 


0 =>, Ad(h7!)0 + h*wy 
ne ee Ot ie 
7 (5-110) o) =la, J 


and since this new gauge must also be torsion free, by the Cartan lemma 
it must be the unique torsion free gauge corresponding to the coframe 
Wi, ..-, Yn. Thus, 0 and Y are gauge equivalent. In this way we have con- 
structed a Riemannian geometry on M whose associated Riemannian met- 
ric is, up to scale, g. Moreover, the construction shows that any Riemannian 
gauge whose associated metric is g will be gauge equivalent to the ones con- 
structed above. w 


Exercise 3.6. Show that the bundle P associated to the Cartan geometry 
described in the proof of Theorem 3.5 may be identified, with the aid of 
the isomorphisms y,:T,(M) — p, with the O,(R) bundle of orthonormal 
frames on M. If P is regarded as the bundle of orthonormal frames on M, 
show that the solder form wp is determined by P alone. (For this reason, 
the analog of wp on the bundle of orthonormal frames is sometimes referred 
to as the tautological form.) Cf. also Exercise 5.3.21 and §2 of Appendix A. 

Ld 


Exercise 3.7. Let (U,x) be a coordinate neighborhood in a Riemannian 
geometry, and suppose that in this coordinate system 


gS ` gijdzi Q dz ;. 
1<t,jRn 
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Choosing an orthonormal frame field (e1,€2,..., en) on U determines the 
dual coframe field (61, 62,...,0n). Let 


6=6,+6, E A! (U, g), 


[00 0 0 


be the corresponding unique torsion free gauge on U guaranteed by Theo- 
rem 3.5. Recall that the covariant derivative Dy X is determined by 


where 


9p (DxY) = X2 (0p(Y)) + [0 (X), (Y)] 
(cf. Proposition 5.3.49). 
(a) Show that Dxe; = 2 01<k<n Îki( X ex. 


(b) Show that X(9(Y, Z)) = g(DxY, Z)+9(Y, Dx Z). [Hint: Use the fact 
that the linear map 6,:T,,(U) — p is an isometry to write 


g(DxY, Z) = X(9(¥)) - Op(Z) + [0 (X), Op(Y)] - (2), 
and then use the skew symmetry of 6) (X).] 


(c) Writing Dg,d; = pa een yE ðr, where 0, = /ðzr,, 1 < s < n, 
e ðk 9(0;, 0;) in terms of the ys using the formula in (b). Show 
a 


Weiss kh l 
Vij = > g 5 jki + Jkij — Jijik }» 
l<k<n 


where giki = igk, and so forth. E 
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0. Our first aim is to justify the terminology in Table 2.5, referring to these 
geometries as having constant sectional curvature. In these geometries the 
curvature function takes values in Hom, (A? (g/b), h). By Exercise 3.4.6(c) 

this is a one-dimensional vector space, so the curvature must have ihe form 


o= € bna) 


Thus, the curvature function is K (p) = >> c(p)e* A e} Q eij, where c = c(p) 
is some sune tion on P. The case of n = dim g/h = 2 is somewhat special 
since Hom(à*(g/b), h) = Hom (à°(g/b), h), so it is no condition at all to 


In this section we study the special geometries for which W (K) = ro(K) = 
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say the curvature takes values in this submodule. However, if we avoid this 
case, we can prove that the curvature function is constant as follows. 


Lemma 4.1. Suppose the curvature function for a Riemannian geometry 
takes values in Homa (à? (g/b), 6). If n = 3, then the curvature function is 


constant. 


Proof. This is an application of the Bianchi identity dQ = [Q, w], which in 
this case reads 


a(o aa = [Co so. 5) )° (69 e) 


0° 0 
E (o cY (0: A Ok A Orj — Oik A Or A 95) 


Since the geometry is torsion free, dð; = — 5 Ok A^ Oki, so the Bianchi 
identity reads, for each t, Ĵĵ, 


d(c6; A 0;) = c(—0; A dé, + dð; A 0;) = cd(0; A 0;). 


Hence (dc) A 0; \ 6; = 0 for all i, j and so, if n 2 3, then dc = 0 and c is 
constant. x 


A Riemannian space form is a complete Riemannian geometry with con- 
stant sectional curvature. (We take here the definition of completeness 
described in Definition 5.3.1. This implies the completeness of geodesics, 
which is the classical notion of completeness.) By Proposition 4.5, a Rie- 
mannian space form is a Cartan space form whose model is Euclidean space 
(cf. §4 of Chapter 5). Of course this case is simpler than the general one 
in that the coefficients of the curvature function are not only constant (cf. 
Lemma 5.6.7), they are all equal. For n > 2 this follows from Lemma 4.1, 
while for n = 2 there is only one coefficient. We are going to describe the 
universal cover of a Riemannian space form. 


Proposition 4.2. Let M”, n > 2, be a Riemannian space form of curvature 
c. Let M be the universal cover of M. 


(i) Ifc=0, M = Euc,(R)/O,(R) (Euclidean n-space) 
(ii) Ifc>0, M = On41(R)/On(R) (the n-sphere) 
(iii) Ifc <0, M = Oin(R)/On(R) (hyperbolic n-space). 
Proof. Since the property of having a constant curvature function is local, 
the universal cover M also has constant curvature. Moreover the property 


of completeness for M passes to completeness for the universal cover. Thus 
M is also a Riemannian space form. If c = 0 then M is flat and hence it 
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is the model space Fuc,(R)/O,(R). Suppose that c 4 0. Then we have 
model mutations 


eucn(R) > on41(R) ife>0 and euc,(R) > 0;,,(R) ifc <0 


i aed 0 0\  /0 at 
v A cow A v A cu A 
By Proposition 5.6.4(i) and (ii) both of these mutated geometries are flat 
and complete. Since they are also simply connected they are geometrically 


orientable (Exercise 5.4.9) and so, by Theorem 5.5.4, they are as described 
in (ii) and (iii) above. a 


Sectional Curvature 
In this subsection we relate the previous results of this section to the clas- 


sical notion of a manifold with constant sectional curvature. 


Exercise 4.3. Let M be a Riemannian manifold and let V C T,(M) bea 
2-plane. Choose 


(i) an orthonormal basis e, f € V, 
(ii) a point p € P lying over z, 
(iii) lifts ë, f € T,(P) lying over e and f. 


Show that the number R(e, f) = (ad(K(p)(wp(ë), wp(F)) )wp(é),wp(F)) de- 
pends only on the (unoriented) 2-plane V. In particular, it is independent 
of the choices in (i), (ii), and (iii). m 
Let Grə(T(M)) denote the Grassman bundle of oriented 2-planes in the 
tangent bundle of M. Exercise 4.3 justifies the following definition. 


Definition 4.4. Sectional curvature is the function R:Gre(T(M)) > R 
defined in Exercise 4.3. A Riemannian geometry is said to have constant 
sectional curvature c at x € M if R(V) = c for every 2-plane V C T,,(M). A 
Riemannian geometry has constant sectional curvature c if R is the constant 
function with value c on Gro(T(M)). & 


Proposition 4.5. The following are equivalent. 
(i) A Riemannian geometry has constant sectional curvature c atx € M. 
(ii) K(p) =c) i<; Ae} 8 eij (c ER) on the fiber over z. 


Proof. Let p = c;c; ef Ne} @eij = OBT ež Než @ei43 € Homg (à? (g/b), 
h)s- Then for orthonormal vectors vı = `, apex, V2 = >; biei, we have 
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(ad(y(v1 A v2))v2, 01) 
= X axbjasb;(ad(y(ex A e1))et, es) 


klst 
1 
= 5° ra akbiasbi(ad(e} A e; (€k Nel) 8 eki)et, €s) 
ijklst 
1 
=. ` Axbiasb:(bikdj1 — Sijr)(ad(eki)et, es) 
ijklst 
1 
= 5° >D akbiasbt(óikóji = bi65k) (1k a OKt€1, €s) 
tjklst 
1 1 
= 9° ` akbiasbtôikójlóltŐks = 9° > akblasbtôikójlóktóls 
ijklst ikjlst 
1 1 
> ` akbiasbtôitÂjkóItóks + 5¢ X akbiasbtôiójkóktôIs 
ijklst ijklst 


1 1 
= a ata; — oD, asbsasts — D ajbiajbi + a° aha 
= DP a;b? = cY a;biajbj 
ij ij 
= c) a Soa — cY aibi X a;b; 
i j i j 


= C. 


Thus (i) is equivalent to the statement: 


(ad(K (p) (wp (2), wp(F)))wp(2),wp(F)) = € 
for any orthonormal vectors ë, f € Wp 1(p). This, in turn, is equivalent to 
the statement: (ad(K(p)(vı A v2)v1, v2) = c for every pair of orthonormal 
vectors v1,v2 € p. But by Proposition 1.8(ii), ad(K(p)) is determined by 
this formula, so we must have ad(K(p)) = cy. E 


85. Subgeometry of a Riemannian Geometry 


Suppose we are given a Riemannian manifold N”+"” and an immersion 
f:M” — N”*" with normal bundle v (cf. Exercise 5.7). Our main aim 
in this section is to describe (Py,wy), the “locally ambient geometry of 
N along f” (Definition 5.5). This is a geometric entity that contains all 
the geometry of the map f and in which the role of the ambient manifold 
N is greatly reduced. It is an example of “a locally ambient Riemannian 
geometry (P,w) of codimension r on M” described in Definition 5.2. In 
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Proposition 5.8 we show that when N is the Euclidean space R”+” the 
map f is determined up to an isometry of R”*" by the locally ambient 
geometry of N along f. In Proposition 5.9, 5.12, and 5.14 we show how 
to fracture a locally ambient Riemannian geometry on M into three pieces 
consisting of 


(i) the induced Riemannian geometry on M (the tangential part of 
(P,w)), 


(ii) an Ehresmann connection y on the normal bundle v (the normed part 
of (P,w)), 

(iii) a v-valued form B (the second fundamental form) on T(M) (the 
glueing data). 


The remainder of the section studies the principal curvatures associated 
to the second fundamental form when the normal bundle is relatively flat 
(Definition 5.23). 


Model Algebra 


We begin with some notation describing the algebra for the model consist- 
ing of Euclidean (n + r)-dimensional space and the standard n-dimensional 
subspace. The corresponding Lie algebras are 


0 0 
g = 


O O OOO 


O * O + * 
O * O + * 
oom + © 
or OF + © 
OOO *x* © 


© 


where the diagonal blocks are 1 x 1, n x n, and r x r. Of course, we must 
bear in mind that not all possible entries are allowed. Any matrix in g must 
have the form 


0 0 0 
x A —B*], 
x B D 


where A and D are skew-symmetric matrices. As in §1 we have the On+r (R) 
module decomposition g = h @p. We also note the O,,(R) x O,(R) decom- 
positions a= b@t and p=t@u, where 


0 0 0 


0 0 0 
t= x 00 n WS 0 0 0 
0 0 0 x 0 0 


(In particular, we may identify t with a/b and u with g/(h + a).) 
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Geometry of N Localized Along f 


Recall that we are studying an immersion f:M — N into a Riemannian 
manifold. The description of the geometry of N localized along f is based 
on the tangent reduction P, along f. This is a reduction of the pullback 
bundle f*(P) given by 


P, = {(z, p) E T(P) | Pp(fx(Tz(M)) u t}. 


P, sits in the following commutative diagram 
kR c JP) =P 
| | l | 
id 
M = M —?>N 


It is a principal bundle over M with group H, = O(n) x O(r) whose Lie 
algebra is 


0 0 0 
hp- = 0*0 
0 0 x 
If we set w, = f*(w) | P,, then since 


t= Yp(f.(T(M))) = Pp fx (Tx(Tp(P-)))) 
= wp( f. (T(P,)))mod h = f*(w)(Tp(P-))mod b, 


it follows that w, mod h takes values in t and hence has the form 


0 0 0 
w =|0 a -6 
08 y 


Moreover, the restriction of the curvature form to P, has the shape 


Q,=dw, + wr Awr 


0 0 0 
=| d0@+aN0 dataha-fAB * . 
0 dB PONG NG: BYALA ON By (5.1) 


This leads us to make the following definition, which we will relate to 
(P,,w,) in Lemma 5.4. 


Definition 5.2. Let M be a smooth manifold of dimension n. A locally 
ambient Riemannian geometry on M of codimension r is a pair (P,w) where 
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(i) P is a principal O(n) x O(r) bundle over M, and 
(ii) w is an (h @ t)-valued form on P satisfying the following conditions: 


(a) w:T(P,) — b @t is injective at each point, and its composite 
with the canonical projection h @t — b, Gt is surjective at each 
point; 


(b) Ržw = Ad(h~*)w for all h € H,; 
(c) w,(X') = X for each X € b,. 


(P,w) is called torsion free if, in the notation of Eq. (5.1), dd+a ^0 =0. 
Two locally ambient geometries (P;,w ,) and (P2,w2) on M are said to be 
equivalent if there is an O,(R) x O,(R) bundle map b: Pi — Pz such that 
b* (w2) = w1. & 


Definition 5.3. The normal bundle associated to the locally ambient Rie- 
mannian geometry (P,w) is the r-dimensional vector bundle 


v = P Xo, (R)xo,(R) R” 


where the action of O,(R) x O,(R) on R” is the standard second factor 
action. It has a canonical (up to constant scale) metric q,:v — R on it. & 


The point of Definition 5.2 is that it describes the data associated to the 
immersion f: M — N we have been discussing. 


Lemma 5.4. (P,,w,) is a locally ambient geometry on M of codimension 
i: 


Proof. We verify the conditions of Definition 5.2. (i) is obvious, as is the 
fact that w, is an (h @ t)-valued form on P,. Condition (ii) (b) is an au- 
tomatic consequence of the formula on P that Riw = Ad(h7')w for all 
h € H. Condition (ii) (c) comes from the fact that the inclusion P, C f*(P) 
is equivariant with respect to the two actions of H,; hence, for X € h,, the 
vector field Xİ on f*(P) restricts to the vector field Xt on P,. The injec- 
tivity of condition (ii) (a) comes from the facts that w, = f*(w) | P,, f is 
an immersion, and w is injective. The rest of (ii) (a) comes from combining 
(ii) (c) with the fact, shown just before Definition 5.2, that w,(T,(P,)) = t 
mod h for all p € P}. a 


We signal the importance of this example of a locally ambient geometry 
by giving the following definition. 


Definition 5.5. Let N be a Riemannian manifold and let f: M — N be 
an immersion. The locally ambient geometry of N along f (or along M if 
f is an inclusion) is the pair (P,,w-). 8 
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Exercise 5.6. Let ¢: N — N is an isometry of the Riemannian manifold 
N.If f: M — N is an immersion, show that the locally ambient geometry 
of N along f is equivalent to the locally ambient geometry of N along @¢f. 

= 


Exercise 5.7. Show that the normal bundle of an immersion f: M — N 
given by v = {(z,v) € MxT(N) |v € M,v € f,(Te(M))*+}, is canonically 
isomorphic to the normal bundle, in the sense of Definition 5.3, of the locally 
ambient geometry (P,,w,) associated to f as in Lemma 5.4. a 


Now we can justify the terminology “ambient geometry localized along 
f” by showing that, at least in the case of an ambient Euclidean space, it 
does indeed encapsulate all the geometry of f. 


Proposition 5.8. (i) Let f: M” — R”*" (Euclidean space) be an im- 
mersion. If (P,,w,) is the ambient geometry localized along f, then 
dwr + wr Awr = 0 and the monodromy representation ®,,_ is trivial. 

(ii) Conversely, let M” be a connected n-dimensional manifold and let 
(P,w) be a locally ambient geometry on M of codimension r satisfying dw + 
w ^w = Q with trivial monodromy. Then there is an immersion f: M” —> 
R”+", determined up to left multiplication by an isometry of R”+", such 
that the Euclidean geometry of R™*" localized along f is equivalent to the 
geometry (P,w). 


Proof. This is just an application of the fundamental theorem of calculus 
(cf. Theorem 3.7.14). E 


Fracturing the Local Geometry 


Now let (P,w) be a locally ambient geometry on M of codimension r. The 
next step in our investigation is to decompose (P,w) into the three pieces 
mentioned in the introduction to this section. First we show that the bundle 
P itself decomposes as the fiber product of principal bundles determined 
by the tangent bundle of M and the associated normal vector bundle v. 


Proposition 5.9. Let Pian = P/O, (R) and Paor = P/On(R). Then 


(i) Pian is a principal O,(R) bundle and Pryor is a principal O, (R) bun- 
dle, 


(ii) P = Pian Xm Pnor (fiber product), 


(iii) Pian and Paor are principal bundles associated to the tangent of M 
and the normal bundle v over M arising from (P,w). Moreover, if 
(P,w) is the locally ambient geometry of an immersion f, then v is 
the normal bundle of f. 
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Proof. (i) Since the actions of O„(R) and of O,(R) on P commute, we 
see that O,,(R) acts smoothly on Pan- Since the action of O„ (R) x O, (R) 
is proper on P and transitive on the fibers of P — M, it follows that the 
action of O,,(R) is proper on Pian and transitive on the fibers of Pian > M. 
Hence Pan is a right principal On (R) bundle over M. The case of Paor > M 
is similar. 

(ii) The two smooth bundle maps (defined by projection) O,(R) — P > 
Pan and O,(R) — P — Paor induce a smooth map into the fiber product 
P — Pan Xm Phor. This map covers the identity on M and is obviously an 
O,(R) x O,(R) bundle map. 

(iii) Since the standard action of O,,(R) on R” is faithful, the principal 
bundle Pian — M is determined by its associated vector bundle. The case 
of Paor — M is similar. 

As for the identification of the associated vector bundles, we deal with 
the case of the normal bundle only and leave the similar case of the tangent 
bundle to the reader. Define P x u — v by sending (p, v) > yp *(v). Note 
that since y, is an isometry and for p € P, pp(Tr(p(M)) = t, it follows 
that Yp(Vr(p)) = u, and hence y5*(u) = Vr(p)- Since every h € O,(R) 
acts trivially on u we have pzp (v) = y,‘(Ad(h)v) = yp*(v). Thus, the 
map induces a smooth bundle map Phor x u = P/O,(R) x u — v. But 
we also have, for every k € O,(R), Pox (v) = p (Ad(k)v). It follows that 
(p,v) and (pk, Ad(k~')v) have the same image in v. Thus, we get a further 
induced map Phor Xo(r) u > v. This map is vector bundle map covering 
the identity on M, and the fibers have the same dimensions. Thus, it is a 
bundle equivalence. E 


Exercise 5.10. Let (P,w) be a locally ambient geometry on M. Show that 
P x aq t may be canonically identified with the tangent bundle of M. Ù 


Writing 
0 0 0 
w=|0 a —-f£ }, (5.11) 
0 8 y 


the next step is to see that the parts œ and y of the form w determine, 
and are determined by, certain induced forms (to which we give the same 
names) on Pyan and Phor- 


Proposition 5.12. Let (P,w) be a locally ambient geometry on M of codi- 
mension r. 


(i) The forms a and 0 (respectively, y) appearing in the block decompo- 
sition ofw are the pullback under the canonical projection P — Pran 
(respectively, Panor) of unique forms, which we denoted again by a and 
0 (respectively, y) on Pian (respectively, Paor). 
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(ii) Lety be the form on Paor guaranteed by (i). Then y is an Ehresmann 
connection on Pror. 


(iii Let 
ee 0 0 
M7“ a 
be the form on Pran guaranteed by (i). Then (Pian, wm) is a Euclidean 
geometry on M. Moreover, if (P,w) arises from an immersion, then 
the Riemannian metric on M associated to (Pian,wm) is the metric 


induced on M from N. Finally, (Pian, wm) is torsion free if and only 
if (P,w) is torsion free. 


Proof. (i) We deal with y only, the cases of œ and @ being similar. The 
transformation law in Definition 5.2(b) implies that for h € O,(R), Rọ y = 
y; moreover, 5.2(c) says that w(X') = X for X € h,, so in particular 
a(Xt) = 0 for X € a. Thus, y is basic for the principal bundle P — 
P/On(R) = Paor, and since 7*: A!(P/O,(R)) — A! (P) is injective, there 
is a unique form on Phor pulling back to y. 

(ii) The transformation law in 5.2(b) implies that for h € O,(R), 

*y = Ad(h~*)y; moreover, 5.2(c) says that w( Xt) = X for X € b,, 
so in particular y( Xİ) = X for X € u. Since the projection P — P/O, (R) 
is O (R) equivariant and 1*: A!(P/On(R),u) — A'(P,u) is injective, it 
follows that the formulas R*y = Ad(h~')y for h € O,(R) and 7(X') = X 
for X € o(r) also hold for the version of y on Phor. Thus, y satisfies the 
conditions for an Ehresmann connection (cf. Definition 2.4) on Phor- 

(iii) To see that wm is a trivialization of the tangent bundle of Pian, since 
dim Pian = dim a, it suffices to show that wyy:T (Pian) — a is surjective, 
or, equivalently, that the form n*(wm): T(P) — a is surjective. But since 
m*(wys) is just the canonical projection of w on a, by condition 5.2(a) it is 
surjective. The proof that wm satisfies the conditions 


a) Rtwy = Ad(h~')wy for h € O,(R) and 
h 


(b) wy (X') = X for X €b 


is similar to the proof of (ii). Thus, wm is a Euclidean geometry on M. 
Suppose that (P,w) arises from an immersion f: M — N. Let (Py,wy) 
denote the Riemannian geometry on N and let yp’: Ty(N) — g/h be the 
usual isomorphism, where py € Py lies over y € N. Since it is clear that 
Yy(v) = Pp) o fep(v), for any v € T,(M) and for any p € Pian covering z, 


the induced Riemannian metric qy:T(M) — R arising from the immersion 
is given by 
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qu (v) = qn (fx(v)) 
= (pp (f«(v)), 03 (Fe(¥)) gp 
= (Pp(V), Pp(U)) a/b 


where pp refers to the geometry (Pian, wm). 
The last statement of (iii) is obvious. w 


Exercise 5.13. Suppose that G — P — M is any principal bundle and 
H C G is a closed normal subgroup. Then G acts on P and P/H so that 
the principal bundle map 7: P — P/H is G equivariant. Let X € g. Show 
that the two versions of X', one on P and one on P/H, correspond under 
Tą. (This is a point we glossed over in the proof of Proposition 5.12(i) and 
(ii).) | 


At this stage we have two of the three pieces of the localized geometry 
(P,w), namely the Riemannian geometry on M (corresponding to a) and 
the Ehresmann connection on the normal bundle (corresponding to y). The 
remaining piece, which corresponds to 8, is the second fundamental form. 


The Second Fundamental Form 


Proposition 5.14. Let (P,w) be a locally ambient geometry on M of codi- 
mension r and let v be the normal bundle associated to it. The form 6 on 
P given in Eq. (5.11) determines, and is determined by, the bilinear sym- 
metric form B € Hom(T(M)@T(M),v), which is given, independently of 
the choice of p lying over x, by 


Pp(Bz(u, v)) = Blw (Pplu))) ppl), where u,v € T,(M). 


Moreover, there are symmetric matriz-valued functions h(i): P, —> 
M,a (R) (= End(t)) defined by the equation Bi = O*h(i), where B; is the 
ith row of B. These functions are related to B by the formula 


pplu) h(1)pp (v) 
Yp(Blu, v)) = 
Pplu) h(r)pplv) 


Proof. First we show that the expression @(w>*(w))we is symmetric in 


W1,W2 € t. The structural equation for w, in the (3,1) block is BA@ = 0. 
This implies that the ith row of @ may be expressed as 8; = 0°h(i), where 
h(i) is an r x r matrix-valued function on P,. (We may also regard h(i) 
as taking values in End(t); cf. Lemma 5.21 ahead.) In fact, the condition 
Bi \@ = 0 for all i implies that h(i) is a symmetric matrix. Thus, the 
expression 
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(wz *(w1))h(1) wih(1)we 
O (wz *(w1))h(r) wih(r)wz 


is symmetric in wı and wz. 
Now consider the function b € C(P,, (S?(t*) @ u, p)) = $?(Ad*) @ Ad, 
where p, given by 


b(p)(w1, w2) = B(we*(w1))wa, where w; € t for i = 1,2. 


Let us show that the function b has the transformation properties indicated. 
For h = diag(A, D) € O,(R) x O,(R), we have 


b(ph)(w1, w2) = blwy (w1))we 
= B(Rnxw, *(Ad(h)w1))we 
= (Rj,B)(w, *(Ad(h)w1))we 


P 


= D~*B(w,*(Ad(h)w1)) Awe 
= Ad(h~™)b(p)(Ad(h)wr, Ad(h)we) = (0(h~")b(p)) (wi, we). 


Clearly, 8 determines and is determined by b. 

Note that b(p)(Yp(v1), Yp(ve)) E€ u. Since y>*(u) = vz = the normal 
space at x € M, it follows that the formula defining B,(v,,v2) makes 
sense; we must also show that it is independent of the choice of p lying over 
x. But this follows immediately from the transformation laws for b and for 
p. Finally, we note that since pp is an isomorphism for each p, B and b 
determine each other. 

As for the last formula, we have 


Pp(Blu,v)) = b(Yp(u), Sp(v)) = Llw (Yp(u))) ppv) 
Yp(u)’h(1)yp(v) 
pplu)th(r)pplo) m 


With Proposition 5.14 we have completed the decomposition of a locally 
ambient geometry into its three parts as mentioned in the introduction to 
this section. Moreover it should be clear that the original locally ambient 
geometry can be unambiguously reconstructed from these parts. 

The following exercise describes the mean curvature associated to a lo- 
cally ambient geometry. 


Exercise 5.16. Let e1, €2,..., en be an orthonormal basis for Tp (M). Show 
that the normal vector Tr B = 5°, B(e;, e;) is independent of the choice of 
this basis. (The normal vector iTr B is called the mean curvature vector 
at x E M. Its length is called the mean curvature at x.) LJ 
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Now we pass to a study of the Weingarten maps associated to a locally 
ambient geometry. 


Definition 5.17. Let (P,w) be a locally ambient geometry on M of 
codimension r. The second fundamental form associated to (P,w) is the 
bilinear symmetric form B € Hom(T(M) @ T(M),v) given in Propo- 
sition 5.14. Given a normal vector X € vz, x E M, the correspond- 
ing Weingarten map or shape operator Lx € End(T,(M)) is defined by 
(X, Blu, v))v = (u, Lx(v)) a & 


Lemma 5.18. Ly is a self-adjoint map depending linearly on X. 


Proof. The calculation 


(u, Lx(v)) = (X, B(u, v)) = (X, B(v, u)) 
= (v, Lx (u)}) = (Lx (u), v) 


shows that Lx is self-adjoint. For the linearity in X, we have 


lu, Lax+by (v)) = (aX + bY, B(u,v)) = a(X, B(u,v)) + b(Y, B(u, v)) 
= a(u, Lx(v)) + blu, Ly (v)) = (u,aLx(v) + bLy(v)), 
and so Lax+bY = aLx + bLy. E 
Since the endomorphisms Lx are self-adjoint, all their eigenvalues are 


real. This leads to the following definition. 


Definition 5.19. The eigenvalues of Lx € End(T,(M)) are called the 
principal curvatures associated to the normal vector X € v,(M). % 


Definition 5.20. The principal curvatures of M C N are constant if, for 
any curve o: I — M and any parallel normal field X on M defined along 
o, the set of eigenvalues of Lx is independent of the point on ø where they 
are calculated. & 


Next we compare the Weingarten maps to the matrices h(i). 


Lemma 5.21. 
(i) Lx(v) = Vycper Pp(X)ePp (h(E) Pp(v)). 


(ii) h(i) = pp ° Ly-1(.,) ° yp, E€ End(t). 


Proof. We have 
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(u, Lx(v))m = (X, Blu, v))v = (Yp(X), Yp(B(u, v)))u 


Pp( X), b(p)(Pp(u), Yp(v))) 


Yp(u)*h(1)pp(v) 
= (a00, : ) : 
Yp(u) h(r)pp(v) ]* q 


( 
= 


Thus, 


(Pplu), Pp(Lx(v)))t = XO PAX) )ePp(u) h(k)yp p(v) 


1l<k<r 


= (ppu), 5 Pp(X)khlk)pplv))e 


1<k<r 


This yields (i). Taking X = y> *(e;) ee ei, 1 < i < n, is the standard 
basis of t) in (i), we get Lx (v = pz (h(i)pp(v)), which is (ii). E 


Corollary 5.22. The Weingarten maps all commute with each other if and 
only if all the h(i) commute with each other. 


Principal Curvatures for Relatively Flat Normal Bundles 


Definition 5.23. Let N be a Riemannian manifold. An immersion f: M —> 
N has a relatively flat normal bundle if 8 A 6t = 0 or, equivalently, dy + 
y Ay = Q, where Q is the curvature entry on P, of the (3,3) block of the 
locally ambient geometry. & 


Example 5.24. A codimension-1 submanifold of Euclidean space is auto- 
matically relatively flat since Q = 0 in a flat geometry, and y = 0 since 
7 is a 1 X 1 skew matrix. More generally, a codimension-r submanifold of 
Euclidean space is relatively flat if and only if the Ehresmann connection 
on the normal bundle (cf. Definition 2.4) is flat (i.e., has curvature zero). 
+ 


Proposition 5.25. The following statements are equivalent: 
(i) MCN has a relatively flat normal bundle. 
(ii) AORC) = A(Z)A(i) for alll <i,j <r. 


(iii) The Weingarten maps Lx all commute with each other. 


Proof. (i) © (ii). By definition, (i) is equivalent to 8 A 6t = 0. Thus, this 
equivalence is the same as 


(BA Bij =0 & h(i) and h(j) commute. 
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We have 
(BA B')iz; = Bi ^ B% = O'h(i) A (@°R(9))’ (cf. Proposition 5.14) 
= h(i) AR(G)O = X` Ogh(é)kr A ACF) rr 


krl 
= ` Suae = Mh) Ok AO 
k<l r 
= => [ali Í)lkiðk A^ 1. 
k<l 


Since h(i) and h(j) are symmetric matrices, it follows that [h(i), h(j)] is 
skew symmetric. Hence, 


(BA B')ij = 0 = [A(t), h(i) =0 for all k <1 = [h(z), h(G)] = 
The equivalence (ii) (iii) is just Corollary 5.22. E 
Corollary 5.26. Suppose M C N has a relatively flat normal bundle. 
Define 
A, = {A € vz | Lxv = A(X \w for some v € T,(M) — {0} and all X € vz}, 
and set 
Tz(M), = {v E€ T,(M) | Lxv = A(X w for all X € vz}. 


Then Ts(M) = ®yeq, Te(M)a is an orthogonal decomposition of the tan- 
gent space. 


Proof. Since the collection of all Weingarten maps is a commutative subset 
of End(Tz(M)), we know from linear algebra that they are simultaneously 
diagonalizable (cf., e.g., [N. Jacobson, 1953], pp. 132-133). This gives a 
decomposition T}(M) = E; such that each E; is an eigenspace for every 
Weingarten map. Let A;(X) denote the eigenvalue of Lx on F;. Then the 
linearity of Lx in X implies that å; € v*. Thus, A; € Az and E; C T,(M)),. 
Since T,(M), 1 T,(M), = 0 for à £ u and T,(M) = BE; C OT;,(M)),, 
the direct-sum decomposition follows. To see that it is orthogonal, choose 


u€T,(M),, v€Tz(M)y,, AF pb. 
Then there is a vector X € v; with A(X) 4 u(X) so that 


(A(X) — u(X)) (u, v) = (A(X)u, v) — (u, u(X)v) 
— (Lx u,v) = (u, Lxv) = Q. 


Thus, (u,v) = 0. E 


Definition 5.27. Suppose that f:M — N has a relatively flat normal 
bundle. Referring to Corollary 5.26 we have the following: 
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(i) The elements of A, are called the dual principal curvatures* at z. 


(ii) The eigenspaces T,,(M/), C T,(M), à € A, given in the proof of 
Corollary 5.26 are called the principal subspaces (or directions if they 
are one-dimensional) of T,(M) at zx. 


(iii) The decomposition T,(M) = ®T,,(M)) is called the principal curva- 
ture decomposition. 


(iv) The normal vector X) € T,(M)+ given by (X),v) = A(v) for all 
v € T,(M)+ is called the mean curvature vector associated to À € A 
(or to the principal subspace T,,(M)) C T,(M)). & 


Exercise 5.28.* Let M C N have a relatively flat normal bundle. 

(i) Show that B(u,v) = (u,v)X) for all u,v € T,(M)). 

(ii) Assume that A, contains a constant number of elements for x € U, 
a simply connected open set in M. Show that there is a canonical identifi- 
cation among the Az, x E€ U, and that under this identification the X, are 
smooth normal vector fields along U. 

(iii) Deduce from (ii) that, for each À € Az, the T,(M)), yield a distri- 
bution along U. 

(iv) Show that the mean curvature vector is 


1 
= ` naX, where n, = dimT(M)), 
i ACA 


and the mean curvature p is given by u? = (1/n?) So, aca MeMa(Xn Xa). 
LJ 


This exercise allows us to identify the elements in different A, for x 
varying in a small, open set when #A, is constant. In fact, more is true in 
this case. 


Proposition 5.29. Suppose the immersion f: M — N has a relatively flat 
normal bundle and the function #A,: M —> Z is constant. Then 


(i) nà = dim T,(M)) is independent of zx. 
Choose any orthogonal decomposition t= ep tr, where dim t) = ny. 


(ii) There is a canonical reduction of O,(R) x O,(R) — P, — M toa 
principal bundle 


(xxe40n, (R)) x Or(R) + Pa > M 
“In the case of a hypersurface, the numerical values of the elements of A, on 


the unique (up to sign) unit normal vector are what are usually known as the 
principal curvatures. 


Y 
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given by 


Py = {p € P, | Gp(Tr(M)x) = ty for all A € A, where x = n(p)}. 


(iii) Regarding h(k) as taking values in End(t), we may also describe Py 
as 


Px = {pé€ P, | h(k) |th = Mp '(ex))ide, forall `AE Aandi <k<r}. 


Set asi = Ai(yp (es), 1S i<n,nt+1l<s<n+r, where A; € A is 
determined by the condition e; € t),. 


(iv) The XyeaOn,(R) bundle Pa/(1 x O,(R)) — M is a reduction of the 
bundle 
O,,(R) S? Piar = M. 


(v) The (2,2) block of the curvature function for Pian (i.e., for the sub- 
manifold M) is given by 


K222 + > (X;,.X5)e; A e; G) €ij, 
1<i,j <n 


where X; is the normal vector given by (X;,—) = A, where i is deter- 
mined by the condition e; € ty. K2,2 is the (2,2) block of the locally 
ambient curvature function restricted to Ph. It is O, (R) invariant 
and so is basic for the bundle Px — Pa /(1 x O,(R)) = Pian. (In par- 
ticular, the multiplicities of the Xs correspond to the multiplicities of 
the As.) 


Proof. (i) This follows immediately from Exercise 5.28(iii). 
(ii) We shall only verify that the fiber is as stated. Let p € Pa and 
h € O,(R) x O,-(R). Then 


ph € Px © Qpn(Tz(M),) = ty for all AC A 
<> Ad(h7")Qp(Tx(M) x) = ty for all A € A 
 Ad(h~*)t, = ty forall A € A 
& h € (XyeaOn, (R)) x O,-(R). 


(iii) Assume that p € Pa. If v € ty, then 
h(k)U = Pp 0 Lyte, 0 Pp (0) = Gp(A(Yp (Ex) Pp (¥)) = App (ex), 
and so 


Py C {p E P, | h(k)|t = Nye * (ex) ide, forall Ac Aand1<k <r}. 
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The reverse inclusion is similar. 
(iv) The inclusion Pa C P, induces an inclusion P,/O,(R) C 
POAR) =P an 


(v) We have 
ai 0 0 119} A1nOn 
h(i)= | 0 o | sofp= 
0 O ain Ani AnnOn 
and 
CALS 3 Asids; | 0i A 0; 


n+l<s<n+r 


Now asi = Au(Yp"(es)) = (Xi, pp (€s)) is the sth component of X; in the 
orthonormal basis y5'(es), n+1<s<n-+r, for T,(M)+. Thus, 


QAsiads; = (Xi, Xj). 


n+l<s<n+r 


From Eq. (5.1), the (2,2) block of the curvature on Pa is Q22 = da + Q ^ 
a — B' A B, from which the result easily follows. w 


Definition 5.30. The reduction of O,(R) — Pian — M described in 
Proposition 5.29(iv) is called the principal curvature reduction. & 


Definition 5.31. Let P — M be a principal bundle and Q C P bea 
reduction of it. Let £ be a distribution on P. We say that the reduction 
is compatible with the distribution if, for each point q E€ Q, we have Ly C 
T,(Q). & 


In general, there is no reason why the principal curvature reduction 
should be compatible with the Levi-Civita connection. 


Example 5.32. Consider the case of an umbilic-free surface M in 3-space 
with no flat points. The curvature reduction Q C Ftan is a principal bundle 
with group O;(R) x O;(R) = Z2 x Z2 and so is a covering space of the 
surface. Compatibility with the Levi-Civita connection would mean that 
the Levi-Civita connection form œ would vanish on Q. Choosing a local 
section of Q would yield a gauge in which a vanishes, and hence so would 
the curvature. This would imply that M is flat. + 


For a submanifold M C N with a relatively flat normal bundle, the 
condition of constant principal curvatures has a special significance in that 
the vector fields X are parallel. 


Lemma 5.33. Let M C N be a submanifold of a Riemannian manifold. 
Then the following conditions are equivalent: 


Y 


a i COE AE A DE on 
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(i) The principal curvature sections A € A of the normal bundle are 
parallel along any curve. 


(ii) The principal curvatures of M are constant. 


(iii) The normal vector fields X), A € A, are parallel along any curve. 


Proof. Let o be a curve on M and let Z be its tangent field. Let X be any 
parallel normal field along ø (i.e., normal to M) and let A € A. 


(i) « (ii) 
A is parallel along o 4 Dz = 0 along o 
ssi l Z(A(X)) = 0 along o 


for all X parallel along o \ (since Z((X)) = (DzA)(X) + (Dz X)) 


0 
A(X) constant along a 
for all X parallel along o f ` 
A(X) constant along o (Xx, X) constant along o 
for all X parallel along o for all X parallel along o 
<> X) parallel along o. a 


$6. Isoparametric Submanifolds 


Elie Cartan [E. Cartan, 1938] uses the term isoparametric (“same parame- 
ters”) to refer to hypersurfaces M” C Q™t! having constant principal cur- 
vatures (these are the “parameters” of the submanifold) in a space Q?+! 
of constant curvature c. 


Definition 6.1. A submanifold M C N of a Riemannian manifold is 
isoparametric? if it has constant principal curvatures and its normal bundle 
is relatively flat. æ 


Isoparametric submanifolds of Riemannian space forms have been stud- 
ied extensively in the past decade or so (see [C.-L. Terng, 1993] and the 
references given there). Cartan showed that isoparametric hypersurfaces of 
Euclidean space are spheres, hyperplanes, or a product of the two. He also 


“In the more usual definition, one assumes that N is a Riemannian space form 
and that the normal bundle of M C N is flat. However, our definition generalizes 
this one since the flatness follows from the commuting of the Weingarten maps 
in this case; cf. [C.-L. Terng, 1993]. 
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showed that in hyperbolic space isoparametric hypersurfaces are totally 
umbilic, while in spheres there are many examples. Thorbergson [G. Thor- 
bergson, 1991] has shown that any isoparametric submanifold (Ree) 
of codimension r > 3 in Euclidean space is isometric to a pair (T.(G/H), 
Ad(H)v), where v € T.(G/H), for some symmetric space G/H. For hy- 
persurfaces in spheres ([H. Ozeki and M. Takeuchi, 1975 and 1976]) and 
for codimension 2 in Euclidean space [D. Ferus, H. Karcher, and H. Mun- 
zner, 1981], there are examples of isoparametric submanifolds that are not 
locally symmetric. 

We shall study only the case of hypersurfaces. Let M” C Q"+! be a 
hypersurface in a Riemannian space form of curvature c. Let us choose a 
section of the principal curvature reduction (Proposition 5.29(iv)) so that 
the 1-forms that make up the Cartan connection on P pull back to M to 
yield a gauge of the form 


0 0 0 
0 w —hé}, 
0 Oh 0 


where h = h(1) = diag(Ai,---, An), the diagonal matrix of principal curva- 
tures. The structural equation is then 


0 0 0 
dd+w^A0 dwtwAw—hOAbh —d(h0) — w A (h0) 
0 * 0 
0 0 0 
=10 ðn 0j], (6.2) 
0 0 0 


whence, in particular, 
0 = —d(hé) — w A h8 
= —(dh) A 0 — hd9 — w A^ h8 (6.3) 
= —(dh) N0 + hw A0 — w A hð. 


Umbilic Hypersurfaces 


Our first application of Eq. (6.3) is to the case when all the eigenvalues of 
h are equal. 


Definition 6.4. Let M” C Q?+! be a hypersurface in a Riemannian space 
form of curvature c. M is called an umbilic hypersurface if the principal 
curvatures of M are all equal at each point. 8 


Proposition 6.5. If n > 1, the principal curvature of a connected umbilic 
hypersurface M” C Q?! is constant on M. Moreover, M is a Riemannian 
space form of curvature c + X°. 
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Proof. In this case h is a multiple of the identity, so hw A8 = wAh@. Thus 
Eq. (6.3) becomes (dAI) A 6 = 0, or dA A 8; = 0 for 1 < i < n. Thus, ee 
exist functions a; such that dA = a;0; for each i. Since n > 2, it follows that 
a202 — a,0, = 0. Hence, az = a; = 0 and dA = 0. Thus, À is constant. The 


induced geometry has Cartan connection e p ) with curvature form 
W 


( 0 0 _ [0 0 
dd+w^0 dwutwAw) \0 AET 


where the last equality comes from the structural equation (6.2). N 


Cartan’s Formula for Isoparametric Hypersurfaces 


We return to the case where M is an isoparametric hypersurface in a space. 
Then the diagonal matrix h is constant over M. Equation (6.3) now reads 
hw A8 =w A^ hô or, in coordinate form, 


NA; — Aj )wis A 0j s0 fori = besich: (6.6) 
j 
Let us write wi; = >), 9ijk9x (since the Os constitute a basis). Since w;; = 
—wj; it follows that gijk = —gjik. Putting this in Eq. (6.6) yields 


Soi = Aj)Jijkôk A 0; =0. fori = I, weey ft, 
jk 


or 
(À; me Aj)Jijk = (Ài = Ak) Giks for all MT k= 1, suay Tl: (6.7) 


Lemma 6.8. Let ijk = (Ài — Aj )gijk- Then aij, is fully symmetric in all 
its indices and it vanishes if two indices are equal. 


Proof. Equation (6.7) shows that a;;, is symmetric in the last two indices. 
Moreover, both giję and (A; — A;) are skew symmetric in the indices i and 
J, SO Qijk is also symmetric in the first two indices. It follows that a,j, is 
symmetric in all the indices. Since a;;, obviously vanishes if the first two 
indices are equal, by symmetry it must vanish if any two indices are equal. 

E 


Corollary 6.9. If either (i) Ai Æ àj = Ak or (ii) A; = àj Æ Ax, then 
Jijk = 0. 


Proof. (i) Aj = Àk > ajki = 0 > dijk = 0 > gijk = 0 (using A; Æ Àj). 
The other case is similar. E 
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Next, consider the exterior derivative of the equation wij = >>, 9ijk9k- 
It is 


dwij = ` dgijk \ Ok + ` gijkdOk 
k k 
= Ñ` dgijk ^ Ok — X gijnwer A 61 
k kl 


= X dgijr ^ 9x — N JijkIkirðr A bi, 
k klr 


where we use the (2, 1) block of the structural equation (6.2) for the second 
equality. From the (2,2) block of the same equation, we get, for all 1 < 
i,j Sn, 


ch; ^0; = ~^ dgijk NOx — yi; GigkGklr Or ^01 + ~^ JirkIrjlÂk A 81 — AGAjOi A 0j. 
k klr klr 


The only terms in 5°, dgijk A Ôk that can contain 6; A^ 0; are dgiji A Oi + 
dgij; \0;. I£ Ai # àj, these terms vanish by Corollary 6.9, and equating the 
coefficients of 6; A 0; will yield 


c= ` Jijk(Ikji — Ikij) + S (IiriIrjj — JirjIrji) — Àiàj 
k T 
or 


Aij + = N (—9ijkIkji + JijkJkij — GikjGkji) (since giri = 0). (6.10) 
k 


Lemma 6.11. If A; 4 àj, the only terms giving a nonzero contribution to 
the sum in Eq. (6.10) are those for which the indez k satisfies Ak # A; and 
Àk £ Àj. 


Proof. Consider a term —gijk9kji + JijkIkij + JikiJkjj — JikjJkji for which 
Ak = Ai # Aj. By Corollary 6.9, we have gijk = gkjj = Gikj = 0, so the 
term vanishes. The case of Ak Æ A; = À; is similar. E 


Thus, the only nonzero terms in the sum in Eq. (6.10) arise from indices 
k for which all three of A;, Àj, and Àx are distinct. In particular, each of 
the gs appearing in these terms of the sum may be expressed in terms of 
the as (Lemma 6.8), and we get 


1 1 
= 2 
yten D alaa 
all k such that J J 
Ak FAi Aj 
E. er 
Ai — Aj An — Ài Ài — Ak Ak — 4; 
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This formula quickly simplifies to yield Cartan’s formula, 


2 
at: 
AA +e = —2 ` | sarra n> 
all k a ibat (A; = Ax) (Aj g rx) 
k ETAN) 


Proposition 6.12. If an isoparametric hypersurface in a space form of 


curvature c has only two distinct principal curvatures, A, and àz say, then 
ÀA? = —C. 


Proof. The right-hand side of Cartan’s formula vanishes. | 


In [E. Cartan, 1938] other conclusions are drawn from this formula. 
In particular, it is shown that a connected isoparametric hypersurface in 
M™ C QT has at most two eigenvalues if c < 0. 


> ea 


if 
Mobius Geometry 


Hermann Weyl defined a conformal structure on a manifold M as an equiv- 
alence class of Riemannian metrics, where two metrics are equivalent if they 
differ by a factor that is a smooth positive function on M. Suppose M is 
equipped with a conformal structure and u,v € TyM. Then the angle be- 
tween u and v makes sense, as does the ratio of the lengths of u and v, but 
the lengths themselves have no meaning. 

In Elie Cartan’s view, a “conformal structure” on M is a Cartan geome- 
try on M modeled on the Klein geometry whose space is the n-sphere and 
whose principal group is the full group of conformal (i.e., angle preserving) 
transformations. This group turns out to be the projective Lorentz group 
in dimension n + 2. This is the geometry that we call the Möbius geometry. 

Weyl also considered a structure on M intermediate between the two 
described above which amounts to a Cartan geometry on M modeled on 
R” with its full group of conformal transformations as the principal group, 
which is the group of Euclidean similarities. This is the geometry we call 
the Weyl geometry. If we regard S” as being R” U {oo} (via stereographic 
projection), then the subgroup of the projective Lorentz group which fixes 
oo is the principal group of the Weyl model. 

A recent survey and overview of many results about conformal geometry 
and its generalizations from a somewhat different point of view than ours 
may be found in [M.A. Akivis and V.V. Goldberg, 1996]. 

In 81 we study the Mobius and Weyl model geometries. In §2 we pass 
to the consideration of Cartan geometries with these models. In particular, 
we show that every Mobius (or Weyl) geometry on a manifold M deter- 
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mines a conformal structure on M. We also study some basic properties of 
Mobius and Weyl geometries, including special curvatures and normal ge- 
ometries. In §3 we solve the equivalence problem for conformal structures. 
That is, for manifolds of dimension >2, we show that to a given confor- 
mal structure there corresponds a unique normal Mobius geometry giving 
rise to the original conformal structure as in §2 (Proposition 3.1). Since a 
Riemannian structure determines a conformal structure, which in turn de- 
termines a normal Mobius geometry, the curvature of this latter geometry 
is a conformal invariant of the original Riemannian geometry. This turns 
out to be the Weyl curvature (Table 6.2.5) of the Riemannian geometry, 
and so we have a conceptual proof for the conformal invariance of this part 
of the Riemannian curvature (Theorem 3.8). The section ends by solving 
the equivalence problem for Weyl structures (Definition 3.11) in terms of 
Weyl geometries (Proposition 3.14). The following figure summarizes the 
relationships among these geometries in dimensions >2. 


Wey] structure 
conformal structure or 


Pa ae eneral 
generalization generalization 8 S 
or Weyl geometry Möbius 
7 Ra ra) geometry 
Möbius geometry special curvature 
Möbius geometry 


Conversely (again for dimension >2), an arbitrary Mobius geometry canon- 
ically determines a normal Möbius geometry, but of course this correspon- 
dence is not one to one. 

In §4 we study immersions of submanifolds in normal Mobius geometries, 
showing how the ambient geometry localizes along the immersion to give 
data (a “locally ambient geometry”; cf. Definition 4.8 and Lemma 4.14) 
determining it. We then study how the localized geometry decomposes 
into tangential, normal, and gluing data! (see Propositions 4.18, 4.20, and 
4.21), and we characterize such data in simple cases. If the submanifold is 
not a surface, then these three data determine the locally ambient geometry 
from which they arise. 

For a surface immersed in R”, we apply this to study the relation between 
Riemannian and Möbius geometries. Although the conformal structure in- 
herited by this surface is necessarily flat, the (nonnormal) Möbius geometry 
it inherits is not flat. When n = 3, its curvature may be identified with the 
Willmore form (H? — K)dA. In Riemannian geometry, the Gauss curva- 
ture K is regarded as intrinsic (since it can be calculated from the metric 
induced on the surface) while the mean curvature is regarded as extrinsic. 
Thus, the Willmore form, while appearing to be eztrinsic data from the 


lIe., second fundamental form data. 
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Riemannian perspective, is seen to be intrinsic data from the perspective 
of the Möbius geometry? induced on M. Section 4 ends with a brief com- 
parison with Aaron Fialkow’s work on the classification of submanifolds. 

In 85 we classify the immersions of vertex free curves in normal geome- 
tries of two and three dimensions. The method here is alternative to, and 
less general than, the one given in §4, but the form of the answer is simpler. 

In 86 we use the method of §5 to study the class of umbilic free surfaces 
in the conformal three sphere. This gives an approach that is an alternate 
to the one given in §4 and avoids the difficulty with the exceptional case of 
surfaces referred to above. 

Throughout this chapter, (G, H) = (M6b,(R), Méb,(R)o) denotes the 
Klein geometry of the Möbius group and its subgroup (see Definition 1.7); 
(g,6) denotes the corresponding pair of Lie algebras (see Exercise 1.13); 
Mo will denote (a space canonically identified with) the homogeneous space 
G/H (see Definition 1.2); and M itself will denote the space of an arbitrary 
Cartan geometry modeled on (g,h) with group H. 


$1. The Mobius and Weyl Models 


In this section we study the standard model of Möbius n space which, as 
we will see, may be identified with the n-sphere S” together with its group 
G consisting of the group of all conformal transformations. To describe the 
group G and its action, we will regard S” as the space of one-dimensional 
lightlike subspaces of (n + 2)-dimensional Lorentz space (cf. Lemma 1.3). 
Thus, G will be related to the Lorentz group. 


Lorentz Space and Mobius Space 


Lorentz space is L = R”+? (with basis eg, €1,...,€n+1) equipped with the 
indefinite quadratic form qz: L — R given by 


qL(£) = —2xr92n41 + ` ar. 
1<k<n 


In the given basis, the matrix for this form is 


It was this fact that originally kindled the author’s interest in Cartan’s es- 
paces généralisés. 
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Lemma 1.1. The affine map y:R"*! — L sending 
1 1 
’ yeee Yn) © aS (Le ) etna a 
(Yo. Y1»- -<-> Yn) (= Yo) Y1,- -Y 7a w)) 


is an affine isometric embedding of Euclidean space into Lorentz space. 


Proof. The derivative of y at x € R"*! is 
Paz: T(R” +!) > Toca) (L), 


1 —l 
V = (0, V1,- --, Vn) => | —=10, V1,- Vn, =" } - 
(vo, vı ) (Jr 1 =) 


In particular, 
(der (v)) (=, TE Ee ) 
xz\U))] = Vo, Vi; -3 Yn; — 
qL qL Ja 0,1 Wp 0 
1 1 
= 2 (Zr) (=, T X vk = qo(v), 
v2 v2 1<k<n i 


where go is the standard metric on R”+?., E 


Definition 1.2. A vector v € L is called lightlike if qz (v) = 0. A subspace 
of L is called lightlike if it consists of lightlike vectors. The set of lightlike 
points in P(L) (the projective space of L; cf. Example 1.1.3) is denoted by 
Mo and is called the projective model of Möbius n space. æ 


Lemma 1.3. The map ~:R"t! — L induces a canonical diffeomorphism 
w: S” — Mo. 

Proof. According to Example 1.1.3, the affine map y:R"*! — L given 
in Lemma 1.1 defines an affine coordinate system y%:R”+! — P(L) for 
P(L). This coordinate system includes all points of P(L) except for those 
corresponding to the one-dimensional subspaces lying on the hyperplane 
Zo + XLn4+1 = 0, and these latter are never lightlike. Thus, the space of 
lightlike lines in L lies in the image of w. In the coordinate system w, the 
condition of being lightlike is 


y -1+ $ =0 or SD) =L m 


1<k<n O<k<n 


The Canonical Line Bundle 


The canonical (real) line bundle over P(L) (cf. Example 1.3.5) may be 
restricted to yield a line bundle E over the subspace of lightlike lines, 
Mo C P(L), which we again call the canonical line bundle. More precisely, 
we have the following definition. 


Definition 1.4. The canonical line bundle over Mo is E = {(v,1) € Lx Mo | 
v El}. & 
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Mobius Group 


Consider the Lorentz group 


Ln+1,1 (R) = {9 € Gln+2(R) | 9°2n41,19 = Un4i,1}- 


It is clear that Ln+1,1 (R) is a Lie group that acts smoothly on the projective 
space P(L) of lines in L and that this in turn induces a smooth action on 
the subspace of lightlike lines Mp C P(L). However, the induced action on 
Mo is not effective since +7 acts trivially. 


Exercise 1.5. Show that the action of Ln+1,ı(R) on P(L) is transitive on 
the Mobius space of lightlike lines Mp C P(L). m 


Lemma 1.6. The action of In41.1(R) on MẸ has kernel +I. 


Proof. As we mentioned above, the kernel K obviously contains +I so we 
need only show the reverse inclusion. Now L,+1,1(R) acts on the canonical 
line bundle E (cf. Definition 1.4) according to the formula g(v, l) = (gv, gl). 
If g fixes l € Mo, then for each v € | we have gv = Aw for some 2; € Spec(q), 
the set of eigenvalues of g. Thus, g € K implies that gv = Aw (where l is 
the span of v) for every lightlike vector v. Since Mo (= S”) is connected 
and 4; depends continuously on l € S” and Spec(g) is discrete, it follows 
that A; is independent of l, say A; = A. Thus, gv = Xv for every lightlike 
vector v € L. Since lightlike vectors given by 


1 
e0, €n+1, €j + —=(€C0 + en41) for 1<j <n 


V2 


span L, it follows that g = AT. Finally, we note that 


Aaii = g‘ n41,19 = din+1,1 => De Sla ee oo ca E 


Definition 1.7. The group Möb, (R) = Ln+1,1(R)/{+I} is called the 
Möbius group in n dimensions. The pair (G, H), where H = Möb, (R)o = 
{h € Möb, (R) | h[eo] = [eo]}, is called the Möbius model in dimension n. 
Here [eo] denotes the class of eọ in P(L). Æ 


It is the group H = Möb,n(R)o that will be crucial for an understanding 
of Mobius geometries, so we need to have a way of representing its elements. 
These may be expressed as matrices, as the following result shows. 


Lemma 1.8. Let H be 


0 a 0 0 1 æ | |jz€Rt,a€O,(R),¢ € R",r = -q 
0 0 27! 0 0 1 2 
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(i) H is a subgroup of In+1,1(R). 


(ii) Every element of H has a unique decomposition as a block diagonal 
times a block upper triangular matriz as above. 


(iii) H acts effectively on Mo. 


(iv) The canonical projection Ln+41,1(R) > Möbn (R) induces an tsomor- 
phism H — M6b,(R)o so that H = Möbn(R)o may be regarded as 
the matrix group H. 


Proof. Parts (i) and (ii) are easy. Part (iii) is a consequence of the fact that 
H {+I} = {I}. Let us deal with part (iv). It is clear that Ln+1, i(R) > 

Ln4i11(R)/{+1} induces a homomorphism H — Méb,(R)po and that by 
(iii) this has trivial kernel. We must see that it is surjective. Any element of 
Mob,,(R)o may be covered by some element g € Ln41,1(R), and we must 
have gleo| = [eo]. Thus, g must have the form 


where the zero in the (3,2) block arises as a consequence of the fact that 
gtEn+1,19 = En+1,1- Multiplying g by —{ if necessary (which doesn’t alter 
its image in Méb,,(R)o9), we may assume g has the form 


where z € R+. It is then an easy matter to use again the fact that g satisfies 
g“ n4119 = Dasa to deduce that g € H. E 


Exercise 1.9. Prove the assertion of the last sentence in Lemma 1.8. [d 


Corollary 1.10. Each of G and H has two components. H is generated by 
its identity component He and the element diag(1,—1,1,..., lhe dH. 


Proof. The proof of Lemma 1.8 provides a diffeomorphism H — Rt x 
O,(R) x R”, sending (in the notation of Lemma 1.8) h +> (z,a,q’). Now 
O,,(R) has two components while R* and R” are connected. Thus, H has 
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two components. Since diag(1,—1,1,...,1) lies in the nonidentity com- 
ponent of H, it, together with He, generates H. On the other hand, for 
n > 1, G/H = S” is connected and simply connected. Thus, the lane 
exact sequence of homotopy groups 1 = mı(G/H) > m(H) > m(G) > 
™(G/H) = 1 shows that H and G have the same number of components 
(cf. [D. Husemoller, 1966], p. 92). We leave the case n = 1 for the reader. 

a 


By Lemma 1.12 and Corollary 3.7 ahead, we see that the group G may 
also be described as the group of all conformal transformations of the stan- 
dard n-sphere (cf. also [M. Berger, 1987], Theorem 18.10.4). The precise 
definition of conformal transformations is as follows. 


Definition 1.11. A diffeomorphism ¢:5" — S” is called a conformal 
transformation of the standard n-sphere if, for each x € S”, b42:Tz(S") > 
T(z) (S") preserves the canonical Riemannian metric qo up to scale. & 


ia 1.12. M6b,(R) acts on S” as a group of conformal transforma- 
ions. 


Proof. The action of Ln41,1(R) on S” as defined above may also be de- 
scribed by the formula g(x) = p(x)p(gxr), where x € S” and u(x) € R* 
is chosen so that u(x)y(gx) € Im y. Differentiating, we see that for any 
v € T;(S”"), we have 


9a (V) = ax (v)b(ge) + u(x) beg2(Gux(v)). 


Since a € Ty2(S”), it follows that gz and gxz(v) are perpendicular 
in R™'". Hence by Lemma 1.1, it follows that ~(gxr) and Wegr(Gex(v)) are 
en in L. Since we Ae know that ~(gz) is lightlike, it follows 
that 


do(v) = di (W«x(v)) (by Lemma 1.1) 
= qi(gW«2(v)) (by the definition of Zn41,1(R)) 
= qL (Hea(v) (gx) + u()Ygr(9x2(v))) (by the formula above) 
QL (Maa (v)Y(gx)) + (usr (V)Y(gE)) En+1,1 (HCT) Vega (Gea(v))) 
+ qt (U2) V9 (9xx(v))) 
= qi(MZ)Pxga(Gex(v))) (by the remarks above) 
a1 (Pxgx(9x2(v))) 
= p(x)*qo(gex(v)) (by Lemma 1.1). 


Thus, the action of Ln41,1(R), and hence of Méb,,(R), preserves qo up to 
scale. a 
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Lie Algebras for the Mobius Model 
Exercise 1.13.* (i) The pair (G, H) has Lie algebras (g, b), where 


z q 0 zq 0 , 
g = p s @g S 0 s ø , where s* = —s, 
0 pt -z 0 0 -z 


and g has blocks down the main diagonal of size 1 x 1, n x n, and 1 x 1. 
(ii) g decomposes (as a vector space) as g = p®s ©3 @4q, so that 
h =s 3 @® q, where 


0 0 0 0 0 0 
p= p 0 0 , s= 0 s 0 , 
0 p 0 0 0 0 
z 0 0 0 q 0 
Ja 00 0 a 00 ¢ 
0 0 -=z 0 0 0 


(iii) Show that q,3 ®© q and s @q are ideals of þ. . 

(iv) Show that for n # 4 the ideals in (iii) are the only ideals of h. 

(v) Show that for n = 4 we have s = s0(4) = s0(3) © so(3) = W4 @ W_ 
as Lie algebras. Show also that the complete list of ideals of h in this case 
is 


q,309,50q,W. Dq, W- q3 DW} q, and 30W_Oq. m 


Exercise 1.14. Setting g-1 = P, go = 5 ®3, and gı = q, show that 
[ga, go] C gato for all a and b (where ga = 0 if a # —1, 0, 1). q 


Adjoint Action 
It is a simple computation to show that the adjoint action of h € H on g/b 


is given by Ad(h)v = sz™+v, where 
z 0 0 l q r ; 
h=|0 s 0 01 q¢ and r= —qq’. 
00 2 0 0 1 


Quadratic Form Invariant up to Scale on g/b 


Lemma 1.15. There is a quadratic form qg/y:9/6 —> R which is Ad(H) 
invariant up to scale. Such a quadratic form is unique up to scale. 
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A A SR 


L-{10}— E€—G 860: w — (w, [w]), (se Lge) — g 


W(x) (v, D 
‘] | | with maps | 
y [v] 


n Y, 
$ diffeo. TE a > KWL, [sg] 1 gH 


FIGURE 1.16. 
Proof. Define 


* 
dg/h | P 
0 


The formula above for the adjoint action implies that qy m(Ad(h)v) = 
za, /y(v). As for the uniqueness, it is well known (and, in any case, easily 
shown) that qo is unique up to scale among the quadratic forms invariant 
under the subgroup O,(R) C H. Hence it is also unique up to scale under 
the larger group. E 


Identifying Möbius Space with G/H 


The Möbius model may be described in three ways: as the homogeneous 
space G/H; as the space Mp of lightlike lines in P(L); and as the n-sphere 
S”. These descriptions are related in Figure 1.16, where E is the canonical 
line bundle over Mo. Moreover, there is a left action of G on every space 
in this diagram. (The action on S” is of course defined via the map w.) It 
is clear that all the maps are G-equivariant except for w. As usual, we let 
N = eo E€ R”™! be the “north pole” of S”. Since (N ) = [eo], it follows 
that the composite map G/H — S” sends gH —> gN. 


Lie-Theoretic Interpretation of the Quadratic Form qo 
Lemma 1.17. Let w € T.(G/H), and write it as w = Tex(v), where 


x * 0 
v=|p x * 1] ESG. 
0 p x 


Then under the identification G/H — S” given by Figure 1.16, v corre- 
sponds to the tangent vector u = (0,p1,.-.,Pn) € T(S”) C Ty(R"*?). 


T 


Proof. The map a: G — L sending g +> geo has derivative Ase: g = TeG —> 
L sending v + veo. The derivative of the commutative diagram in Figure 
1.16 yields the following commutative diagram. 
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Ox e 
Tanl) —— Teg leg h(E) —1.(G) > y 


ot 


Wen 
RS”) —— Ioa <—— Tia (G/H) Ə w 


For the proof of the lemma, it suffices to show that the elements v € 
T.(G) = g and Yn (u) € Teo (L) = L correspond under Q4e. But by the 
definition of y (Lemma 1.1) and the definition of a, 


0 
Wyn (u) = (0, P1; - -< , Pn, 0) = P |, 
0 


0 0 0 1 0 
Qxelv) = P 0 0 0 = P j|. 
0 p» o/ \o 0 z 


The diffeomorphism G/H — S” sending gH > gN determines a quad- 
ratic form up to scale on T, S” for each x € S” as follows. Fix g € G such 
that x = gN, and define the quadratic form as the composite 


T,(S") Č Tg (G/H) #5 g/b #3 R. 


Of course the choice of g is not unique. It may be varied by right multipli- 
cation by any element | 


which will replace qg/4% by qg/bPgh = dg/4(Ad(h-*) pg) = 2° dg/p(Pq)- | 
Moreover, the following diagram is commutative, where the vertical ar- 
rows are induced by the left action of y € G. 


T(S") —— Tig\(G/H) +% 


| 2 g/h 
Pyg 


Tyx(S") <—— Tyg (G/F) 
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From this it follows that the quadratic form we have constructed on T(S”) 
is invariant up to scale under the action of G. 


Lemma 1.18. Up to scale, the quadratic form on T(S") constructed above 
is the standard one. 


Proof. By Lemma 1.12 and the remarks above, both gg and the form 
constructed above are invariant up to scale under the action of G on S$”. 
Since this action is transitive, it suffices to prove the two forms agree at N. 
But from Lemma 1.17, we see that 


x x 0 
u = (0, p) = (0, pı, ee Pn) = Tn (S”) C Ty(R”+}) =œ |p x x 
0 p x 

E€ g/b = dg/y(p) = X = glo) m 


Ricci Homomorphism 


For the next definitions, and for later purposes, we once again need the 
Ricci homomorphism, denoted by Ricci, which in the Möbius context is 
given as the composite of the following maps. 


Ricci: Hom(A?° (g/b), 5) ~ à?(g/b)*@s $2  A?(g/b)* @ End(g/b) 
~ ?(g/h)* @ g/h @ (g/h) Emad (9/b)* @ (g/b)* 

t* A uU* v8 uw* > (u*(v)t* — t*(v)u*) 8 w* 

(1.19) 


Exercise 1.20. Show that q and q ® s are H submodules of h under the 
adjoint action. It follows that we may regard s as an H module via the 
canonical isomorphism s ~% (q @ s)/q. Show that Ricci is an H module 
map. Ld 


Definition 1.21. In Möbius geometry the normal H submodule of 
Hom(A?(g/h), b) is the kernel of homomorphism 


Ricci : Hom(\*(g/b),8) > (g/5)* 8 (g/b)*-' 
The following exercise is a partial analog of Proposition 6.1.4. Such an 


analog is possible since the adjoint action of H on g/b is the same as in the 
Riemannian case except for an additional scaling factor (see the subsection 
preceding Lemma 1.16). 
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Exercise 1.22.* Let n > 2, and fix an orthogonal equinormal basis e; € 
g/h, 1 < i < n (i.e., orthogonal and of equal length with respect to the 
quadratic form of Lemma 1.15). Let epg C5, 1S p<qsn be the unique 
(and standard) basis such that ad(epq) corresponds to €p ® eg — €g @ e} 
under the canonical isomorphism End(g/h) ~ (g/b) 8 (g/ b)“. 

(i) Show that Ricci is an H module homomorphism satisfying 

Ricci(ež A e% ® €pq) = jpe; 8 €37 bjpe; Q ez — bipe; Q eg + bige; 8 ep 
so that, in particular when i Æ k £ j, 

Ricci(e* A e& Q ekj) = & Q e} + ijek 8 ek- 
(ii) Show that 


(a) for n = 2, Ricci is injective so that the normal submodule is 
trivial, 
and 


(b) for n > 2, Ricci is surjective. 


(iii) Let n > 2 and set 9 = Doisng Gijpaei ^ €} ® pg © Hom(A?(g/6), b) 
where aijpq is skew symmetric in the first two indices and the last two 
indices. Assume in addition that apijk = @xjix for all indices. This latter 
condition would be a consequence of the Bianchi identities were they to 
hold (cf. the proof of I in Proposition 3.1 ahead). Show 


Ricci(y) = > kijke; Q €}. 
ijk 
(iv) Let n > 2 and set bij = Diicpen(e7 ^ ek 8 ekj + ej ^ ek @ Eki), 
1 < i,j < n. Show that 
Ricci(bi;) = (n — 2) (ef @ e* + e Q ef) + 256i; X e% @ ek. 
k 


Show the elements b;; are linearly independent, and span a submodule 
Rn C Hom(A?(g/b),) (the analogue in Möbius geometry of the Ricci 
submodule, cf. Definition 6.1.5(ii)). Show that Rn has trivial intersection 
with W,, = ker Ricci (the analogue of the Weyl submodule). = 


The Weyl Model 


Definition 1.23. The Weyl model is the Euclidean geometry of similarity. 
Its groups (Gy, Hy) are given by 


on={(5 S) 
ty=4(5 9) 


ZE Rt pe R”, s€ o}, 


zeRt,s EOR) & 
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Exercise 1.24. Show that the Lie algebras of the Weyl model are 


wa{(5 o) 
w=- {63 : 


The Euclidean group of similarities Gy acts on R” according to the 


formula 
t A ‘w= 27} (sx + p). 


ZERP ER",s E on(R)}. 


zER,se oR} 


p 8&8 


If we identify R” with S” — N via stereographic projection (where N 
is the north pole of S”), then Gy and Hy are identified with the sub- 
groups fixing N of the corresponding Möbius groups G and H. Thus, the 
Weyl model may be regarded as a subgeometry of the Möbius model. In 
particular, the inclusion gy C g is given by 


§2. Mobius and Wey! Geometries 


In this section we study some elementary aspects of Mobius geometry. We 
show that a Mobius geometry on M determines a conformal metric on M. 
We also investigate the various possibilities of special curvatures including 
normal geometries and Weyl geometries. 


Definition 2.1. Let M be a smooth manifold. A Mobius geometry on M 
is a Cartan geometry on M modeled on the Mobius model. Æ 


Let us begin by studying the conformal metric canonically associated to 
a Möbius geometry. 


The Conformal Metric Determined by a Möbius Geometry 


Definition 2.2. Let M be a smooth n-manifold. Two metrics qj, qo: 
T(M) —> R are called conformally equivalent if there is a positive smooth 
function A: M — R such that q2 = Aq:. A conformal equivalence class of 
metrics G on M is called a conformal metric. If x € M, then Gz denotes 
the restrictions of the elements of G to T,(M). # 


Lemma 2.3. Let M be a smooth manifold. A Möbius geometry (P,w) on 
M determines a conformal metric on M. 
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Proof. As usual, we have the isomorphism y,:T,(M) — g/b for each 
p € P situated above z € M. Using a fixed choice, say qg/,, of one of the 
quadratic forms given in Lemma 1.15, we can construct, on each open set 
U C M over which there is a section o: U — P, a metric defined by 


dz(V) = qg/h(Poz)(v)) for each v € T,(M). 


Now two such sections differ by a change of gauge of the form 
zZz x 
h=|0 x x |:U >H, 
0 0 


and as in the remarks following Lemma 1.17, the corresponding metrics 
differ by a factor of z?, where z = z(h) is as in the expression for h above. 
From this it is also clear that, by an appropriate change of gauge in this 
way, we can obtain any metric on U conformally equivalent to qz. Thus, 
we have a well-defined conformal metric on U. 

The only remaining point is to show that there is a globally defined metric 
on M restricting to the local conformal metrics we have described above. 
For this we use the notion of a partition of unity (cf. [W.M. Boothby, 1986], 
pp. 193-198). Choose sections oa:Ua — P, where the Ua cover M, and 
let da: T (Ua) — R be the corresponding metrics. Since M is paracompact, 
we may find a locally finite refinement of the cover {Ua} and restrict the 
CaS to it. Thus, without loss of generality, we may assume that {Ua} itself 
is locally finite. Then we may choose a partition of unity pg subordinate 
to {Ua} and set q = >>, Pada. Then q is a smooth metric on M, and on 
each U, it is a finite sum of conformally equivalent local metrics of the 
type described above and is therefore conformally equivalent to any one of 
them. a 


Example 2.4. Consider the model geometry G/H, which by Lemma 1.3 
we have identified with the unit sphere S” c R”+t. According to Lemma 
1.18, the conformal metric constructed by the procedure of Lemma 2.3 is 
the class of the standard metric on S”. + 


Special Curvatures 


In Möbius geometry, the Cartan connection and its curvature take values 
in g, and so they may in general be written in block form as 


l n Jd 
esate, T 0 
10 a w 
0 Æ —e 


§2. Mobius and Weyl Geometries 279 


(with blocks of size 1 x 1,n x n and 1 x 1 down the main diagonal) and 


E Y 0 
Q=/0 A Y! 
0 © -E 
de+uAé@ duteAuvu+tuAa 0 
=[{d0+0Ac+aA0 da+OAvutahatu Ab x |. (2.5) 
0 x x 


We may say that the torsion free Mobius geometries that are “farthest” 
from the Riemannian geometries are those for which the curvature has 
no Riemannian part, that is, no rotational part. These are the geometries 
with © = 0 and A = 0. However, the following result shows that nontrivial 
examples of such geometries can exist only in dimensions <3. 


Proposition 2.6. Suppose the curvature takes values in the ideal 3 @ q (cf. 
Exercise 1.13) so that it has the form 


E Y 0 
Q=)-0. 0. y 
0 0 -E 


Then 
(i) dim M > 3 > E =0, 
(ii) dim M > 4> Y =0. 


Proof. Since E is semibasic, we may write it as 


By fig0i A 05. 


i<j 
Recall the Bianchi identity dQ = [Q,w] (Lemma 5.3.30). The (2,1) block 
of this identity is 

O=0AE 


or 
0=0 ^E fork=1,...,n=dim M. 
Thus, for all k, 
0= Y fijôk AO; A Oj. 
i<j 
For k fixed and k #1 < j Æ k, the forms 6; A 6; A 0; are independent. 


Thus, fi; = 0 whenever there is a k Æ i,j. But for n > 3, such a k exists 
for every pair (7,7). Thus E = 0. 


280 7. Mobius Geometry 


Now consider the (2,2) block of the Bianchi identity. It reads 
0O=Y'AH-OAY 


or 
O=Y;A0;—-0,AY; fori,j =1,...,n. 


Thus, for all 7,7, we have Y; ^0; ^0; = 6; AY; A0; = 0. This means that the 
3-form Y; 6; has a factor 6; for all j. For n > 4, this means that Y; ^0; = 0 
for all i. Thus, we may write Y; = ¢; A 0; for some 1-forms ¢;. Putting this 
in 0 = Y; A 0j —O;,AY; yields 


pi NG AO — 0i Ap A 0; =0 


or 
(d; +) AG: A 9; mal 6 
From this we see that for any three distinct indices 2, Jj, k, we have 


i + $; is a linear combination of 6; and 6;, 
Pj + $r is a linear combination of 6; and Ox, 
od; + dy is a linear combination of 6; and Ox. 


We may solve these equations for ¢;. The solution shows that, for any three 
distinct indices 7, j, k, the form ¢; is a linear combination of 6;, 0;,, and 
0%. For n > 4 and / any index different from 7, this process will yield a 
linear expression for ¢; that is free of 0,. This shows that ¢; can only be a 
multiple of 6;. But then Y; = ¢; A 6; = 0. Æ 


Normal Möbius Geometries 


Somewhat more subtle in their definition than the subclasses of geometries 
considered above are the normal geometries. 


Definition 2.7. A Möbius geometry is called normal if 
(i) it is of type s @ q (i.e., O = 0 and E = 0), and 


(ii) the s component K,:P — Hom(A*(g/b),5) of curvature function 
takes values in the normal submodule described in Definition 1.21. ® 


One of the consequences of the proof of Proposition 3.1 ahead is that, in 
the presence of condition (i), condition (ii) may be regarded as saying that 
the block v of the form w (see Eq. (2.5)) is determined in a certain way by 
the other blocks of w. 

We shall need the explicit formula for K, in terms of the block A in the 
curvature form Q of Eq. (2.5). Let e; € g/h and epg € 5 be as in Exercise 
1.22. Since A is semibasic, we may express it as 


A= ` Aijpg9i A 0; © Epq: p 
i<j Pa 
p<q 
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— * * 
Lemma 2.8. Ks = J, <s pcq Arspaer ^ Cs 8 pa: 


Proof. Since K (u,v) = Q(w71(u),w—1(v)), for r < s we have 


Klêne) = Afw (er), wt (es)) 
= > Aijpa(ði ^ 0;)(w—* (er), w* (es)) © Epa 


i<j 
p<q 
= X  Aijpalôirőjs — 65r6is)€pq = ` Aaa 
i<j p<q 
p<q 
Thus, 
x x x x 
k= ) K,(e,,es)e, \e, = ) Arape A €, O Epa: E 
r<s r<s 


p<q 


Three-Dimensional Normal Möbius Geometry 


Proposition 2.9. Let (P,w) be a Möbius geometry on the three- 
dimensional manifold M. Then (P,w) is normal & the curvature of (P, w) 
takes its values in q. 


Proof. => By Definition 2.7(i), the connection and curvature take the form 


Ee v 0 0 Y 0 
w=10 a v and Q={0 A Y! 
0 @ =ë 0 0 0 


To show that the curvature takes its values in q is to show that A = 0, 
which we do now. 

Since the space of the geometry has dimension 3, it follows that 62 A 63, 
63 A 01, and 6; A 42 constitute a basis for the semibasic 2-forms on P. Since 
curvature is semibasic, we may express A in the form A = (a, * *)02 A 03 + 
(*a2*)03 A 0, + (* * a3)0; A 02, where a; is the first column of (a; * *), and 
so forth. The Bianchi identity in the (2,1) block has the form A A 6 = 0. 
Mutiplying this out yields 


(a0; A bə A 63,0, 0) + (0, a201 A bə A 03, 0) + (0, 0, a30ı A bə A 03) = 0, 


and hence aı = a2 = a3 = 0. After a brief reflection, it follows that A must 
have the form 


0 b301 ^02 b201 A 03 
A= | —b36, A62 0 b1 02 A 03 
—b20, A3 —b102 A 03 0 
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Thus, K, = b1e3 A ež Q €23 + bees A ef © €31 + bgej A e3 8 e12. Applying the 
Ricci homomorphism (cf. Exercise 1.22(i)), we get 


—Ricci( Ks) = bı (e3 8 e3 + €3 Q e3) + b2(e3 8 e3 + e3 Q e3) 
+ bz(e ® ej + e3 8 e3) 
= (bo + b3)e] Q eï + (b3 + bi )e5 @ e3 + (bı + b2)e3 @ e3. 


Since the geometry is normal, Ricci(K,) = 0 and hence bı = bo = b3 = 0. 
Thus A = 0. 

$ Since the curvature of (P,w) takes its values in q, condition 2.7(i) 
holds and A = 0. Thus, we need verify only 2.7(ii). But by Lemma 2.8, 
A=0=> K,=0= Ricci(K,) = 0. w 


Weyl Geometry 


In 1918, H. Weyl introduced a generalization of Riemannian geometry in 
an attempt to formulate a unified field theory (cf. [H. Weyl, 1952]). The 
fundamental idea was that, since there is no standard of length in the uni- 
verse, the final length of a ruler moved along a path might well depend on 
the path. From this ingredient he constructed a theory unifying gravita- 
tion and electromagnetism. Although Einstein rejected Weyl’s unreliable 
ruler as physically wrong, and the theory fell into disrepute, its mathe- 
matical structure has nevertheless resurfaced as a fundamental part of the 
“standard theory” of particle physics, where the unreliable length has been 
reinterpreted as an unreliable phase [S.-S. Chern, 1977]. 

We shall introduce Weyl’s geometry, not as Weyl originally did,’ but as 
a particular case of a Cartan geometry. 


Definition 2.10. Let M be a smooth manifold. A Weyl geometry on M is 
a Cartan geometry modeled on the Weyl model. & 


In a Wey! geometry, the Cartan connection and its curvature take values 
in gn, and so they may in general be written in block form as 


_fe 0 [££ 0 
w= (5 a and a=(§ yer 


Theorem 2.11. A torsion free Möbius geometry (P,w) on the surface M 
with connection and curvature given by 


E€ V1 V2 0 E Yı Y> 0 
{6 0 —a v {0 0 —A23 Y 
es b a 0 w ea RS 0 A2 0 Yo J’ 
0 0i bə =E 0 0 0 E 


3Cf. Definition 3.11 for a definition equivalent to Weyl’s. 
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for which E and A never vanish simultaneously, canonically determines a 
Weyl geometry (Pweyi, Wweyi) on M of curvature 


de 0 0 
OQwWey! = 0 0 —da 
0 da 0 


Proof. Every entry in the curvature form is a semibase 2-form. Since 4; A02 
is a basis for the semibasic 2-forms, it follows that each entry is a multiple 
of it, so we may write 


e uù ug 0 
_ 0 0 —-a Uui 
Q = 0 a 0 w 1 A b2. 
0 0 0 —e 
Now the element 
l qa Q&Q r 
z 0 1 0 qı — [n2 2 2.12 
k=(9 9 f ol ew wherer=s(i+@), 12 
0 0 0 1 
transforms the curvature according to the formula 
REQ = k7*Ok 
l1 =q -Q2 r e u u 0 
_{0 1 0 =q 0 0 -a ù 
7 0 0 1 —q2 0 a 0 U2 
0 0 0 1 0 0 0 -e 
1m Q&Q r 
0 1 0 q 
“10 0 ik eaves 
0 0 0 1 
e u—gatqe uztqatqe O0 
0 0 —a x 
= Ao. 
0 a 0 x mil 
0 0 0 —e 


The equations 


Ui — q2a + qe =Q, 
uz + qia+ qe=0 


may be solved uniquely for qı and q2 provided that 


det (7 a = —(a? + e) £0, 
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that is, provided that E and A never vanish simultaneously. Since we are 
assuming this, it follows not only that in any fiber there are points for which 
Yı = Y = 0, but also that changing such a point by right multiplication 
by any element k # I of the form given in Eq. (2.12) will never preserve 
this property. On the other hand, elements of the form 


Z 0 0 0 
0 cosb —sinb 0 
0 sinb cosb 0 
0 0 0 o 


always preserve this property. Set 
Pweyi = {p € P | Yı = Yz = 0}. 


Then by Proposition 4.2.14, Pweyı is a reduction of P to the Weyl group 
Hyn. The form 

E Vy V2 0 

0i 0 —Q i 

b a 0 w 

0 0i A> =E 
restricts to give a form on Pweyi, but of course it need not happen that 
vı = v2 = 0. Nevertheless, the part of this form given by 


€e 0 0 
WWeyl = 01 0 —a 
bə Q 0 
on Pweyı determines a Weyl geometry on M with curvature 
de 0 0 
Weyl = dwweyi + Wweyi A wwey) = | dð 0 —da 
də da 0 
€e 0 0 €e 0 0 
T 0 0 -aflA{6, 0 ~a 
02 Q 0 03 a 0 
de 0 0 de 0 0 
= | d0,+0,\e-—aAbo 0 -—-dal={| 0 0 —-dal. 
dł +02 Ace+aA^0 da 0 0 da 0 B 


83. Equivalence Problems for a Conformal Metric 


In this section we study two equivalence problems associated with confor- 
mal metrics. The first is the equivalence problem for a conformal metric 
itself. The solution here is a certain normal Möbius geometry. The second is 
the equivalence problem for a “Weyl structure,” which is a conformal met- 
ric together with a certain compatible family of 1-forms. Here the solution 
is a Weyl geometry. 
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The Equivalence Problem for a Conformal Metric 


As we saw in Lemma 2.3, a Möbius geometry on M” uniquely determines 
a conformal metric on M. Here we study the converse and show that to 
a conformal metric G on M”, n > 3, there corresponds a unique normal 
Möbius geometry on M giving rise to G by the process described in Lemma 
2.3. (The case n = 2 is exceptional in this regard; cf. the discussion given 
in the course of the proof below of Proposition 3.1.) 

This result is an immediate consequence of the following proposition. 


Proposition 3.1. To each conformal metric G on the open set U C R", 
n > 2, there corresponds a unique normal Möbius geometry on U whose 
associated conformal metric is the original one. 


Proof. We first find a Cartan gauge on U. Let q be a representative metric 
in the given conformal class of metrics on U. We may choose, with re- 
spect to q, an orthonormal basis of tangent vector fields e;(x) along U. Let 
6;:T(U) > R,i=1,...,n, be the dual 1-forms on U. Then 


qo) = F 0i). 


Conversely, every decomposition of q as a sum of squares arises in this way. 
A gauge on U modeled on Möbius geometry may be written in block 
form as 


€e v 0 
w={0 œa uv! 
0 6 —e 


We claim it is no restriction to consider only gauges satisfying € = 0, 
which we shall assume in the sequel. To justify this, consider a change of 
gauge of the form h: U — H, where 


NlRe 


This will effect the replacement w — Ad(h7*)w + h*wy, or 


Ee vu 0 e—rd x 0 
6 a vile 0 * * 
0 @ —e 0 0 —e+ré 
Since the 6;, i = 1,...,n, is a basis for the 1-forms on U, the form ré = 


>), riĝi is an arbitrary 1-form on U. Thus, we may take it to be equal to € 
so that the (1,1) entry of the new gauge vanishes. 
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The curvature of our gauge (with £ = 0) has the form 


vA@ du+tuAa 0 
dw +w^Aw= | dd+aA0 datadhatOAv+euv'rAe x 
0 * * 
E Y 0 
=|T A x], (3.2) 
0 x* x 


where the components denoted by stars are determined by symmetry 
from other components already displayed. We aim to choose w so that T 
and E vanish and so that “A has no Ricci curvature.” 

According to Cartan’s lemma 6.3.3, given forms 6;: T(U) — R, i = 
1,...,m, there is a unique skew symmetric matrix-valued form a = (a;;): 
T(U) — o,(R) = Skew,(R) such that the torsion T = dð +a ^0 = 0. 
Thus, the condition that T = 0 forces the choice of a. 

We may write v = 6°l, where l = (l;j) is some n x n matrix-valued 
function on U. We claim that the symmetry of l is necessary and sufficient 
for the vanishing of E. In fact, 


E=vA0=61N0= X` 1j0,A6; 
1<i,j<n 
= X. (lj —lji)ði Að. 
l<i<j<n 
Thus, E=0 68 lt =1. 
Finally, we ask if we can choose v (i.e., 1) so that K, lies in the kernel of 


the Ricci homomorphism Ricci: Hom(A?(g/h), 5) — (g/b)* ® (g/h)*. There 
are two parts to this. 


I. We show that no matter what v is, Ricci(K,) lies in the symmetric 
submodule S*(g/5)* C (g/h)*@(g/h)*. (Since the s here corresponds to h in 
Proposition 6.1.4, the symmetry of the values of the Ricci homomorphism 
follows from that discussion. However, for the convenience of the reader, 
we reprove this result in the present context.) 


II. For n > 3, there is a unique choice of l such that K, € ker Ricci. 


Proof of I. Ricci(K;) lies in the symmetric submodule of (g/h)* Q (g/h)*. 
Since T = 0, the Bianchi identity corresponding to this block reads 
AA@ = 0, or 5), Aks Abs = 0 for 1 < k,s < n. Evaluating this on 
ei \e; A ex yields 


= So Aks A 0;(e; Nej Nek) 


S 
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= S {Ags(ei, €;)Osk + Ans(€;, €k)Osi + Aks(€k, €1)bs; } 
sS 


= 2{0 + Api(e;, ek) + Ax; (€k; e;)}. 
Thus, Aki(ej, €k) = Axj(ei, ex), which shows that 
Ks = X Apg(eis€;)e Ae} ® epg 
i<j 
p<q 
satisfies the conditions of Exercise 1.22(iii), and so 
Ricci(Ks) = X` Arj(€i,€n)ej ® e} 
i,j,k 
is symmetric. E 
Proof of II. Let us see first how the curvature block A depends on l. The 


structural Eq. (3.2) implies (where E,, is the matrix with 1 in position 
(p,q) and zeroes elsewhere) 


A-—(dataNa)=O0Av4+UA0 
= 0 A (6'l) + (10) A A 


= `“ Op A Olia & Eng + ` lin; TAN Oq A Eng 


I,P.4 1,P,q 
= Ý bipljqdi NO; @ Epa + X Sjqlip9i A 9; B Epa. 
t,j, p,q i,j, p,q 


In the second sum we switch 1 + j, p + q and reorder the wedge product 
to get 
A-(dat+taNa)= X Sipljqi A 0; D Epa 
i,j,P:q 
— X Sipljgbi A 0; ® Egp 
i,j, Pq 
= > Oipl iq; A 0; © Epq, 
2,5,D,4 
where epg = Eng — Egp. Thus, we see that the terms in K, involving l are 
> bipljqe; N €} 8 epg = — ` lige; Nej @ Cig 
1,I;P54 1,954 
1 * x * 
RR ` Lig(e; A €; @ Cig + eg ^ ei 8 eij) 


1,954 


1 
~ 5 > ljqbjq, 
5,4 
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where we have used the symmetry of l and the definition of bi; given in 
Exercise 1.22(iv). Both of these ingredients are used again to show that the 
terms in Ricci( Ks) involving l are 


-5 Yo ligRicci(b aa) -3 ball (e; @e, +e, 86) 
jaq 
+ 25, Syet ® e% ) 


1 x x x x 
= “ig = 2)X05,ql5q(e; Qe, te, ®@ e;) 


= S bj Dneh Q Cy 
j 


= —(n — 2) X` lje Q e} — Trace(l)Z,e% @ ek 
jq 
It is easily seen that for n > 2 this is an arbitrary element of the symmetric 
submodule of (g/h)* ® (g/h)* and that l is determined by this expression. 
Thus, in that case there is a unique value of l for which Ricci(K,) = 0. On 
the other hand, when n = 2, the expression reduces to 


—Trace(I) e; Q ej, 


in which case we do not get an arbitrary element of the symmetric sub- 
module of (g/h)* @ (g/b)*, nor is l determined by this element. 

Let us review what we have done so far. We have described a procedure 
that may be represented schematically as in the following diagram. 


choice of 
representative 
G 1 EG 
(a conformal 
metric on U) choice of 
decomposition 
—— q1 (v) = = 0; (vy 


normal conformal 
gauge Satisfying 


See ; 
0 = (0, 0,) 


normal conformal 
e Cartan geometry 
on U 


It is clear from the construction that the conformal class of metric obtained 
from the resulting geometry is G again. Moreover, the procedure we have 
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described is completely determined except for the choices in the first two 
stages. Let us investigate the effect of varying these two choices. If ĝ; is 
another coframe decomposing another choice q’ € G, then we may write 
6; = >> bij0j, where at each point (b;;) = za~', a positive scalar multiple 
of z of a rotation a~!. Let us set 


z O 
h=|0 a 0 
0 0 z! 
Then h: U — H is a gauge transformation and 


© = Ad(h7')w + h*wy 


is also a normal gauge (since normality is a gauge-invariant notion). More- 
over, 0 = Ad(h~')@ mod b, so w is the unique normal gauge associated 
to the decomposition of q’ by @ as in the construction above. In particu- 
lar, varying the two choices merely replaces the gauge w by the equivalent 
gauge w and has no effect on the corresponding normal Mobius geometry. 

x 


Exercise 3.3. In the derivation of step I of Proposition 3.1 it is assumed 
that e; Ae; A ex # 0, which requires n > 2. Verify that Axi(e;,e,) = 
Ax; (ei, ek) even when n = 2. m 


Corollary 3.4. Let (P,w) be a Möbius geometry on M”, n > 2, of type 
s®q. Then there is a unique replacement for the block v of w (cf. Eq. (2.5)) 
so that the resulting geometry on M is normal. 


Proof. Let G be the conformal structure on M determined by the given 
Mobius geometry. By Proposition 3.1 there is a unique geometry on M of 
type sq with Ricci K, in the normal submodule. Moreover, the construc- 
tion of this geometry given in Proposition 3.1 shows that, except for the 
block v, all the blocks of its Cartan connection are determined by G and 
the condition that the geometry have type s @ q. It follows that, except for 
the block v, the geometry (P,w) is the one constructed in Proposition 3.1 
and that there is a unique choice of the block v yielding a normal geometry. 

E 


Corollary 3.5. Let U C S” (n > 2) be any connected and simply connected 
open subset and let f:U — S” be any smooth immersion pulling back the 
canonical metric qo on S” to a metric f*qo conformally equivalent to the 
induced metric qo | U. Then there is an element g € G such that f(x) = gx 
for all x € U. In particular, f is injective and extends to a conformal 
automorphism of the whole sphere. 
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Proof. Since n > 2, there are canonical normal Mobius geometries associ- 
ated to the conformal metrics on U and S”. By the theorem, f must be a 
local geometric isomorphism of these geometries. So, by Theorem 5.5.2, f 
is the restriction of the action by left translation of an element gE G. E 


Exercise 3.6. Show that this corollary is false if n = 2. [Hint: the Riemann 
mapping theorem says that any connected and simply connected proper 
open subset U C C is diffeomorphic to the open unit disc by a holomorphic 
and therefore conformal mapping. | 


Corollary 3.7. The group of conformal diffeomorphisms of S” (n > 2) is 
the Mobius group G. 


Proof. By Lemma 1.12 we know that G is a subgroup of the conformal 
diffeomorphisms of S$”. By Corollary 3.5 we know that, for n > 2, any 
conformal diffeomorphism is an element of G. a 


This corollary also holds for n = 2, although the proof given is no longer 
valid. 


The Möbius Geometry Associated to a Riemannian Geometry 


In this subsection we shall identify the Weyl curvature, introduced in Table 
6.2.5 for a Riemannian manifold M” with metric q, with part of the curva- 
ture for the normal Möbius geometry associated to the conformal class of 
metric determined by q. This will show not only that the Weyl curvature 
of a Riemannian manifold is an invariant of the conformal class of the met- 
ric but that for n > 4 its vanishing is a necessary and sufficient condition 
for the metric to be locally conformally flat. More precisely, we have the 
following result. 


Theorem 3.8. Let M” be a smooth manifold. If q is a Riemannian metric 
on M, let W (q) denote the Weyl curvature of the Riemannian manifold 


(M,q). 


(i) If qı and qz are two Riemannian metrics on M differing by a smooth 
positive factor, then W (q1) = W (q2). 


(ii) If W(q) = 0 and n > 4, then on each sufficiently small open set U 
about any point in M, there is a flat Riemannian metric on U that 
differs from q by a smooth positive factor. 


Proof. This theorem is local, so we work with a gauge on an open set 
U C M. We may write the Riemannian gauge and (torsion free) curvature 


as 
Re a 
Rie — 0 Q 
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and 


ae 0 0 _ (0 0 
Rie \ dd9+a A0 da+arľra] \0 datada)’ 


The corresponding normal Mobius gauge and curvature for the conformal 
metric determined by q according to the procedure in Proposition 3.1 are 


0 v 0 
WMsb = |0 a wj, 
0 # o0 
v A8 dut+tuNa 0 
Qusp = | dd+a A0 datahat60Aveuv AG x 
0 * * 
0 du+vuAa@ 0 
=10 datahatOAvstuv'As x 
0 0 0 


Note that we are taking Riemannian and Mobius gauges with the same 
choice of 0. Since in each case the condition that the geometry be torsion 
free is the same (i.e., d9 +0 ^ga = 0), it follows from Cartan’s Lemma 6.3.4, 
that the same a appears in both gauges. Moreover, since n > 3, Corollary 
3.4 shows that the block v is determined by the condition that the Möbius 
geometry is normal. We claim that the identity 


dat+taNha=(datahatd0Avtu' AG) —(OAv+V'A 6) 


is the decomposition of the Riemannian curvature into its Weyl curvature 
and its Ricci curvature (cf. Proposition 6.1.3(iii) and Table 6.2.5). To see 
this, note first that by the Definition 2.7 of a normal connection, the part K, 
of the Mobius curvature function corresponding to dataAa+OéAv+u' AG 
must lie in the Weyl submodule (the kernel of the Ricci homomorphism). 
Now consider the other term, 0 A v + vt A 6t, and write v = 6'l, where 
l = (lij) is symmetric. The part of the curvature function corresponding to 
this term is, as in the proof of II in Proposition 3.1, 


ae ` Oipljqe; ^ €} 8 Cpq = T3 ` ljgbja 
j,q 


i,j, P,q 


which, by Exercise 1.22(iv), lies in the Ricci submodule. In particular, W (q) 
is the curvature of the associated normal Möbius geometry and hence de- 
pends only on the conformal class of q, proving (i). On the other hand, when 
n > 4, Proposition 2.6 assures us that when W (q) = 0, then Qysp = 0, so 
the Möbius geometry is flat. E 


The following exercise shows that even if W (q) = 0 and n > 4, q need 
not be globally conformally equivalent to a flat metric. 
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Exercise 3.9. Let M = R” — {0} be equipped with the standard metric 
induced from Euclidean n space R”. Define an action Z x M — M by the 
formula n- z = 2"2. 


(i) Show that this is an action by conformal covering transformations so 
that M = M/Z acquires a conformal structure G. 


(ii) Show that M is diffeomorphic to the product S} x S”. 


(iii) Show that M is a locally flat conformal structure with holonomy 
group Z. 


(iv) Deduce that M is not complete. 


(v) Deduce that there is no global flat Riemannian metric on M in the 
conformal class G. q 


On the other hand, we have the following result. 


Proposition 3.10. Let M” be a simply connected, complete, locally flat 
Möbius geometry. Then it is the model geometry. 


Proof. This is a special case of Theorem 5.5.3. E 


The Equivalence Problem for a Weyl Structure 


A Weyl structure is a refinement of the notion of a conformal metric. This 
is the structure actually used by Weyl (see [H. Weyl, 1952]) in his attempt 
to unify the forces of gravity and electromagnetism. We are going to show 
that a Weyl structure is the same as a torsion free Weyl geometry. 


Definition 3.11. A Weyl structure on M is a conformal metric G on M 
together with a function F: G — A!(M) satisfying F(e*q) = F(q) — dA for 
every smooth function à: M — R. 8 


Lemma 3.12. A Weyl geometry on M determines a canonical Weyl struc- 
ture on M. 


Proof. Let U C M be a small open set and let w be an arbitrary gauge on 
U for the Weyl geometry on M. Write 


wilé ® 
N\A al’ 


de 0 
AE ea en | 


Define q = 01 <;<, 9; to be the Riemannian metric on M associated to 
the gauge w. Then we define F(q) = —2e. To see that this is a Weyl 
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structure on M, we need to see that every expression of the form e*gq (for 
any A: MM — R) appears as the Riemannian metric on M associated to 
some gauge and that F(e*q) = F(q) — dà. 

If w is another gauge on U for the given Weyl geometry, then it differs 
from w by a unique change of gauge of the form 


a o) U = Hv, 


and the gauges themselves are related by the formula 


— fetaz "dz 0 

za*@ =a 'aa+a'da J` (3.14) 
Moreover, any such choice of h will yield a valid change of gauge. 
It is clear from this that the Riemannian metric associated to @ is z7q 


and that 
F(z?q) = —2e — 2z27'dz = F(q) — 2z71dz. 
Writing eò = 2? so that dà = 2z~!dz then yields the result. E 


Now we solve the equivalence problem for Weyl structures. 


Proposition 3.14. Let F by a Weyl structure on the smooth manifold M. 
Then there is a unique torsion free Weyl geometry on M giving rise, as in 
Lemma 3.12, to this Weyl structure. 


Proof. Fix q € G. On a sufficiently small open set U about any point of 
M, we may express q as q = 50? for some coframe 0 = (01, 62,..., 0n). 
We take for the gauge associated to this coframe the expression 


v= (E0 2), 


where (as usual, by Cartan’s Lemma 6.3.4) œ is the unique form such that 
the torsion, d0 — 50 /\ F(g)+a/60, vanishes. Suppose we change our choice 
of q to g = 27q and the choice of coframe 6 to 6 = za~!6, where z: U — R+ 


and a:U — O,(R). Setting h = k a) :U — Hy, we calculate 


Ad(h7*)w + h*wizy 


GA) CH NG de) (E 
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_ ea +27 'dz I 


za—!@ 
_ (-4F(2q) 0\_ (-2F@ 0 
za t0 k ĝ P 


Since a gauge transformation will not alter the torsion, the vanishing of the 
torsion in the new gauge is automatic. Thus, the (2,2) entry of this gauge 
is the correct one. 

In summary, we see that altering the choice of metric and coframe has 
no effect on the Weyl geometry. It merely replaces the given gauge by one 
equivalent to it. Thus, the torsion free Weyl geometry is uniquely deter- 
mined by the Weyl structure. Moreover, it is clear from the discussion that 
the Weyl structure determined by this geometry according to Lemma 3.12 
is just the original one. E 


84. Submanifolds of Mobius Geometry 


Suppose we are given a torsion free Möbius geometry N"*" and an im- 
mersion f: M” — N™*’. After establishing some algebraic notation, we 
explain how to obtain the “locally ambient geometry of N along f” (this 
notion is formalized in Definition 4.8). The main technical point is to find a 
certain reduction of the restriction to M of the ambient principal bundle to 
a principal bundle H) — P, — M with group H) ~ Möbm(R)o x O, (R). 
This is achieved by taking a subbundle of the tangent reduction along which 
a certain collection of traces vanishes. The locally ambient geometry of N 
along f is the bundle P) together with the restriction to it of the Cartan 
connection for N. This is analogous to the Riemannian case in that this 
geometric entity contains, in principle, all of the geometry of the map f. In 
Proposition 4.17 we show that, when N is the Möbius sphere, this datum 
does indeed determine the immersion f: M — N up to a Möbius transfor- 
mation of N. Thus, in this case, the locally ambient geometry of N along 
M is a complete invariant for the map f. 

The next step in studying the locally ambient Möbius geometry on M 
is to see how it fractures into the tangential part (the “intrinsic” Möbius 
geometry on M, which is not necessarily normal), the normalt part (the 
Ehresmann connection on the normal bundle v), and the “gluing” data 
(the second fundamental form). This decomposition depends on factoring 
the bundle P, as a fiber product Py ~ Pian Xm Paor. The tangential and 
normal parts of the locally ambient geometry on M are essentially given 
by the restrictions w | Pian and w | Paor of the Cartan connection w. These 


“Note the two different uses of the word normal here. The meaning should 
always be clear from the context. 
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pieces exist for any torsion free, locally ambient Möbius geometry on M. 
In Corollary 4.30, we show that when dim M # 2 and the locally ambient 
geometry is normal, then it can be reconstructed from these pieces. A 
different approach is needed when M is a surface; this is discussed in §6 
when codimension is one. 

Since the “intrinsic” Mobius geometry (Pran,w | Pian) on M is not neces- 
sarily normal, it is not the geometry on M corresponding to the conformal 
metric induced on it by the conformal metric associated (by Lemma 2.3) to 
the Mobius geometry on N. Nevertheless, the former determines the latter 
(cf. Proposition 4.20(iii)). This means that more data about the geometry 
of the immersion M — N are packed into the “intrinsic” geometry of M 
than is possible with a normal geometry. 

The discussion of submanifolds given here parallels the modern treat- 
ment of the Riemannian case given in the last chapter. We remark that a 
more classical treatment, analogous to the classical treatment of the Rie- 
mannian case, may be found in [A. Fialkow, 1944]. See page 315ff for a brief 
look at Fialkow’s method. Whereas the present treatment is quite general, 
Fialkow’s treatment requires the absence of umbilic points. 


Model Algebra 


The models for the Möbius geometries on N™*" and M” involve the Klein 
pairs of Lie algebras (g, b) and (a, b), respectively, where 


kx x x 0 xk xk x* 0 

_ k ok ok x _ 0 *x x * 
g = k ok ok * p pS 0 *x « x l 

Ox. x * 0 0 0 x 

x x 0 0 x *« 0 0 

ye x x 0 x b — 0 x 0 x 

0 0 0 x 0 0 0 x 


and g has blocks down the main diagonal of size 1 x 1, n x n, r xr, and 
1 x 1. Of course, we must bear in mind that not all possible entries are 
allowed; a matrix in any of these Lie algebras must have the form 


z p q 0 

u a —b p 

v b ce é’ 
0 ut v -2 


where a and c are skew-symmetric matrices. Let us set 


x000 0000 
_jy;o 0 0 0 _jJ{O.~ * 0 
= loo o oll FT loxs « off? 

0 0 0 x 0000 
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x 00 0 000 0 
0 x« 0 0 000 0 

oln) = idl men 
0000 0000 
0000 0000 
x000 0000 

PN 16 00 0 « 00 0] f°’ 
0x00 0 0 x 0 
0 x> 0 

o 0 0 0 x 

I==—)lo 00 x 
000 0 


Then we have the canonical 360(n)@o(r) module decomposition g/h = t@u. 


The First Reduction 


Recall that we are studying an immersion f:M" — N”*", where N is 
equipped with a Möbius geometry (P,w). The description of the geometry 
of N localized along f is more complicated than in the case of Riemannian 
geometry, although it begins in the same way with the tangent reduction 
P, along f. This is the reduction of the pullback bundle f*(P) given by 


P, = {(z,p) € f*(P) | pp(f+(Ta(M))) = a/b C g/b}. 


The reduction P, sits in the commutative diagram 


k 
M 


The tangent reduction P, has group H, = {h € H | Ad(h~')a/b = a/b}. 
An easy calculation (starting from the description of H given in Lemma 
1.8) shows that H, consists of all elements of H having the form 


c (P) ——> P 


|| 
oom ow 


l pq 8 z 0 0 0 
010 p 0 a O 0 
001 ¢ 0 0c 0 
00 0 1 0 0 0 z7! 


where p' € R”, g' € R”, s = 4(pp' + qg) € R, z € R+, a € O,(R), 
c € O,(R). The Lie algebra h, of H, consists of elements of the form 
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k *x ok x 
0 x 0 x 
0 0 x x 
0 0 0 x 


If we set w, = f*(w) | P,, then we have the following. 
Lemma 4.1. f*(w)(T(P,)) = a mod b. 


Proof. a/b = 9p(fe(Tn(p)M)) = Yp(fat«(TpPr)) = wp(fe(TpPr)) mod 


h = f*(w)(T(P;)) mod h. E 
Corollary 4.2. w, mod h takes values in a/b C g/h and hence w, has the 
form 
E vv 0 
_ {0 a -6 v 
“=l0 6 6 r 
06 QO —e 


The Second Fundamental Form on the First Reduction 


To continue we need to find a reduction of P, involving some of the “nor- 
mal” information encoded in the second fundamental form. We note that 
this procedure has no analog in Riemannian geometry, where the tangential 
information alone is sufficient to describe all of the reduction needed. 

The appearance of an aspect of the second fundamental form for the 
very definition of the second bundle reduction requires that we introduce 
it right away, not in the final form in which it will eventually appear, but 
in its raw form as a collection of matrices. 

The form w, transforms under k € H, according to 


E vV V 0 
— 1/06 a -6 vé 
* _ 1 ren 1 
Ryw, = Ad(k~*)w, = k 0 B ut k, 
0 6 QO -g 
where 
l pq 8 z 0 0 0 
{0 1 0 pt 0 a 0 0 l a Eeg t 
0 0 0 1 0 0 0 27! 


For any X € h,, we have w,(Xt) = X and hence (Xt) = 0. Since the 
value of Xt at some point p € P, runs through all the fiber directions as 
X varies in §,, it follows that the form 8 vanishes on each fiber and is 
therefore semibasic. This implies that the ith row of 8 may be expressed 
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as 3; = O'h(i), where h(i), 1 <i < r, is ann x n matrix-valued function on 
P,. These h(i) constitute the raw version of the second fundamental form® 
on M. 


Lemma 4.4. The vanishing of the (3,1) curvature block is equivalent to 
the symmetry of h(i) for all i. 


Proof. The vanishing of the (3, 1) curvature block is equivalent to GA@ = 0 
or, for all 2, 


0= B; A0 = h(i) A0 = D (im ING 


= Su (7) pq — (2) qp)Op A bq, 


p<q 


which is equivalent to the symmetry of h(i) for all i. E 
Since we are dealing here only with the case when the ambient geometry 
is torsion free, then in particular the (3,1) block of the curvature does 
vanish. Thus, the following expression, Eq. (4.5), is symmetric in vı and 
U2: 
O (wp PMD 


b(p)(v1, v2) = Bwp*(v1))v2 = v2 
0 (w Sur) ACP) 
vi h(1)ve 
= TE , where vj, U2 Et. (4.5) 
vi h(r)ve 


To proceed further, we need to know how the h(i) transform under the 
action of k € H,. 


Lemma 4.6. For k as in Eq. (4.3), and for each j, 


Rth(j) = 27227107} { Soest (i) +q:I) ha 


Proof. Since 8; = 6th(i), we first need to calculate how @ and $ on P, 
change under the action of k € H,. Using the formula Rw = Ad(k7")w 
with k as in Eq. (4.3), we easily calculate that 


ReB=c3(B+q'6')a and R%0 = za™*0. 


5 Of course, it is only in the Riemannian case that there is, properly speaking, 
a first fundamental form. It is the Riemannian metrics itself. 
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On the one hand, 


Pr +gb O (h(1)+qıI)a 
RB = (B + g )a = ae a=c! e. 
Br + qrO° O*(h(r) + qT )a 
On the other hand, 
6¢h(1) Rt0¢R*h(1) 
Res s |= ay 
hlr) \ RO Rgh) 
(za~*6)' REA(1) 6° zaRth(1) 
(za~*0)'REh(r) gtzaR*h h(r) 


Combining these yields, for each j, 


0 (h(1) + qıl)a 
0tzaR%h(j) = jth row of c~t . 


9! (h(r) + gpl)a 
= "2 cij )+ql)a, 


which, since 0 has linearly independent entries, yields the result. E 


The Second Reduction Py 


From Lemma 4.6 we see that, for any point p € P,, there is a k € H, of 
the form 


1 0 q s 
_{0 10 0 hes 
K=!5 01 gt | where s = 544", 
0 0 0 1 


such that, at pk € P,, all of the symmetric matrices h(j) have trace zero. 
(Just take q; = —trace h(j) for all 7.) Moreover, given any point p € P, 
at which trace h(j)(p) = 0 for all j, then in the notation of Eq. (4.3), for 
keH 

trace h(j)(pk)=0 forall j & q; = 0 for all j. 


This, together with the smoothness of the function trace h(j), is sufficient 
(cf. Proposition 4.2.14) for the equations trace h(j) = 0, 1 < j < r, to give 
a further reduction of the principal bundle H, — P, — M to a principal 
bundle H) — P, — M, where 


z 0 0 0 l p 0 s 
= 0 a0 0 010 ø oe 
BX Sy ge, 0 fa i oer ere 
000 27! 0 0 0 1 
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Note that H, is isomorphic to a product of the two subgroups 
Hy = M6b,,(R)o x O,(R) 


corresponding to the decomposition of group elements given by 


z 0 0 0 l p 0 s 
{0 a0 0 0 1 0 pt 
I~10 0c o0 001 0 

0 0 0 21/ \0 00 1 

z 0 0 0 l p 0 s 

0a0 0 010 pt 
mee? bist 

000 27} 000 1 

100 0 
x a (where s = Żpp') (4.7) 

0001 


It follows that the Lie algebra of H) is given by 
x * 0 0 

0 x 0 x 

b=b@Or)= 119 0 e0 

0 0 0 x 


We set w) = f*(w) | Py. The pair (P,,w)) is our candidate for the invariant 
describing the immersion f (cf. Lemma 4.14). 


Geometry of N Localized Along f 


The preceding discussion leads us to the following definition, which is jus- 
tified in Lemma 4.14. 


Definition 4.8. Let M be a smooth manifold of dimension n. A locally 
ambient Mobius geometry on M of codimension r is a pair (P,w), where 


(i) P is a principal H) = M6b,(R)o x O,(R) bundle over M, 
(ii) w is an (h + a)-valued form on P satisfying the conditions 


(a) w:T(P) — b + a is injective at each point; w—*(h) is tangent to 
the fiber at each point; and the composite of w and the canonical 
H, module projection h + a — a ® o(r) are surjective at each 
point. 

(b) Riw = Ad(k7')w for all k € Hy. 


(c) w(X') = X for each X € hy (= b @o(r)). 
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Just as for the case of a submanifold, we may write 


E vv 0 
_ [0 a -6 v% 
“=o g y vw 
06 O -e 


(d) The ith row (i) of 8 has the form G(i) = 6*h(i), where h(i) is an 
n x n symmetric matrix of trace zero. (This is the condition that the 


ambient geometry be torsion free along M in the direction normal to 


The curvature of (P,w) is dw +w Aw = 


de+uA@ dvu+teAv+tvuAatvaA dv+eAv—-vABt+vuaAy 0 
dO+O0ANE+4+QAA0 datOAv+taha—BEAB+v' AG x x 
0 dB+BAa+yABt+v'aGgt dy—BABT+7A¥7 x 

0 * 0 * 


(P,w) is called torsion free if d9+eAP+aAN0=0. 

(P,w) is called normal if it is torsion free, of type s © q, and K, lies 
in the kernel of the Ricci homomorphism restricted to Hom(A? (a/b), 5) C 
Hom(A?(g/h),5). (Ks is the part of the curvature function corresponding 
to the (2,2), (2,3), (3,2), and (3,3) curvature blocks.) 

A gauge on U C M for a locally ambient geometry (P,w) is a form o* (w) 
where o:U — P is any section. 

Two local ambient geometries (P1, w1) and (P2,w2) on M are said to be 
equivalent if there is an M6b,(R) x O,(R) bundle map b: P) — P> such 
that b* (w2) = w1. & 


We note that since w(X') = X for each X € hy, it follows that v(Xt) = 0 
for X € hy. Thus v vanishes on all vectors tangent to the fiber of P, namely, 
v is semibasic. We also note without proof that an effective locally ambient 


geometry may be described by its gauges just as for Cartan geometries (cf. 
Chapter 5, §2). 


Proposition 4.9. Let M” be a manifold of dimension n > 0 and let 


E U v 0 
{0 a -6 v 
“=10 B y v 


0 6 0 —e 


be a gauge for a locally ambient Möbius geometry of codimension r on M. 
Regard a, B, y, and £ as fixed. Let us write the forms v and v in terms of 
the basis 0 arising from the gauge as (v v) = 6'l where l is ann x (n+7r) 
matriz. 


(a) (i) fn #2 there is a unique choice of v such that Ricci(K,) takes 
values in the span of e* ® ej forl<i,j<n. 
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(ii) If n =2 then v has no influence on Ricci(Ks). 


(b) (i) Ifn> 2 there is a unique choice of v such that Ricci(K,;) takes 
values in the span of ef Q e} forl<ic<n,n+lsjegntr. 

(ii) If n = 2 only the trace of v (= li + l22) has an influence on 

Ricci(K,). It contributes the terms —(l11 +122)(e] @ej +e38e3). 


(iii) If n = 1 then v has no influence on Ricci(Ks). 


Proof. We begin by calculating the contributions made by v and v to 
Ricci(K,). From Definition 4.8(d) we see that the terms in the s block of 
the curvature matrix arising from v and v are 


t 
O6ANv+tv.A0 OAV\_ (8 +, (9 
( wt not 0 J=(f)rwnsenta(s 


6 oN“ 
23 t t 
= @ AOIL+VON 3 
= X. OA 9glkqgEpq + Slik A OpE gp 
1<p,k<n 1<p,k<n 
1l<q<n+r l<q<nt+r 
` lkqlp A Ox (Eng = Eqp) 


1<p,k<n 
l<qgntr 


> leqOp A Ok Epa: 


1<p,k<n 
l<q<n+r 


It follows that the terms in K, arising from v and v are 


, x x 
1<p,k<n 
1<q<n+r 


Hence, by Exercise 1.22(i), in terms of Ricci(K,) arising from v and v are 


— ) lng Ricci(e, ^ e5 ® pq) 
l<p,k<n 
l<q<ntr 


=- 5 


1<p,k<n, 1 <q<n+r 
kApFq 


- 5 


1<p,k<n,l<eqsnt+r 
k#£p#q,k#q 
1<p,k<n,l<q<ntr 
kAp#q 


lig (ey 8 ez + Skqep Q €p) 


x x 
Ine; ® Č — lege; Q E 
k q 
l<p,k<n,l<q<ntr 
k#£p#q,k=q 


x x 
lkqôkqEp & Ep 
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es x * = 3 = x 
= —(n — 2) ) lege, Q ez — (n — 1) y lege; @ € 
k#q k=q 
x x 
= ) lek en Q €p 
1<p,k<n 
k#p 
ae x x x x 
= —(n = 2) ) ligek & €q = ) lkkEk & Ck 
1<k<n 1<k<n 
l<q<n+r 
— ; lkkep & Ès + X lkkek & ey. 
l<p,k<n l<k<n 
os x x * ok 
= —(n— 2) y lege, @ ez — ` lkk ` ep @ €p (*) 
1<k<n l<k<n l<p<n 
l<q<n+r 


The terms in the formula (*) involving ex Q ez forl<k<n,n+1< 
q S n+r, which is the same as the terms depending on v, are 


~(n-2) 5 


1<k<n 
n+1<qentr 


lege; Q ez (**) 


Since this vanishes for n = 2, we verify (a)(ii). When n # 2 it is clear from 
the expression (**) that any variation of v will be reflected in a variation 
of the coefficients of e, Se, forl<k<n,n+1<q<n+rand, moreover, 
any variation in these coefficients may be achieved by a suitable choice of 
v. This proves (a) (i). 

The terms in the formula (*) involving ek ez for 1 < k,q < n, which is 
the same as the terms depending on v, are 


-(n-2) X, uhog- Y m D> Soe. (* * *) 


1<k<n 1<k<n l<p<n 
1<q<n 


Note that the sum of the coefficients of the terms e @e,,1<k<nin 


this expression is 
—2(n — 1) ` lkk- 
l<k<n 


Thus for n Æ 1, the expression (* * *) determines the expression 


* * 

Se 2) ) | lige © ez 
l<k<n 
1<q<n 


and for n Æ 2 the converse holds. These remarks show that, for n > 2, any 
variation of v will be reflected in a variation of the coefficients of ek © e 
for 1<k<n,1<qK<n and, moreover, any variation in these coefficients 


ok 


q 


304 7. Mobius Geometry 


may be achieved by a suitable choice of v. This proves (b) (i). If n = 2, the 
expression (* * *) reduces to 


—(1y1 + 1o2) (ej Q ej + e3 8 e3) 
which verifies (b)(ii). Finally, if n = 1, the expression (* * *) vanishes and 
(b)(iii) is verified. 2 
Exercise 4.10.* Prove the following analog of Proposition 2.6. Let (P,w) 
be a locally ambient Möbius geometry on M” of type 3 © q. 
(i) If dim M > 3, then the 3 block of the curvature vanishes. 
(ii) If dim M > 4, then the curvature vanishes. q 


The following result is an analog of Theorem 5.3.15. 


Proposition 4.11. Let (P,w) be a locally ambient Möbius geometry on 
M of codimension r and let x € M. Then for each p € P over z, there 
is a unique linear isomorphism pp: Tr(p M — a/b such that the following 
diagram commutes. 


@ 
TP) ————> h +a 


| | 


T(P) - - £- > a/b c (h + ayh 


Moreover, if h € Mobm(R) x O, (R), then Ypn = Ad(h~*) yp. 


Proof. The existence, linearity, uniqueness, and injectivity of Yp follow 
from the fact that 


wp(v) = 0 mod h & v is tangent to the fiber of P > M. 


Since dim M = dim a/b, it follows that Yp is an isomorphism. The final 
fact comes from applying Ad(h)~! to the equation Yp ° nxp = Wp mod h to 
get 


Ad(h)~1Qp © Tap = Ad(h)~ *wp mod h 
= Wph © Rns mod J 


= Poh O Txph O Rn 
= Pph © Tap (Since 70 Rp = 1). 


Since 74, is surjective, it follows that yp, = Ad(h~")@p. a 
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Corollary 4.12. In the case of a locally ambient geometry arising from 
an immersion f:M — N into a torsion free Möbius geometry, the map 
Pp: Ts(M) — a/b given by the theorem is the pullback, via f*, of the cor- 
responding map P Fip): Tia (N) — g/b for the Möbius geometry on N. 


Proof. This is simply the fact that, in terms of the form w, in both cases 
the map vy is given by the block 0. a 


Definition 4.13. Let (P,w) be a locally ambient Mébius geometry on M of 
codimension r. The normal bundle associated to (P,w) is the r-dimensional 
vector bundle upor = P xq, R”, where the action of H) = Méb,,(R)o x 
O,(R) on R” is the standard second factor action. Qnor: Ynor — R is the 
canonical (up to constant scale) metric on Vyoy. B 


The point of Definitions 4.8 and 4.13 is that they describe the data 
associated to the immersion f: M — N we have been discussing. 


Lemma 4.14. The pair (P,,w ) described on page 300 is a normal, locally 
ambient Möbius geometry on M of codimension r. 


Proof. Condition (i) of Definition 4.8 is obvious, as is the fact that w, is an 
(h + a)-valued form on P}. Condition (ii)(b) is an automatic consequence 
of the formula on P that Rjw = Ad(h7!)w for all h € H. Condition 
(ii)(c) comes from the definition of a Cartan geometry and the fact that 
the inclusion P) C f*(P) is equivariant with respect to the right actions of 
fy; hence for X € hy, the vector field Xt on f*(P) restricts to the vector 
field Xt on Py. The injectivity of (ii)(a) comes from the fact that w) = 
f*(w) | Pa, f is an immersion, and w is injective. The rest of (ii)(a) comes 
from combining (ii)(c) with the fact (Lemma 4.1) that w- (Tp(P,)) = a mod 
h for all p € Py. Condition (ii)(d) follows from the nature of the first and 
second reductions. z 


We emphasize this example of a locally ambient geometry by giving the 
following definition. 


Definition 4.15. Let N be a Möbius manifold and let f: M — N be an 
immersion. The locally ambient Möbius geometry of n along f (or along M 
if f is an inclusion) is the pair (P),w)). & 


Exercise 4.16. Let ¢: N — N bea geometrical automorphism of a Möbius 
geometry on N. If f:M — N is an immersion, show that the locally am- 
bient Mobius geometry of N along f is equivalent to the locally ambient 
conformal geometry of N along ¢f. Ld 


Now we can justify the terminology “ambient Möbius geometry localized 
along f” by showing that, at least in the case when the ambient geometry 
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is the model Möbius sphere, it does indeed encapsulate all the geometry of 


f. 


Proposition 4.17. (i) Let f:M” — S"*” (standard Möbius sphere) be 
an immersion. If (P,,w) is the ambient geometry localized along f, then 
dw, +w, Awr, =0 and the monodromy representation Pu, 1s trivial. 

(ii) Conversely, let M” be a connected n-dimensional manifold and let 
(P,w) be a locally ambient Möbius geometry on M of codimension r satis- 
fying dw +w Aw = 0 with trivial monodromy. Then there ts an immersion 
f:M”™ — $+", determined up to left multiplication with a Mobius mo- 
tion of R™+™, such that the Mobius geometry of St" localized along f is 
equivalent to the geometry (P,w). 


Proof. This is just an application of the fundamental theorem of calculus, 
Theorem 3.7.14. w 


Decomposing a Locally Ambient Geometry 


Let (P,w) be a torsion free locally ambient Möbius geometry on M of 
codimension r. As in the Riemannian case studied in the last chapter, we 
wish to decompose (P, w) into three pieces. The first two of these pieces are 
the induced Möbius geometry on M and the Ehresmann connection on the 
normal bundle. These are described ahead in Propositions 4.18 and 4.20. 
The final piece is the second fundamental form described in Proposition 
4.21 and Definition 4.22. As we mentioned before, although these three 
pieces exist in general, the locally ambient geometry may not in general be 
reconstructed from these pieces alone without the presence of some extra 
hypothesis such as that of normality (cf. Theorem 4.29). 

First we show that the bundle P itself decomposes as the fiber prod- 
uct of principal bundles determined by the tangent bundle of M and the 
associated normal vector bundle Mor. 


Proposition 4.18. Let (P,w) be a locally ambient Mobius geometry on M 
of codimension r and let Pian = P/O(r) and Pror = P/Mob,(R)o. 


(i) Pian is a principal Mob,(R)o bundle and Por 1s a principal O,(R) 
bundle. 


(ii) P = Pian Xm Pnor (fiber product). 
(iii) There is a canonical bundle equivalent Pran X Mobn(R)o a/b, where the 


action of Mob,(R)p on a/b is induced from the adjoint action. 


(iv) Let Vnor be the normal bundle over M associated to (P,w). Then Pnor 
is the principal bundle associated to Vnor. Moreover, if (P,w) is the 
locally ambient geometry of an immersion f, then Vnor ts the normal 
bundle of f. 
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Proof. (i) Since the right actions of Méb,(R)o and of O,(R) on P com- 
mute, we see that M6b,,(R)o acts smoothly on P,..,. Since the action of 
Mob,,(R)o x O,(R) is proper on P and transitive and effective on the 
fibers of P — M, it follows that the action of M6b,,(R)p is proper on P,a 
(cf. the proof of Lemma 4.3.12) and transitive and effective on the fibers of 
Pan > M. Hence Pian is a right principal Méb,,(R)9 bundle over M. The 
case Of Paor > M is similar. 

(ii) The two smooth bundle maps O,(R) > P > Pan and Möb, (R)o — 
P — Paor (defined by projection) induce a smooth map into the fiber 
product P — Pan Xu Phor. This map covers the identity on M and is 
obviously an Mob,,(R)o x O,(R) bundle isomorphism. 

(iii) Define P x a/b — T(M) by (p,v) > pp (v) (cf. Proposition 
4.11). Since every h € O,(R) acts trivially on a/b, we have ov) = 
pp (Ad(h)v) = p7 (v). Thus, the map P x a/b — T(M) induces enoo 
bundle map Fian x a/b = (P/O,(R)) x a/b — T(M). But we also have, 
for every k € M6b,,(R)po, Dox (v) = p; '(Ad(k)v). It follows that the points 
(p,v), (pk, Ad(k~*)v) € Pian x a/b have the same image in T(M). Thus 
we get a further induced map Pan X Médbn(R)o 2/6 — T(M). This map i: 
a vector bundle map covering the identity on M, and the fibers have the 
same dimensions. Thus, it is a bundle equivalence. 

(iv) This is similar to the proof in the Riemannian case (cf. 6.5.9(iii)) 
and we leave it to the reader. E 


N ow we are in a position to study how the form w of a locally ambient 
Möbius geometry (P,w) decomposes. Let us write 


E U p 0 ev 0 0 
{|0 a -Ø x da 0 vt 

a 0 8 y yt » Wtan = 000 0 (4.19) 
0 0 -e 0 6 0 —e 


The next step is to see that the parts wia, and y of the form w determine, 
and are determined by, certain induced forms (to which we give the same 
names) on Pyan and Pior- 


Proposition 4.20. Let (P,w) be a locally ambient Möbius geometry on M 
of codimension r. 


(i) The form wtan (respectively, y) is basic for the canonical projection 
P — Pian (respectively, Paor). We use the same name wiran (respec- 


tively, Wnor) to denote the corresponding form on Pian (respectively 
Pror). 


(ii) Let y be the form on Paor guaranteed by (i). Then y is an Ehresmann 
connection on the principal bundle O, (R) — Paor > M. 


(iii) Let Wtan be the form on Pian guaranteed by (i). Then (Pian, Wtan) is a 
Möbius geometry on M. Moreover, if (P,w) arises from an immersion 
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f:M — N, then the conformal metric on M associated to (Pian, Wtan) 
is the conformal metric induced on M from N. 


(iv) (P,w) is torsion free & (Pian, Wtan) is torsion free. 


Proof. (i) We deal with y only, the cases of wan being similar. The trans- 
formation law in Definition 4.8(ii) (b) implies that, for h € Mob,(R)po, 
Ry = y, and moreover, 4.8(ii) (c) says that w(X1) = X for X € hy, so in 
particular y(X') = 0 for X € a. Thus, by Lemma 1.5.25, y is basic for the 
principal bundle P — P/M6b,(R)o = Pror- 

Gi) The transformation law 4.8(ii) (b) implies that, for h € O,(R), 

* = Ad(h~!)y, and moreover 4.8(ii) (c) says that w(X') = X for 
X € hy, so in particular, y(X') = X for X € o(r). Since the projection 
P — P/Möb, (R)o is O,(R) equivalent and 1*: Al(P/M6b,,(R)o, o(r)) > 
A!(P, o(r)) is injective, it follows that the formulas Réy = Ad(h7~')y for 
h € O,(R) and y(X't) = X for X € o(r) also hold for the version of y 
on Paor. Thus, y satisfies the conditions for an Ehresmann connection (cf. 
Definition 6.2.4 of Appendix A) on Phor. 

(iii) To see that wtan is a trivialization of the tangent bundle of Pran, since 
dim Pian = dim o, it suffices to show that wran: T (Pian) — 0 is surjective, 
or, equivalently, that the corresponding form wtan: T(P) — o is surjective. 
But since Wtan is just the canonical projection of w on o, by condition 
(ii)(a) of Definition 4.8, it is surjective. The proof that wtan satisfies the 
conditions 


(a) Rf wan = Ad(h~')wtan for h € On (R), 
(b) wtan(X!) =X for X €b 


is similar to the proof of (ii). Thus, Wtan is a Mobius geometry on M. 

If (P,w) arises from an immersion f, then the induced conformal metric 
qu:T(M) — R on M arising from the Mobius geometry (Pian, Wtan) is, 
using Corollary 4.12, given as follows: 


gu (v) = |\~p(v)||, where pp arises from the geometry of M 
= IP Fp) (Fev) I, where Yq) arises from the 
locally ambient geometry of f 


= qn(fx(v)). 


Part (iv) is obvious. a 


The Second Fundamental Form 


The second fundamental form is the last of the three pieces of a locally 
ambient geometry. From one point of view, the second fundamental form 
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on M is just the restriction to P) of the trace zero matrices h(j) defined 
on P,. This may be rephrased by saying that the second fundamental form 
is a differential form on M with values in a certain vector bundle P, Xa 
(S° (t) @ u). Equivalently, we may also say that it is a bilinear symmetric 
form B on T(M) of trace zero and with values in the normal bundle vnor. 
All of this is described in the following result. 


Proposition 4.21. Let (P,w) be a locally ambient geometry on M, and let 
Unor be the associated normal bundle. The block 8 of the form w on P given 
in Definition 4.8 determines, and is determined by, either of the following: 


(i) the function b € A? (P, p), where 
p = S*(Ad*) @ Ad: Hy > GI(S?(t*) @ u)), 
given by 
b(p)(v1, v2) = Blw *(v1))v2, where v; E t for i = 1,2; 


(ii) The symmetric bilinear form B € Hom(S?(T(M)), Vnor) given by 


Pp(Bz(v1, v2)) = b(p)(Pp(V1), Yp(v2)), 


where vi E€ T,(M) fori = 1,2. 


Proof. (i) @ is a 1-form on P taking values in Hom(t,u) (= t* & u). From 
the discussion on page 298, b(p)(v1, v2) = G(w5*(v1))v2 is symmetric in 
vı and v2, so that b may be regarded as a function on P with values in 
S*(t*) @u. Now let us see how b transforms. Write g € Méb,(R)o x O,(R) 
as in Eq. (4.7) so that, in particular, Ad(g)v; = avı. Now @ transforms 
according to R*@ = c~' Ga, and so b transforms according to 


b(pg)(v1, v2) = B(wyy (v1) )v2 
= B(Ryutty *(Ad(g)v1))v2 
= (R38) (w *(av1))v2 
=(c “1 6a) (ws (av; ))v2 
Sg Blw ‘(av;))ave 
= c 'b(p)(avj, av) 


((p(g~*)b)(p)) (v1, v2). 


Thus, b € A°(P,p). Clearly, 3 determines and is determined by b. 


(ii) Note that b(p)(Yp(v1), pp(v2)) € u. Since y7 (u) = Vs = the normal 


space at x E M, it follows that the formula defining B,(v,, v2) makes 
sense (i.e., it takes values in Vnor); neverthless, we must show that it is 


310 7. Mobius Geometry 


independent of the choice of p lying over x. But this follows immediately 
from the transformation laws for b and for y. Finally, we note that since 
Yp is an isomorphism for each p, it follows that B and b determine each 
other. a 


Definition 4.22. Let (P,w) be a locally ambient geometry on M of codi- 
mension r. The second fundamental form associated to (P, w) is the bilinear 
symmetric form B € Hom(S?(T(M)), Vpor) given in Proposition 4.21(ii). 
Given a normal vector X € vz (x € M), the corresponding Weingarten 
map Lx € End(T,(M)) is defined by (X, B(u,v)), = (u, Lx(v)) um. & 


Definition 4.23. A bilnear symmetric form B € Hom(S?(T'(m)), Vanor) has 
trace zero if, for any orthogonal equinormal basis e1, €2,...,é€n of T(M), 
>>, B(ei, ei) = 0. An element b € A°(P, p), where p = S*(Ad*)@ Ad: Hy > 
GI(S?(t*) @u)), has trace zero if, for any othogonal equinormal basis e1, e2, 
..+,€n Of t, >>, b(p)(e:, ex) = 0 (cf. Exercise 1.2.29). & 


Exercise 4.24. (a) Show that the two notions of “trace zero” given in 
Definition 4.23 agree if B and b are related as in Proposition 4.21(ii). 

(b) Show that an element B € Hom(S*(T(M)), mor) has trace zero if 
and only if the corresponding Weingarten maps Lx have trace zero for all 
X EV. 

(c) Show that the second fundamental form given in Definition 4.22 has 
trace zero. m 


Lemma 4.25. Lyx is a self-adjoint map depending linearly on X. 


Proof. (u, Lx(v)) = (X,Biu,v)) = (X,B(v,u)) = (w,Lx(u)) = 
(Lx(u), v). Also, 


(u, Lax+by (v)) = (aX + bY, B(u,v)) = a(X, B(u,v)) + b(Y, B(u, v)) 
= alu, Lx(v)) + blu, Ly(v)) = (u,aLx(v) + bLy(v)), 
and so Lax+by =aLly+ bly. a 


Definition 4.26. Let N be a torsion free Mobius geometry and let f: M — 
N be an immersion. A point x € M is called umbilic for this immersion if 
the second fundamental form vanishes at zx. 8 


Note that when M is a curve, every point is umbilic, so this notion is 
not important for curves. (See Definition 5.1 for the appropriate notion for 
curves. ) 


Exercise 4.27. Let M C N be a Riemannian inclusion. Then, by Propo- 
sition 3.1, we may regard N as a Mobius geometry. If Brie and Bysp are 
the second fundamental forms in the corresponding geometries, show that 
Bmusb = Brie — + Mob Brie. Deduce that x € M is umbilic in the Rieman- 
nian sense if and only if it is umbilic in the Mobius sense. LJ 
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Reconstructing a Locally Ambient Geometry from Its Parts 


Consider the following collection of data: 


(a) a Mobius geometry on M of types@q 
(the “intrinsic geometry” (Pran, Wtan)); 


(4.28) (b) a vector bundle on M equipped with an Ehresmann 
connection (Vnor and y); 
(c) a trace zero element of Hom(S?(T(M)), Vaor) 
(the second fundamental form B). 


We have seen (Propositions 4.20 and 4.21(ii)) how a locally ambient geom- 
etry (P,w) decomposes to determine data of this form. Now we study the 
converse. 


Theorem 4.29. Let M be a manifold of dimension n Æ 2. If we are given 
the data of the form in (4.28), then there is a unique locally ambient geom- 
etry (P,w) on M giving rise to it such that Ricci(K,) takes values in the 
span of ef @e;, 1<i,j <n. 


Proof. Note first that by Proposition 4.18(ii) we must have P = Pian Xu 
Paor, and since Phor is the principal bundle associated to Vnor (Proposition 
4.18(iv)), the data (a) and (b) determine P. We must now see that every 
block in the form 


E UVU p 0 

{0 a -f v 

“=wong yo 
06 QO ç —e 

is also determined. Pulling up the form 

€e v 0 0 

vw, |f @ 9 ut 

‘n 10 0 0 0 

0 6 0 —e 


of (a) to P determines every block of w except for y, 6, and v. But y and 8 
are determined by (b) and (c), respectively. Proposition 4.9(a) shows that 
v is determined by the condition on Ricci( Kg). E 


Corollary 4.30. Let M be a manifold of dimension n Æ 2. Then a normal 
locally ambient geometry (P,w) on M is determined by the data of the form 
(4.28) it gives rise to. 


Proof. The final condition of Theorem 4.29 is automatic in the presence 
of normality. a 
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Submanifolds of Mobius Spheres 


Submanifolds M™ of the flat space S"*” constitute an important special 
example of the general theory discussed above. We have already noted in 
Proposition 4.17 that the ambient geometry localized along f is a complete 
invariant for an immersion f: M” — S”+" up to a Mobius transformation of 
the ambient space $”*". Moreover, by Proposition 4.17, an arbitrary local 
ambient geometry arises from an immersion into the sphere if and only if 
its curvature and monodromy vanish. It is interesting to try to restate this 
result in terms of data of the form of (4.28). The immediate difficulty is 
that the monodromy condition doesn’t seem to break up in this way. We 
avoid this difficulty by assuming that M is simply connected, so that the 
monodromy condition is automatic. 


Theorem 4.31. Let M be a simply connected manifold of dimension n > 4, 
and assume that 


(a) (Pian, Wtan) is an arbitrary Möbius geometry on M of type s @ q (cf. 
Exercise 1.13(ii)), 


(b) Unor is an arbitrary r-dimensional vector bundle on M equipped with 
an Ehresmann connection y, 


(c) B € Hom(S?(T(M)), mor) is an arbitrary element of trace zero. 


Let 8 denote the Hom(t,u)-valued form on P corresponding to B via the 
formula of Proposition 4.21. Let v be the form guaranteed by Proposition 
4.9(a). Then (a), (b), and (c) arise from an immersion M — S"*" if and 
only if the following equations hold: 


dataNhat0Avtuv' AG = BAB, 
dB+BvnNatyAB+uA4 =O), (4.32) 
dy+yAy=BAB 


Proof. By Theorem 4.29, parts (a), (b), and (c) will always fit together to 
give a unique locally ambient geometry of codimension r of type s ® q such 
that Ricci(K,) takes values in the span of ež @ e;,1<1,7 <n. Referring 
to the curvature given in Definition 4.8(d), we see that the vanishing of 
the curvature implies Eq. (4.32). Conversely, in the presence of Eq. (4.32), 
the locally ambient geometry is normal and indeed of type q. Since n > 4, 
the curvature vanishes by Exercise 4.10(ii). The monodromy also vanishes 


since M is simply connected. Thus (a), (b) and (c) arise from an immersion 
M- st, i 
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Comparison of Riemannian and Conformal Surfaces in Space 


Suppose we are given a two-dimensional submanifold M? c R”+? in Eu- 
clidean space. We may equip R”*? with the canonical normal Mobius ge- 
ometry associated with its Riemannian structure and then take the induced 
Mobius geometry on M. We may also take the induced Riemannian struc- 
ture on M. This yields two geometries on M with different models and 
different curvatures. Here we study the question of the relation between 
them. It is convenient to work with the gauge version of the geometries. 
Because of the existence of the tangent reduction in the Riemannian case, 
we may choose a gauge on R”*? such that the restriction to M of it and 
its curvature have the form 


0 0 0 
WRie = 6 a — 3" ) 
08 y 
0 0 0 
Qrie= | dd+a A0 dataha—- AB * = (); 
0 dB+BAatyAB dy+yA7y-BAL 


The Riemannian geometry induced on the surface has gauge and curvature 


given by 
( D o ) 
WRie = 6 al? 


oe 0 0 _ (0 0 
Rie — | dd+aAN0 datara) \0 BAB 
0 0 0 
=| 0 0 KU Ab |, 


0 -K0 A 42 0 


respectively, where K is the Gauss curvature. 

Now we pass to the Mobius case. Once again the existence of the tangent 
reduction (which is, of course, the same as in the Riemannian case) allows 
us to choose a gauge on R”*? such that the restriction to M of the gauge 
and its curvature are 


0 v v 0 
0 a -8 v* 
WMöb = 0 B + yt ) 
0 6 0 0 
0 du+vuAat+vAB dv—vAB +vAy 0 
ai dd+aN0 datdAv+arha—B'AB+v't Ad * * = 
Ee 0 dB+BAat+yAB dy—BABY+yAy x || 
0 * 0 0 
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where the 6, a, 3, y are the same as in the Riemannian case. But this is 
not yet the final reduction for a submanifold in conformal geometry (see 
the second reduction on page 302). The final reduction has the effect of 
making @ trace free, replacing it with 6o = 6 — 5 Trace 8, and hence 
replacing h(i) by ho(i) = h(i) — 5 Trace h(i)I, while leaving the entries 6, 
a, and y unaltered. The entries v and v do change, to v and Ð say. Thus, 
the Möbius geometry induced on the surface itself has gauge and curvature 
given by 


0 v 0 
wm =|0 a wv |, 
06 O 
0 dv+uAa 0 
Ems = | dd+a ^0 datO@Atv+ahatvAh x 
0 * 0 
0 -DAB 0 0 L110; A 42 D201 A b2 0 
= 0 BE A Bo se = 0 0 —Ko01 A 02 * 
0 0 0 0 Koi A 62 0 * 
0 0 0 0 


Definition 4.33. Ko is called the Willmore curvature® of the conformal 
surface M. Æ 


Exercise 4.34. (a) Show that Ko: M — R is independent of the choice of 
conformal gauge. 

(b) Show that at points where Ko doesn’t vanish, there is no information 
contained in the functions L1, L2. |Hint: show that there is a choice of 
conformal gauge for which Lı = Lz = 0.| 

(c) Show that at a point r € M where Ko does vanish, the functions 
Lı, Lz determine a canonical covector nz € T;(M)*. QO 


Writing h(i) = e 


nonono (i $) (aha "SV 2) 


— (2 3 det(h(i))01 A 02. 


), it follows that 


We also have 
ho(t) = (G s) 7 es i T 3) i fan ’ Ears | 


êThe analogy with the Gauss curvature suggests the opposite sign for Ko. 
However, the present convention ensures that Ko > 0. 
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so that 
1 
det(ho(z)) = -3 —c)*-b? (<0) 
= ~F(a +e) + ac — b’ 
1 2 
z5 (5 Trace h(i) + det h(i). 
Since 


O h(1) 
6 A B = (h(1)0 --- h(n)0) A = Ñ Rhi) A h(i), 
6* h(n) isign 
it follows that 
BAB= & 5) 0, \ 02 3 det h(:), 

1<i<n 

and similarly, 
Bo A Bo = E J 01 AQ >. det ho(t). 
1<i<n 


Thus, the Gauss and Willmore curvatures of the surface may be expressed 
as 


N 
I 


> det(h(i), 


Ky=— X det(ho(i)) (20) 


1<i<n 


2 E md) - deC) | 29? aK 


1<i<n 


This is conceptually interesting as it shows that the conformal curvature, 
which is “intrinsic” to the conformal structure, when looked at from the 
Riemannian point of view involves the mean curvature, which is “extrinsic” 
in that view. 

Willmore [T.J. Willmore, 1966] conjectures that for a torus T? embedded 
in R3, the inequality [,..(H? — K)dA > 27° holds. This conjecture is still 
open. (See [T.J. Willmore, 1993] for a report of recent work.) 


Fialkow’s Relative Conformal Invariant A 


Aaron Fialkow gave a classification of submanifolds of a conformal mani- 
fold provided the submanifold is free of umbilic points ([A. Fialkow, 1944]). 
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Since a conformal manifold supports a unique normal Mobius geometry 
(Proposition 3.1), the present classification is certainly more general than 
his. The assumption that the submanifold is free of umbilics allows Fi- 
alkow to associate to each representative metric q on M a canonical posi- 
tive smooth function A on M that scales the same way the representative 
metric scales. Then g/A is a conformally invariant Riemannian metric on 
M. The same remarks apply to the metric on the normal bundle, and one 
may consider a conformally invariant second fundamental form b/A?. In 
this way Fialkow converts conformal notions to Riemannian ones, making 
available the whole machinery of Riemannian geometry for the study of 
the conformal geometry of submanifolds. He gives a local classification in 
terms of symmetric tensors consisting of 


(i) the metric g/A, 


(ii) r additional tensors (some of which may vanish) of orders 
4,6,...,2r +2, 


(iii) the “deviation tensor” of order 2 (necessary only for surfaces). 


The case of a surface in space is somewhat special in that (ii) consists of 
a single tensor, which is in fact the square of a tensor of order 2 so that 
three symmetric tensors of order 2 suffice for the local description of a 
hypersurface. For a comparison of Fialkow’s classification and the present 
one in this case, see Exercises 6.6 and 6.7. Here we limit our discussion to 
Fialkow’s function A. 

Let €1,€2,...,e, be an equinormal’ basis for the normal space v, and 
let Ly, L2,..., Lr be the corresponding Weingarten maps. 


Lemma 4.35. Let Aik, i = 1,...,n, be the eigenvalues of Ly, 1< k <r. 
Then A = 507. pO — Xx)? is invariant under an orthonormal change of 
the basis €1,€2,...,e, of the normal space. 


Proof. Set V = T,(M) so that L:V — V for each k. Then L: V — V 
and Lk ® Lk: V @V — V @V. Since each of the Lẹ is diagonalizable, it is 
easily verified that 


A = 2n ` Trace(L2) — 2 ` Trace(Lk Q Lk). 


1<k<n 1l<k<n 
Replacing the basis {e;} by the basis {€; = `; aijej}, where (a;j) is an 


orthogonal matrix, will replace the corresponding Weingarten maps {Lk} 
by {L; = a ai;L;}. Then 


TI.e., a basis whose elements are orthogonal and of equal lengths. 
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` Trace( L2) = ` aijaijTrace(L; Ly) 


1<k<n 1<i,j,k<n 
= S 65, Trace(L; Lk) = > Trace(L?), 
1<i,j,k<n 1<k<n 


and similarly, 


` Trace(L;, ® Ly) = ` AkpAkg Trace(Lp Q Lq) 
1<k<n 1<k,p,g<n 
` ôpq Trace( Lp ® Lg) 
1<p,q<n 


D Trace(L, Q Lg). 


1<k<n E 
Corollary 4.36. x € M is umbilic = A(x) = 0. 


Proof. First note that if Lx is a multiple of the identity for each X in a 
basis of the normal space vz, then by Lemma 4.25, Lx is a multiple of the 
identity for every X € vz. Thus, we have 


A(x) =0 S Aik = Ajk Jori <i, j,k <r 
<> Ly, is a multiple of the identity forl<k<r 
<> x is umbilic. E 
Now let us reinterpret A as a function on Py. For this we fix, once and 
for all, an equinormal basis {é@,} for u. Then for each p € Py, {yp *(és)} is 
an equinormal basis for vz, and we may write A(p) for A with respect to 
this basis. The effect of replacing p by ph, where 


u 0 0 0 l p0 s 

0 ad 0 010 p _i 
h= 00d 0 001 0 E€ Hy, where s 5P P, 

000 pw! 0 0 0 1 


is to replace y5*(€5) by 
pon (Es) = (Ad(h™") pp)" (Es) = Pp (Ad(h)és) 


= Oo. = 5" (n Yau) = = u Di 


The orthonormal change d of the basis {pp(es)} has no effect on A, while 
the scaling u~! multiplies A by ~'. Thus, up to a universal choice (the 
choice of the equinormal basis {é,} for u), A determines a well-defined 
function on P transforming according to A(ph) = p~'A(p). 
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In the case where M has no umbilics, so that A is never zero, we obtain 
a further reduction of the bundle P, by setting 


P, = {p € P; | Ap) = 1}. 


Exercise 4.37. Suppose that M C N C Q are three conformal manifolds 
with M and N receiving their geometries from Q. Assume that M is totally 
umbilic in N and N is totally umbilic in Q. Show that M is totally umbilic 
in Q. LJ 


$5. Immersed Curves 


Let us assume we are given an abstract locally ambient geometry on a 
curve. We study this geometry in the case of a curve of codimension one 
or two that is without vertices. These hypotheses allow a reduction of the 
locally ambient geometry to a principal bundle with discrete fiber. In this 
case the locally ambient geometry on M may be fully described by certain 
canonical functions and forms on M itself.8 


Definition 5.1. Let M be a connected manifold of dimension one, and let 
(P,w) be a locally ambient Möbius geometry of codimension r on M. A 
point x € M is a vertex for this geometry if the block v of w vanishes (see 
Definition 4.8). & 


Recall that by Lemma 4.14 an immersion of a submanifold M into a 
Mobius geometry determines a locally ambient geometry on M. It follows 
that Definition 5.1 defines the notion of a vertex for any immersion of a 
one-dimensional manifold into a Möbius geometry. 


Exercise 5.2. Show that for curves in the plane (regarded as a Mobius 
geometry) a vertex is just an inflection point. LJ 


Proposition 5.3. Let M be a connected manifold of dimension one, and 
let (P,w) be a vertex-free locally ambient Möbius geometry of codimension 
one on M. Then (P,w) is determined (up to equivalence) by a canonical 
function kı: M — R and a canonical (up to sign) 1-form +0 € A(M). 


Proof. We refer to Definition 4.8, where the locally ambient geometry has 
the connection form 


8 Actually, it would be more proper to say that these forms and functions 
take their values in certain flat line bundles over M according to the principles 
described in footnote 12 of Chapter 1. However, the situation is so elementary 
here that we confine ourselves to the brief Remark 5.4. 


_—, & 
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E vv 0 
Da 600 v 
10 00 v’ 
0 0 0 —e 


in which the blocks a and y vanish because they are 1 x 1 skew-symmetric 
matrices and the block 8 vanishes because its ith row (2) is 0h(i) and h(i) 
is a 1 x 1 matrix of trace zero (cf. 4.8(d)). Since v is semibasic, we have 
v = f0 for some function f on P. The vertex-free condition means that v 
never vanishes and so neither does f. 

We are going to find two successive reductions of the bundle P. These 
reductions will be defined by v = 0 and {v = 0, € = 0}, respectively. The 
initial group (i.e., of P) is 


Ay = M6b;(R)o xX {+1}. 


The First Reduction. w transforms according to Ržw = Ad(g~*)w. Let us 
write g € H, as 


u 0 O 0 l p 0 s 
_{0 a 0 0 0 1 0 p 
I~10 0 a. 0 0010): 

0 0 0 p 000 1 

1 
s=3P, ai = +1, az= +1, p>0. 


1 


Then v transforms according to Rjv = agu~ *v and 0 transforms according 


to R0 = auð. Thus, 
v = f0 = Rv = Rf R30 
=> agu tv = (Ro f)ainð 
=> aou? fO = (Ro f)ainð 
=> R f = ajaou f. 


Hence f assumes the value 1 on every fiber. It follows that we may reduce 
the bundle to a subbundle P; C P defined by f = 1 (or v = 0) which has 


group 
S 


1 
|s = =p°,a = 1 


1 
0 p 

0 0 2 
1 


LR Oo © 


0 
0 
1 


= CO o 
OOoOnmnmr 


0 1 
a 0 
0 0 
0 0 0 


0 0 


On this reduction the form € is semibasic, so we may write e = f0 for some 
(new) function on the reduced bundle. 


The Second Reduction. The final reduction depends how e transforms under 
the element 
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l p 0 s 

010 p ol, 
TE a o a 

0001 


A simple calculation shows that Re = e — pð. By choosing p = f, we 
see that there is a point on each fiber where e = 0. Thus, there is a final 
reduction P C P, C P via the equation € = 0 to the discrete group Zo 
generated by w = diag(1, —1, —1,1). On this reduction, the form restricts 
to 


0 v 6d 0 
-|2 00 v 

0 0 0 0?’ 

0 6 0 0 


and this time v is semibasic. Thus, we may write v = «16 for some function 
kı on Pz. Now an easy calculation shows that v and @ change sign under 
the action of w. Thus, kı is constant on the fibers of P> and hence is basic. 
On the other hand, @ is defined up to sign on M, so we may express the 
induced form on M as +0. Clearly, this function «xı and form +0 constitute 
a complete set of invariants for the immersion. a 


Remark 5.4. Note that prescribing an orientation for M would allow a 
canonical choice among the forms +6 (if eı € T,(M) is positively oriented, 
choose the sign so that 0(e1) > 0). We remark that 6 € A!(P2,R) may also 
be regarded as an element 0 € A? (M,Ç), where ¢ is the (trivial) line bundle 
associated to P) by the canonical representation of Z2 — O: (R) sending 
w |œ —1, where w = diag(1,—1, —1,1,1) as above. Similar remarks apply 
to the @ and k2 appearing in Theorem 5.6. 


Definition 5.5. +6 is called the conformal arclength of M, and «1 is called 
the conformal curvature of M. cs 


It may be shown (cf., e.g., [G. Cairns and R. Sharpe, 1990]) that for a 
curve in the (x, y)-plane with Taylor expansion at the origin of the form 
y= ig? + A kirt + O(x°), then, at the origin, 0 = dz and x, is the 
conformal curvature. 

Now we turn to the case of a vertex-free curve in an ambient geometry 
of codimension two. 


Theorem 5.6. Let M be a connected manifold of dimension one, and let 
(P,w) be a vertex-free, locally ambient Möbius geometry of codimension 
two on M. Then (P,w) is determined (up to equivalence) by a canonical 
function kı: M — R, a canonical (up to sign) function +k2: M — R, and 
a canonical (up to sign) 1-form +0 € Al(M). 


Proof. Referring to Definition 4.8, the locally ambient geometry has the 
form 
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Ee vv 0 
i 0 00 v 

0 0 y v YY’ 

0 6 0 —e 


where the block a vanishes because it is a 1 x 1 skew-symmetric matrix, 
and the block 8 vanishes because its ith row G(2) is @h(i) and h(i)isa 1x1 
matrix of trace zero. Since v is semibasic, we may write v = f0 for some 
function f: P — R°. Since v never vanishes (cf. Definition 5.1), neither 
does the function f. 

We are going to find two successive reductions of the bundle P defined 
by {v = 6e,} and {v = 6e,, € = 0}, respectively. The initial group of P is 
Ay = Mob, (R)o x O2(R). 


The First Reduction. w transforms according to Rtw = Ad(g~')w. Let us 
write 
z 0 0 O i p 0 s 
_{0 a 0 0 0 1 0 p 
7~10 0 c 0 | |0 01 of 
0 0 0 z 00 0 1 


where z > 0, a; € {+1}, c € O2(R), s = 4p”. Then v and 0 transform 
according to Riv = z~'vc and R*6 = a,z6. Thus, 
v = f0 = Rv = R f R0 
=>z 'ye= a, (Ro f)z0 
=> z7} fc0 = ai(Rof)z0 
=> Rif = ajz “fe. 
Since f never vanishes, it follows that it assumes the value e; € R? on every 


fiber. Thus, we may reduce the bundle to a subbundle P, C P defined by 
f =e, (or v = 0e;), which has group 


1 0 0O 0 0 l p 0 0 s 
0a 0 0 0 0 1 0 0 p 1 
0 0 a 0 OJ 1/0010 0 | a1,a2 € {+1}, s = 5p” 
0 0 0 a 0 00 0 1 0 
0 0 0 0 1 0 0 0 0 1 
On this reduction, the form w restricts to 
Ee v @ 0 0 
0 0 0 0 U 
w=!0 0 0 -y @ |, 
007 0 0 
060 0 —e 


in which, except for v, all the forms are semibasic. In particular, we may 
write € = f0 for some (new) function f on the reduced bundle. 
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The Second Reduction. The final reduction depends on how € transforms 
under the element 


l p 0 s 
[010p als 
DAG Ts, Qube P= Oe 

0001 


A simple calculation shows that Rje = e — p. By choosing p = f, we 
see that there is a point on each fiber where € = 0. Thus, there is a final 
reduction Pp C P, C P via the equation € = 0 to the group 


1 0 0 0 O 


0a 0 0 0 
{+1} x {+1} =<{g=!10 0 aq O O | a1,a2 € {+1} : (5.7) 
0 0 0 a 0 
0 0 0 0 1 
On this reduction, the form restricts to 
0v 0 0 0 
600 0 v 
w=]0 0 0 —y 0l, 

0 0 y 0 0 
00800 0 0 


and this time every entry is semibasic. Thus, we may write v = «k10 and 
y = k20 for some functions k1, K2: Po —> R. An easy calculation shows that 
for g as in Eq. (5.7) we have 


R40 =a:90, Rv =aw, Roy = azy, 


so that R% Kı = K1, Ro ke = @z2k2. Thus, we may regard «xı as a function 
on M, kz as a function on M defined up to sign, and @ as a 1-form on M 
defined up to sign. The functions K1, K2 and the form 0 obviously constitute 
a complete set of invariants for (P,w). E 


It may be shown (cf., e.g., [G. Cairns, R. Sharpe, and L. Webb, 1994]) 
that, up to conformal transformation, every vertex-free curve in 3 space 
has a Taylor expansion at the origin of the form 


1 1 

y= ae = gy (2h = K3)ax° + O(z°), 
1 

z= ger + O(x5) 


and that, in this coordinate system, 0 = dz at the origin and kj, K2 are the 
values at the origin of the corresponding functions described in Theorem 
5.6. 


Exercise 5.8. Generalize Theorems 5.3 and 5.6 to the case of arbitrary 
codimension. = 
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$6. Immersed Surfaces 


For a surface M, the classification of immersions given in §4 fails in that a 
normal locally ambient geometry on M cannot be reconstructed from the 
intrinsic geometry on M, the Ehresmann connection on the normal bundle, 
and the second fundamental form (cf. Theorem 4.29). 

In this section we provide, for surfaces in R3, a partial alternative of 
the theory of immersions given in §4, which is analogous to our study for 
curves in §5. We study in some detail the case of a flat locally ambient 
geometry on a surface under the restriction that the geometry is without 
umbilic points and both the ambient and induced geometries are oriented. 
The absence of umbilic points allows us to reduce the principal bundle of 
the local ambient geometry to a bundle with discrete fiber. This principal 
bundle may be described as the bundle of “double orientations” of M, 
where a double orientation is an orientation for each of the two principal 
subspaces which are compatible with the orientation of the surface at that 
point.? The local ambient geometry on M may then be fully described by 
certain canonical functions and forms on M itself. All but one of these 
forms and functions have values in a certain real flat line bundle L over the 
surface. L is the line bundle described in footnote 12 of Chapter 1. 


Proposition 6.1. Let M be a connected, topologically oriented manifold 
of dimension two, and let (P,w) be an umbilic-free, topologically oriented, 
flat, locally ambient Möbius geometry of codimension one on M (e.g., one 
arising from an immersion M — SÌ). Let us write the form as 


E Uy ÙV V 0 
0 0 -a fy u 
Ww = Qo Q 0 Bo V2 


0 fi bo 0 v 
0 0; Qo 0 =E 


Then, canonically associated to (P,w) are 
(i) a two-fold cover M — M with associated flat line bundle L over M, 
(ii) a function Y: M > R, 


(iii) sections pı, p2 € A°(M, L) (= A9 (M, (R,—)), where (R, —) denotes 
the nontrivial representation of z,, 


(iv) L-valued 1-forms 01,02 € A'(M, L)(= A} (M, (R, —)). 
Let €1,&2 be the vector fields dual to 01,02. Then these data satisfy the 


relation 


Since the principal directions have distinct eigenvalues, they may be canoni- 
cally ordered, so “compatible” makes sense here. 
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(v) dð +0 Að = 0, where 


5P101 — P202 * x x 0 
A, 0 0 x —F((1 + W)0; + (€1p2 + pip2)62) 
ox bə 0 0 x  4((2pı — pip2)0i — (1 — W)62) 
0 0, —@ 0 — 1 (p101 + p202) 
0 * x 0 * 
€ Az, (M,g), 


where Zo acts by the covering transformation on M, and by Ad(r), T = 
diag(1,—1,—1,1,1) ong. (As usual, the entries denoted by stars are deter- 
mined by symmetry.) l Da 

Moreover, given data as in (i), (ii), (iii) and (iv) satisfying relation (v), 
there is, up to equivalence, a unique locally ambient geometry giving rise to 
at. 


Proof. As usual, we let H, be the group of the locally ambient Mobius 
geometry. We claim the absence of umbilic points means that it is possible 
to obtain a reduction of the principle bundle P. This reduction is given by 


1 0 
P= {pe P| hp) = (6 e where 3 = 6°h. 


Let us see that this reduction exists. According to Definition 4.8(b), we 
have Ržw = Ad(k~*)w for all k € Hy, so calculating as in Lemma 4.6, we 
get Rh = (z~'cI)a~*ha, where 


l u 0 r z 0 0 O 
0 h 0 ut 0a0 0 

e= <G a O 00 ce 0’ 
0 0 0 1 000 z7! 


where r = suu', z > 0, a € O2(R), c= +1. The absence of umbilic points 
means that h is a nonsingular matrix. Of course, h is also symmetric of 
trace zero. Thus, we may choose a rotation a and a scaling z~'c such that 


(z ea ha = ; : , proving the existence of the reduction. 
Upon restriction to P,, the form w becomes 
E U W V 0 
0i 0 —Q —6,; Ui 
Ww = bə Q 0 bə U2 


0 0i — Qo 0 V 
0 0i ə 0 =6. 


ies 1 O)\. 
A simple calculation shows that the stabilizer of ( 0 a in H, is the 


subgroup of H, generated by elements of the form 
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1 0 0 0 0 1 0 0 0 0 
0 -1 0 0 0 0 0 1 0 0 
G0 0 100|, g=|0 <b 0 0 0], 

0 0 0 1 0 0 0 0 -1 0 

0 0 00 1 0 0 0 0 1 
Lou; uz 0O 4(u? +u?) 
0 1 0 0 U1 

u=;}0 0 1 O U2 l (6.2) 

0 0 0 1 0 
0 0 0 0 1 


so that P, is a principal H, bundle. The restrictions of the forms £ and a to 
P, vanish on the fibers, and thus they are semibasic. Another calculation 
shows that 


* * kok x 
* * kok x 
Ad(ujw= | x a—Ueb,+ulbo * x x 
* * kok x 
* * kok x 


It follows that on each fiber of P, there is a point where a = 0, so we get 
a further reduction to the finite group Zz @ Za, generated by gı and g2, by 


setting 
$ 1 0 
= {peP io) = (4 L esah 


It follows that M — M is an eight-sheeted principal covering space. Upon 
restriction to P,, the form w becomes 


S Ui U2 V 0 
0; 0 0 —6; Ui 
w=] 0 0 02 V2 
0 0; — Qo 0 Y 
0 0; Qo 0 aes ch 


Because M — M has discrete fiber, all of the entries in this matrix restrict 

to zero on the fiber and hence are semibasic. Moreover, the structural equa- 

tion implies certain relations among these forms, which we now determine. 
The (2,3) component of the structural equation reads 


A, A v2 +01 A 02 +v A 62 = O, 


so that if we express vı and və in terms of the basis 6, and 62, they must 
have the form 


1 1 
U1 = ae + W)0, — 5102, 


1 1 
= =@6, — -(1 — Y 
U2 9 12 1 5 ( 02 
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for some functions rı, q2, and Y on M. 
On the other hand, the structural equation may be used to compute d0; 
in two different ways (from the first column and from the fourth row). We 


get 


dd, = —0; A E€ = Q Ay, 
dł = —02 A € = —-O2. Ny, 


so that if we write € = 5710, — 1 p202 for some functions pı, p2 on M, then 
we must have 


1 1 
v= ipb: + palo, dO, = 5720162, and dôa = 5pi0s Abh 
Putting these expressions in the (1,1) block of the structural equation, we 


calculate 
de = —v; Abi — w AO 


or 
1 1 1 1 _a_we 9 
d (Gre: — 5 P202 = z(Q + W)0; +7182) A 01 — z (921 ( )02) A02 
1 
= ae A 02 — =q281 A 02. (6.3) 
2 2 
Substitution in the (1,4) entry of the structural equation, which is 
dv = =E Av +v Abi —v2A b2, 
yields 
1 1 1 1 1 1 
d (3m0: ae 5P2bs | = — (3m0: = zP202) A E + zP202 
=5((2 + Y) + r102) A 0i 
1 
~ 5 (%20 z= (1 — W)62) A b2 


1 1 
= — P1281 A Qo + 3% /\ 02 = z120 /\ 02. 
(6.4) 


Adding and subtracting Eqs. (6.3) and (6.4) yields 


1 
d(pı A01) = — (o + sPips ) 0, A02 


1 
d(p2 A b2) = (r = zra) 01 A b2, 
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which in turn imply that 


dp; ^ 01 + pdb, = — (a F zra) 01 A b2 
and 
dp2 ^ 02 + p2db2 = (7 E Pups | 0; A b2, 
or 
dp, \qi0, + (q2 + pıp2)ð2 and dp2 A 02 = (rı — pipe); A 02. 
Thus, we may write 
dpı = 6, + (q2 + pıp2)ð2 and dp2 = (rı — pipe)01 + r202 


for some functions qı and rg. Note that from this equation it follows that, 
if €; and £z are the vector fields dual to 0; and 62, then 


P=, E2P1 = q2 + PıP2, Ep2 = Tı — Ppıpo and op. = rə. 


From the equation Ryw = Ad(g7+)w, we obtain the following table show- 
ing how the various items transform. 


It follows that the 2-form 6; N92 i is invariant under g2 but changes sign under 
gı. If there were a path on M j joining p € M to pgi, this path would cover 
an orientation-reversing loop on M. By hypothesis, no such loop exists. 
Thus, M = M” U M'g, for some submanifold (a union of components) of 
M' Cc M, and M’ —> M is a four-fold cover (a principal Z4 bundle with 
group generated by g2). If there were a path on M’ joining p € M’ to pga, 
this path would cover a loop on M that would be orientation reversing for 
the locally ambient geometry. Again by hypothesis, no such loop exists, so 
M' = MUM g for some submanifold (a union of components) M C M’ and 
M — M is a two-fold cover (a principal Z2 bundle with group generated 
by T = (g2)*). From the table above we have the following: 


n 0; 02 pı po Y 
Rn | —0; —02 -pı -p W 


Let L be the real line bundle over M associated to M via the representation 
Z2 = {+1} C Gl (R). It follows that p1, p2 € A°(M, L), 01,02 € A!(M, L), 
Y € A°(M,R) and that these items fit together to yield the form & as 
described in (v). Conversely, given the data (i), (ii), (iii), and (iv) satisfying 
(v), we can construct the principal bundle Z — M — M associated to L 
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and interpret Y, pı, p2 as functions on it and 01,02 as forms on it. These 
data then determine an element w € A} (M ,g) by the formula in (v), 
which in turn determines an umbilic-free, oriented, flat, locally ambient 
Mobius geometry of codimension one on M. We leave the details of this to 
the reader. a 


The three functions pı, p2, and WV given in this result are related to the 
Monge form of the equation for the surface. In [G. Cairns, R. Sharpe, 
and L. Webb, 1994] it is shown that for a surface in S3 with invariants 
Pi, p2, V at some given point, there is an orientation-preserving Mobius 
transformation g € M6b3(R) throwing the point to the south pole such 
that standard stereographic projection of the 3-sphere into space sends the 
image surface to a surface in space given locally by an equation of the form 


1 1 
Zz = 5 (a = y’) T z (Pit + poy”) 
1 
eet p2 + €:p;)x* + 4(€op1 — pipe) z°y + 6a? 
+ 4(:p2 + pipe)ty® + (—3 — p3 + €op2)y* } + O(5). (6.5) 


Moreover, the forms 6; and 62 agree with dx and dy at the origin. There 
are exactly two such elements g € Méb3(R) that will do this job, and they 
differ by left multiplication with 7 = diag(1,—1,—1,1,1). The effect of 7 
on the equation is to change the signs of x and y, and this accounts for the 
indeterminacy of the signs of pı, p2, 01, 92. We may interpret the existence 
of g asa map y: M — {e,7}\ G, in which case the canonical map 


GS 


g= gN 
is a left inverse for y. 


Exercise 6.6. For a torus of revolution in space with radii r and R, show 


that the invariants pı and pz vanish identically while Y = 2, J 


Exercise 6.7. For a closed oriented surface M with generic umbilic points, 
show that the monodromy of L along any closed path counts the number, 
mod 2, of umbilics enclosed in it. = 


Exercise 6.8. Read enough of Fialkow’s paper [A. Fialkow, 1944] to show 
that, for the case of surfaces in space, the tensors described in Fialkow’s 
Theorem 29.2 may be described in terms of our invariants by 


(i) Gijdzidtj = 0? af 62, 
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(iii) E,;dridxj = a 5 (3p3 — på) — $((E1pi) — V))07 + ((€1p2) — (€2p1) + 


0? 
pıp2)0102 F ( 1(p? K 3p2) = (Y => (Eop2)))62. 


In particular, show that in the case of a torus of revolution, the deviation 
form is 


Nlepo| 


1 
E,;dz,dz; = (2 + 3Y) 0? + (2 — 3v) 63. m 


Exercise 6.9. Verify that Fialkow’s invariants do indeed determine our 
invariants in the case of a surface in space. q 


8 


Projective Geometry 


In the elementary sense, to solve a differential equation means to find a 
change of coordinates in which one recognizes the equation as one of known 
type. To truly be able to carry this out means that one is somehow able 
to deal with the differential equation in all possible coordinate systems. 
One of Elie Cartan’s ideas was to develop a theory of differential equations 
that was independent of the coordinate system used to express it. This 
idea of Cartan is very ambitious and includes both ordinary and partial 
differential equations within its scope. It can be especially useful in the 
study of “overdetermined” partial differential equations, which often arise 
in differential geometric settings. 

In this context, the following kind of question arises. Given a system of 
differential equations on a manifold, can one “geometrize” the system in 
the sense of associating to it, independently of any coordinate system, a 
canonical Cartan geometry (i.e., a connection) from which alone one can re- 
cover the original system of differential equations? Generally speaking, the 
answer is no. There do exist, however, some remarkable cases of both ordi- 
nary and partial differential equations in which the answer is yes. The first 
example of this is Cartan’s five-variables paper referred to in the preface. 
There he introduced the method of equivalence for solving this question. 
Many authors have continued to study Cartan’s method of equivalence. 
For example, Tanaka (see [N. Tanaka, 1978] and the references therein) 
took up this line of work and addressed the general problem of attaching 
a Cartan geometry to a certain kind of k-dimensional distribution on an 
n-dimensional manifold. In favorable cases, this yields a Cartan geometry. 
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We will not study Cartan’s general program here. For that we refer the 
reader to [R. Bryant, S.-S. Chern, R. Gardner, and H. Goldschmidt, 1991]. 
In this chapter, the theme we have been discussing is taken up in the 
particular context of the “geometrization” of a certain class of systems of 
second-order ordinary differential equations on a manifold. These systems 
include the equations for geodesics in a Riemannian manifold as examples. 
The Cartan geometry that solves the equivalence problem here is modeled 
on projective space, and the solutions of the equations are recovered as the 
geodesics of the projective geometry. . 

In §1 we establish the basic notation for the n-dimensional real projec- 
tive model space P” with fundamental group G, the group of (almost) all 
projective transformations (Definition 1.3). In §2 we introduce the basic ter- 
minology of projective Cartan geometries and define the special geometries, 
including the normal geometries. We also show the existence of a canoni- 
cal projective gauge associated to a fixed coordinate system (Proposition 
2.2). In §3 we define geodesics in a projective Cartan geometry (Definition 
3.4). We show that the set C of all curves on a manifold M that satisfy an 
ordinary second-order differential equation of a certain type determines a 
unique normal projective connection on M with C as its set of geodesics 
(Theorem 3.8(iii)). This is Cartan’s version of the geometry of paths of O. 
Veblen and T.Y. Thomas. In Exercise 3.3 we point out that this theory 
applies to the second-order ODE 


y" = A(z, y) + Bla, yy’ + C(z, y)(y')? + D(z, y)(y')”, 


an example of which Cartan was particularly proud. In §4 we show that the 
set of geodesics of a Riemannian geometry on M is also of this type, and 
we determine the corresponding normal projective geometry (Theorem 4.1). 
We then apply this to prove a result of Beltrami stating that a Riemannian 
manifold M whose geodesics are all straight lines in some coordinate system 
must be of constant curvature (Theorem 4.2). The material in the first four 
sections is loosely modeled on [E. Cartan, 1924]. Finally, in 85 we take a 
brief tour of some of the literature associated with projective connections. 
We mention here the recent publication of [M.A. Akivis and V.V. Goldberg, 
1993] in which the reader will find further details about projective Cartan 
geometries. 


§1. The Projective Model 


Projective space P” = P”(R) was defined in Definition 1.1.3. Three points 
of P” are said to be collinear if they lie on a single line (cf. Definition 
1.11). One version of the fundamental theorem of projective geometry (cf. 
[P. Samuel, 1988], p. 18) says that, for n > 2, the group of diffeomorphisms 
of P” that preserve collinearity is PGln+1(R) with its standard action on 
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p” (induced from the standard action of Glp+ı(R) on R"+!). From that 
point, of view it would make sense to take PGI,,4;(R) as the fundamental 
group of the geometry. However, it is more convenient to work with the 


subgroup G = PS1,41(R), which is not much different from PGl,+1(R) 
as the following exercise shows. | 


Exercise 1.1.* 
(i) Show that there is a canonical inclusion PS1,41(R) C PGlyii(R). 
(ii) Show that PS1,,41(R) is the identity component of PGl,+1(R). 
(iii) Show that PGl,+41(R) is 


l connected if n+ 1 is odd 
has two components if n + 1 is even. J 


Lemma 1.2. Let Z = {AIngi € Sln4i1(R) | A € R*} so that PSI R) = 
Sla+ı(R)/Z. Then Z is the center of Sln+ı(R) and n 


Bel if n + 1 is odd, 
+I ifn +1 is even. 


Proof. To calculate Z, we have 
Anyi € Sh (R) A = Le r= {7 ifn + 1 is odd, 
+1 ifn-+1 is even. 


It is clear that Z lies in the center. Let us show that if g is central, it must 
lie in Z. If g € Sl,41(R) is central, it must commute with diag(+1, +1,..., 
+1) € Sla+ı(R) for all possible choices of the sign; when n > 2, this forces 


g to be diagonal. When n = 1, the fact that g must commute with t i) 


1 0 
and ( 1 1) forces it to be diagonal. Since the diagonal matrix g must also 


commute with all matrices of the form 


I; O 0 0 
0 0 1 0 
0 -1 0 0 i 
0 0 O0 In-s-1 
it follows that g = AIn+1 for some \ €E R. E 


In working with elements of G = PS1,41(R), it will often be convenient 
in this chapter to represent these elements as matrices. Such an expression 
is only defined mod Z, but we shall not always include this proviso even 
though it must be understood to be present. 
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Let €o, €1, - - - , €n be the standard basis of R”*'. It is easily seen that the 
stabilizer in G = PSl,41(R) of the point [eo] € P” is given by 


H= [h € PSlns(R) |h = P) mod Z), 


where the diagonal blocks of the matrix have sizes 1 x 1 and n x n, so it 
follows that the map G — P” sending g +> gleo] induces a diffeomorphism 
G/H ~ P”. As usual, we will generally work with G/H instead of P”. 


Definition 1.3. The group PSl,.i1(R) = G is called the projective group 
in n dimensions. The pair (G, H), where H is described above, is called the 


projective model in n dimensions. æ 


Exercise 1.4. Show that the Lie algebras of G and H are given by 


2's 38 


1 
g = {9 € Mn4i(R) | Trace(g)=0}, b= Qgegl|h= | 2 
0 a 


Exercise 1.5.* Show that the following three subgroups of H are con- 
nected, are normal in H, and have the following Lie algebras: 


He = [h € PS (R) | h ¢ e P) mod Z2 > 0}, 


hemin (i P) trace a= 0): 
1 p 
h € PSlyyi(R ine (4 P) mod Z), 


eee, ang : 


To describe all the normal subgroups of H, we shall use the homomor- 


phism 
R* for n+1 odd, 
ER Re for n + 1 even, 


z p 1 for n+ 1 odd, 
a 
0 a |z| for n+ 1 even. 


sending 
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Lemma 1.6. 
(i) He, Hı, H2, and {e} are the only connected normal subgroups of H. 


(ii) The other normal subgroups of H are given by 6~1(A), where A is a 
nontrivial subgroup of 


ee for n+ 1 odd, 
Rt for n+1 even. 


Proof. Let N C H be a normal subgroup, N Æ {e}. The commutator 


relation 
z p 1 q : a es, 
0 a/’\0O 1 
shows that N contains an element of the form g K mod Z) with 
p #0. The commutator relation 
zZz p y 0 {1 d- uP 
0 a/’\0O IJ) \0 
shows that N contains an element of the form T N mod Z) with 


p #0. The commutator relation 


C t)-G a)l 9”) 


shows that N D Hə. If N = H} we are done, so let us assume that N 


contains an element A (mod Z) with z £1 or a Æ 1. Since N C 


ž 
0 
Sla+1ı(R)/Z, it follows that if a = I then z = 1. Thus, we may assume 


that a # I. Since N D Hag, it follows that c a (mod Z) € N. The 
commutator relation 


(a ahlo s) Co wn) 


1 
0 a) (mod Z) € N for all b € SI,,(R). Since PS1,(R) is 


simple, it follows that N > H. Since H; is the kernel of ¢, it follows that 
N = ¢—'(A), where 


shows that 


R* forn+41 odd 
A=od(N ) 
O(N) C oe for n + 1 even. 


Now apply Exercise 1.5. E 
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Now we work toward the introduction of the normal submodule of 


Hom(A?(g/b), b). 


Lemma 1.7. There is a canonical isomorphism ad:h/h2 ~ End(g/b). 


Proof. Consider the homomorphism ad: — End(g/h). This is given ex- 
plicitly by 


aG DEDEDE J-E AE a) 
7 bt Saij 5 i 


so it induces a map ad: h/h2 — End(g/b), which is easily seen to be 2 


isomorphism. 


For the next definitions and for later purposes, we will need the following 
composite H module map, which is the projective analog of the Ricci ho- 
momorphism (cf. Definitions 6.1.3 and 7.1.19) and which we again denote 


by Ricci. 


Hom(22(g/h),h) > Hom(22(a/h),b/bp) 


~ Rgh @b/hy = X(g/h¥ @End(g/b) 


~ Rgh Ogh Dhf EES (ohf @(g/F 


PA ut OvO w* m (u*(v)t*-t*(v) u*) 8 w* 
(1.8) 


Definition 1.9. In projective geometry, the normal submodule of 
Hom(A? (g/b), b) is the kernel of the H module map Ricci: Hom(A?(g, 5), 5) 
— (g/b)* Q (g/b)* given by (1.8). Similarly, the symmetric submodule of 
Hom(?(g/h), 6) is the kernel of the composite H module map 


Hom(?(g/h), b) ZF (g/h)* ® (g/6)* > A?(g/5)*. E 


Exercise 1.10.* For 0 < p,q < n, define 
2% Eng if p # q, 
“pa ~ Epp = -H reer Err if p =) 


where the Ey, € Mn+1ı(R) are the standard elementary matrices. Let e; € 
g/h, 1 <i <n, be the standard basis (i.e., e; is the class of E;o). 
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(i) Verify that the ep, (for 1 < p,q < n, and 0 = p < q < n) constitute 
a basis for h. 


(ii) Show that the element epg € h, 1 < p,q < n, corresponds to Ep Q 
e} under the composite homomorphism h — h/h2 — End(g/h) ~ 


(9/6) @ (g/b)*. 
(iii) Show that 


Ricci(e? A e; Q Enq) = t jp "Fs ež bip) & €g = a g 


Lines 


Definition 1.11. A line in P” is the set of all one-dimensional subspaces 
of a two-dimensional subspace of R”t!. Three points of P” are said to be 
collinear if they lie on a single line. æ 


Note that the projective group acts transitively on the set of lines of 
P”. A line on P” meets any affine coordinate chart of P” in a line with 
respect to the affine coordinate system. In such a coordinate system a line 
may be parametrized in the usual way; such a parameter is called an affine 
parameter. These lines, unparametrized, will be the models for geodesics 
in the next section. 

Let us study the generalized circles (cf. Definition 5.4.16) on P” with a 
view toward determining which generalized circles are straight lines. 


Lemma 1.12. Let X € g have block decomposition of the form X = 
t p 
q 

line if and only if q £0 and is an eigenvector for a. 


. The generalized circle corresponding to the vector X is a straight 


Proof. Recall that a generalized circle is the projection to P” of the in- 
tegral curve of an wg constant vector field V on G. We shall exclude the 
generalized circles that degenerate to points. Let X = wg(V) € g. Then the 
integral curves of V are the left translates of the one-parameter subgroup 
generated by X. This subgroup y: R — G is given by 


Since left translation by g on P” moves generalized circles to generalized 
circles and straight lines to straight lines, the character of any generalized 
circle corresponding to X will be determined by that of the projection of 
y(t) to P”, which is the curve y(t) [eo]. If this curve on P” lies on a line, then 
p(t)eo lies on a plane, which implies that the derivatives p(™ (0)e9 = Xp, 
m = 0, 1,..., span a space of dimension at most two. Consider 
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_fil _ (2 2 z? + pq 
a= (5). xeo= (7). Pash a) 


If the span of the first two of these vectors is one-dimensional, it follows 
that q = 0 and hence that Xeo = z"eo, so that y(t)[eo] = [p(t)eo] = 
[etže0] = [eo]. This is the degenerate case that we are excluding. On the 
other hand, if the span of the first three of these vectors is two-dimensional, 
then q # 0 and the vectors (zI + a)q and q are linearly dependent. This 
means that q is an eigenvector for a and it implies, by an easy calculation, 
that the span of all the Xe, m = 0,1,..., is also two-dimensional and 
hence that y(t)[eo] lies on a line. a 


§2. Projective Cartan Geometries 


In this section we study some elementary aspects of projective geometry. 
We briefly study the canonical gauge associated to a coordinate system and 
the special geometries including the normal geometries. 


Definition 2.1. Let M be a smooth manifold. A projective geometry on 
M is a Cartan geometry on M modeled on the projective model. æ 


Let us write the connection and curvature forms as 


0 A dd+@Acet+taAN80 dat+d0Avtanra 


a= (4 “=ar ( detuA@ eevee: 


As usual, we will also denote by m and II the corresponding connection 
and curvature forms in their various gauge incarnations. 


Proposition 2.2. Suppose that (U, x) is a coordinate system on a manifold 
M equipped with a projective Cartan geometry. Then this geometry has a 
unique gauge (U, nr = G 2) such that € = 0 and 0; = dz; fori = 
S e 


Proof. It is enough to show that this is true on a sufficiently small neigh- 
borhood V of each point x € U since, by the uniqueness, all these gauges 
will fit together to give a gauge on U. 

Since, by Lemma 1.7, the adjoint representation ad: — End(g/h) is a 
surjection in projective geometry, then by Exercise 5.1.5, there is a neigh- 
borhood V of each point x € U and a gauge (V,m) such that 0; = dz; for 


1This result explains the frequent occurrence of the condition € = 0 for pro- 
jective gauges in the literature, e.g. [E. Cartan, 1937] and [S.-S. Chern, 1937]. 
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.,n. Now we make a change of gauge via h:V — H of the form 


i aes 
1 b 
b= (6 1) 50 that 


1 —b € V 1 b " — b0 
von (6 gle eit te= (a 4. 


Since the components of 0 span the space of 1-forms on V, we may choose 

the function b: V — R” in a unique manner so as to kill the first component 

of the new gauge. This yields the existence of the required gauge on V. 
Now we study the uniqueness. Note than an arbitrary change of gauge 


h:V — H will alter a gauge with first column 


= & val we have 


= ee es 
emir (EYL IES 
a* WH * 
+(*" 3) 
_ [(—a™'bA tdr +a*wy x 
aA`tdr EJ 


( A as follows. Writing 


For the new gauge to have the same form as the old one, we must have 
A = al and —a™tbA~ tdr + a*wy = 0. The first equation implies that 
1 = det h = adet A = a"*!. Thus a = +1, and so the second equation 
implies that b = 0. Hence h = +I, and so h is the identity in PSln+ı(R). 

E 


Torsion and Torsion Free Geometries 


Recall that a torsion free geometry is one for which the curvature takes 
values in the H submodule h C g. Here is a criterion for a projective 
torsion free geometry. 


Lemma 2.3. Let M be equipped with a projective geometry. Fiz a coordi- 
nate system on U C M, and let (U, 7 = (5 n ) be the gauge provided 
by Proposition 2.2. If we write aj, = ei<i<n Dixi91, then the geometry is 
torsion free if and only if Tijk is symmetric in the last two indices. 


Proof. Torsion free & O = 0 & d0+0Ace+aA6=0. But in the gauge 
of Proposition 2.2, 0 = dz so d0 = 0. Also € = 0, so 


torsion free Qa A0=0 
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=> ` Qik Ak =O forl<i<n 


1<k<n 
e XO Vin AO, =0 forl<i<n 
1<k<n 
Pin =u, for 1<1,k,1 <n. i 


Exercise 2.4.* Show that in a torsion free projective Cartan geometry the 
curvature satisfies the equation A A 0 — 0 ^ e = 0. [Hint: use the Bianchi 
identity. | J 


The Curvature Function 


For later work it is useful to calculate the curvature function with respect 
to the gauge given in Proposition 2.2. 


0 


0 


Proposition 2.2 and let 0; = ae Assume the geometry is torsion free so 


) . Then the 


Proposition 2.5. Let 7 = ( 3 be a gauge of the form guaranteed by 


*x x 


0 A 


that we may write the corresponding curvature as II = ( 


curvature function satisfies 


(i) K= 5 >. Apq(Oi, 0; )e; A e} Q epg mod Hom(A? (g/b), b2), 


1<1,j,p,q<n 


(ii) Ricci(K)= X NO Agqj(0i,0q) | ef ® ef. 


1<i,jgn \lsq<n 


Proof. (i) Since we can write the curvature as 


1 
II = (Ip) = > } Ung Eg = J ` , Hpg (8i, 05); A 0; Epa 
0<p,q<n 0<p,q Sn 
1<i,j <n 


(where as usual Ep, € Mn+1(R) is the standard elementary matrix), it 


follows that we can write the curvature function (using the notation of 
Exercise 1.10) as 


1 x x 
0<p,qg<n 
1<, j <n 


1 
=5 9, Mog, Oj)et A ej @ epg 
O<p,qsn 
1Si,j<n 
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1 


+z —— J pôso J Er 
2(n T 1) 0<p<n O<r<n 
1<i,jgn 
1 * * 
=3 > Ipa (8i, 0; )e; A e} 8 epg 
0<p,q<n 
1<i,j<n 
(since ` Ipp(:i, 0j) =0 forall ii) 
O<psn 
1 * * 
32 2 Apqa(0i, 0; )e; N ej 8 €pq mod Hom(A?(g/6), b2). 
1<i,j,p,g <n 


(ii) From (i) and Exercise 1.10(iii), we have 


Ricci(K) = ye Apq(0;,0;) Ricci(e; A e; ® epq) 


1<i,j, p,q <n 


Anq(Oi; O;)(€; b;p = e; bip) Q e% 


|l 
Ni = bo | = Nj] = 


q<i,j, pg ín 
1 
* * $ ~ 
= Aja (ði, 0; )e; 8 eg — 9 ) Aig(Oi, Oe; 8 eg 
1<i,j,g<n 1<i,j,q<n 
* * 
= Ajg(O:, ði De; 
1<1,j,q<n 
* * 
= X | Y Aua) | e. 
l<i,q<n \1<j<n a 


Special Geometries 


As we saw in Lemma 1.6, h contains two ideals, h D hi D he. We study 
the two subclasses of torsion free geometries for which the curvature takes 
values in h;, i = 1,2, respectively. 

Curvature type hı. This means that the curvature has the form 


n= (1 ay 


Exercise 2.6. Show that for a geometry of curvature type hi, the Bianchi 
identity implies, in addition to the relations of Exercise 2.4, the relation 
YAO=0. E 


Curvature type hz. This means that the curvature has the form 


n= (8 3) 
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Proposition 2.7. A projective Cartan geometry of dimension n > 2 with 
curvature in he is flat. 


Proof. The Bianchi identity is 


d E Y\ (|{£ Y E V 
O AJ) IS AJ’°\8 all’ 
In the present case, where E = © = A = 0, the (2,2) component of this 
identity is 0 = 0 AY. It follows that Y; = 0; A ġ; for some 1-forms ¢;. Thus, 


for n > 2, Y; has all three of 01, 02, 03 as factors, which is impossible for a 
nonzero 2-form. Hence Y; = 0 for i > 1, and so Y = 0. w 


Normal and Symmetric Projective Cartan Geometries 


Somewhat more subtle in their definition than the subclasses of geometries 
considered above are the normal geometries and the symmetric geometries. 


Definition 2.8. A projective Cartan geometry is called normal (respec- 
tively, symmetric) if its curvature function K: P — Hom(A?(g/h), b) takes 
values in the normal (respectively, symmetric) submodule described in Def- 
inition 1.9. & 


Note that a normal geometry is symmetric and that both geometries are 
of type hy. 


Proposition 2.9. A type bı projective geometry is symmetric. 


Proof. It suffices to show that this is true for a single gauge, so we shall 
use the gauge of Proposition 2.2. 
Let us consider first the case n = 2. In this case we have 


Ricci( K) = De > Aqj (0i, 0q) | € 8 e}, 


I1<i, j <2 \Isqs2 


so the symmetry follows from the calculation 


XO Aq2(O1,0q) X Aqn(ô2, 3q) = A22(81, 82) — A11 (82,81) 


1<q<2 1<q<2 


= A22(01, 02) + A11 (01, 02) 


together with the fact that E = 0 and E + Trace A = 0. 

For the case n > 3, we use the part of the Bianchi identity dII = [H, 7] 
coming from the (2,1) block, which reads (from Exercise 2.4 and the fact 
that e = 0) AA 0 = 0. Evaluating this equation on the triple 0, A 0; A 0;, 
we get 
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Se >P Agk A Ox (Og ^ ð; A 0j) 
l<k<n 

XO {Age (Og A 8:)Skj + Agh(d: A O;)5kq + Agk(O; A Oq)6xi} 
1<k<n 


= Agj(Oq A 8i) + Agg(Oi A 8j) + Agi(O; A O,). 


Now Trace A = Trace II — E = 0, so summing on q we get 


1<q<n 1<q<n 


or 
XO Aglâi nð) = Y Agl; A Oy). 
1<q<n l<q<n 
It follows that Ricci K takes its values in the symmetric part of (g/h)* & 
(g/b)*. E 
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In this section we are going to study collections of regular curves c: I — 
U C R” satisfying a system of ODEs of the form 


Cy + P,(¢) _ C2 + Polė) oe ty coe Cn + Palè) 


E(P) 
Cl C2 Ce 


(3.1) 
where P = (Pi,..., Pa) with P;(v) = J aijviv; having coefficients Qij: 
U —R. 


Lemma 3.2. (i) For each point x € U and for each vector v € T, (U), a sys- 
tem of the form E(P) has a unique solution c(t), defined on a neighborhood 
of 0, satisfying c(0) = x and (0) = v. 

(ii) Let E(P) and E(Q) be two systems of ODEs of the above type. They 
have the same solutions if and only if there is a 1-form ¢ € A!(U) such 
that P;(v) = Qi(v) + viġ(v) for all v. 


Proof. (i) This is a consequence of the usual existence result for solutions of 
ODEs. Of course, it does not depend on the Ps being quadratic functions. 
(ii) <4 Since 


CERC) ĉi + Qi(C) 
Ci Ci Ĉi 


ĉi + Qi(C) + ċi(ċ , 
ae E 2 + $(¢), 
it follows that E(P) is satisfied = E(Q) is satisfied. 


=> Suppose that a curve c satisfies E(P) © c satisfies E(Q). Taking the 
difference of the equations E(P) and E(Q) yields 
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P,(é) 2 Qı (ċ) E ana E Pa (è) = Qn (è) 


Ci Cn 


= p(c) (say). 


By (i) there are solutions c of E(P) satisfying c(0) = x and ¢(0) = v for x 
and v arbitrary so that ¢ is defined for every x € U and for every v € T;(U). 
Since P and Q are quadratic, it follows that ¢(v) is linear in v. Thus ¢ is 
a 1-form and P;(v) = Q;i(v) + vi¢(v) for all v. E 


Exercise 3.3. Show that for n = 2, the system of ordinary differential 
equations E(P) reduces to a single equation that may be put in the form 


y” = A+ By' + C(y')? + D(y')” 


(where A, B, C, D are functions of (x,y) € R? and ’ denotes derivative 
with respect to 2). E 


Geodesics 


Definition 3.4. Let M be a manifold equipped with a projective geometry. 
A geodesic on M is a curve that develops to a straight line in the model 
geometry. æ 


Note that by Proposition 5.4.13, development is the same no matter 
what gauge is used. Thus, the notion of geodesic is well defined. Note also 
that we are concerned with unparametrized geodesics.? We are going to 
show that these geodesics of M satisfy a second-order ordinary differen- 
tial equation of type E(P) for some P. Then we shall show a converse, 
that a second-order differential equation of this type determines a unique 
normal projective geometry on M whose geodesics are the solutions of the 
differential equations. 


; 2) be a projective Cartan gauge and 


let c: (a, 8) — U be a smooth curve. Then c is a geodesic if and only if for 
alli = 1,2,..., n, the following expressions are equal: 


Proposition 3.5. Let (U, rt = ( 


bilt) + Filė) 
O(c)? 


where “” = d/dt and P; (1 < i < n) are the homogeneous quadratic 
polynomials 


2 We could of course also discuss parametrized geodesics, that is, those geodesics 
for which the parameter of the development on P” is a projective parameter, 
that is, a parameter that, in any affine coordinate system, is a linear fractional 
transformation of an affine parameter. 
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Pi(v) = $ aaz(v)05(v). 


1<j<n 


In particular, the geodesics are completely independent of the choice of v. 


Proof. We must show that the given differential equation is a necessary 
and sufficient condition for the curve c(t) to develop (cf. Definition 5.4.15) 
to a straight line in the model space P”. We can develop the associated 
function 7(¢): (a, 8) — g, to obtain a curve č: ((a, 8), 0) — (G, e) satisfying 
w,(c(t)) = «(é(t)). The projection of this curve to the model space P” is 
Č(t)leo], where [eo] € P”, and this curve in P” is covered by the curve 
č(t)eo in R"*!. Now č(t)[eo] lies in a straight-line segment in P” if and 
only if č(t)eo lies in a plane of R"*!; the latter condition is equivalent to 
the condition that G(t)eo, é(t)eo, and ¢(t)ep are linearly dependent. Thus, 
c(t) is a geodesic if and only if there are functions u(t) and A(t) such that 
Čep = puče + ACep or, equivalently, č- leo = ueo + Ač- Gey. But we have 


é-!6 = we(0) = q(ċ). Also, since (71) = —č71čč7!, we have 


m(é) = ELET tE + @ 16 = —n(6)? + Ete. 
Using these identities, the equation that c be a geodesic becomes 
T(è) eo + T(ċ) eo = peo + Ar (ċ)eo. 


The e9 component of this equation is the only component involving u, and 
it may be satisfied by taking it as a definition of u. The other components 
of this equation may be expressed in terms of the constituent forms of 7 
to yield 

PC) + Leosicn HOPI) i Du0<j<n OUND = Ay. fore = heuk E 
AO 


Corollary 3.6. If (U, r = 


the equation for the geodesics is the system E(P), where P = (P,,..., Pn) 
and Pi(v) = }o<j<n Qij (v); (w). 


a) is a gauge for which dx; = 0;, then 


$ : iie ain d Aa A a 
Proof. In this case we simply have m;(ċ) = &, so Ẹgmi(ċ) = gti = ëi m 


Exercise 3.7. Verify that the condition of the equality for alli = 1,2,...,n 
of the expressions 
O;(¢) + P,(¢) 
0;(¢) 
is a condition that is independent of the way in which the curve c is 
parametrized. I 
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Theorem 3.8. Suppose we are given, on an open set U C R”, a collection 
of curves C constituting the solutions of a system of ordinary differential 
equations of the form E(P) (cf. Eq. (3.1)). 


(i) There are many projective geometries on U having the curves C as 
their geodesics. We can represent the geometrical equivalence class of 


any such geometry by a unique gauge t = 7 r) with 6; = dz;, 


0 


1<i<n, ande=0. Among these geometries, 


(a) the block a = (aj;;) is determined by C up to addition by a matriz 


S = (Siz) = (X Ayk) 


where Ajj~ is skew symmetric in the last two indices but is otherwise 
arbitrary, 


(b) the block v may be chosen arbitrarily, and 


(c) the variation by the matrix S together with the form v 
parametrizes in a one-to-one fashion the geometric equivalence classes 
of geometries whose geodesics are C. 


(ii) Among the geometries described in (i), there is exactly one choice of 
the a ytelding a torsion free geometry. This choice is independent of 
the block v, so this block parametrizes the torsion free geometries in 
a one-to-one fashion. 


(iii) Among the geometries described in (i), there is a unique normal pro- 
jective Cartan geometry. 


Proof. (i) Let us find all the projective Cartan geometries with C as geo- 
desics. 

First we note that although the curves C satisfy the system E(P), this 
doesn’t mean that P is determined by C. In fact, by Lemma 3.2(ii) we know 
that C determines P only up to the addition by a term of the form v¢(v), 
where ¢ is an arbitrary 1-form on U. 

By Proposition 2.2 we know that any projective geometry on U C R”, 
with standard coordinates x = (2),...,2%n), has a unique gauge m = 
G on R” satisfying € = 0 and 0 = dz. Thus, we merely need to 
determine all the ways of choosing the remaining blocks a and v so that 
the curves C are geodesics. The only a priori condition on the block a is 
that Trace a) = 0 (recall that ¢ = 0). 

Now by Proposition 3.5 the geodesics of a geometry are the smooth curves 
c: (œ, 8) — U that are solutions of the equations stating the equality, for 
all ¿ = 1,2,...,n, of the expressions 
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Cit ae Aij (C); 


Ci 


It follows that the geometries in which the curves C are geodesics are those 
for which 


` aij(v)v; = Pilv) +uid(v), i=1,...,7, (3.9) 


1<j<n 


where ¢ € A!(U) is arbitrary. Thus, the collection of geometric iso- 
morphism classes of geometries with the required geodesics is in one-to- 
one correspondence with the collection of solutions a of (3.9) satisfying 
Trace(a@) = 0. 

Let us solve Eq. (3.9) for the forms a,;;. Write the homogeneous quadratic 
polynomials P; as 


P;(v1, ea Dis) = Dy Rij (v)v;, 


where R;;(v) is some linear combination of the vjs. The R;j are determined 
by this equation up to addition with S;; = o AijkYk, where A is skew 
symmetric in the last two indices but is otherwise arbitrary. 
Now set Qij = Rij for i F q, 1 < 1,7 < n, and Qiii = Rii = = ess Rkk 
0 
for 1 < i < n. Then Trace(a) = 0, so the r = & 
projective gauge. Moreover, for 1 < i < n, we haves 


a constitutes a 
Q 


1 
` adt POL sc din) dr; = ` Rkk 


1<j<n 1<k<n 


Thus, Eq. (3.9) is satisfied by this choice of m no matter how the block v 
is chosen and no matter how the a is varied by the matrix S. Moreover, 
by Proposition 2.2 each of these variations leads to a distinct geometric 
isomorphism class of projective Cartan geometry. This finishes the proof of 
i). 

a By Lemma 2.3, a geometry is torsion free if and only if, for a gauge 
of the type given in Proposition 2.2 (as is the case in the proof of (i)), when 
we write Qik = >) Tiki, then Tijk is symmetric in the last two indices. For 
a geometry with geodesics C, the choice of the a;, is determined up to the 
replacement 


aik = X Tinh = X (Tint + Aije)bi, 


where A;;~ is skew symmetric in the last two variables. Clearly, we may 
take A;jk = —} (Tijk — T;k;) to be minus the skew-symmetric (in the last 
two indices) part of [';,; and so replace 7 by a torsion free connection. It is 


3The product of 1-forms is the symmetric product here. 
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clear from this that there is a unique block a such that m = ( A A has 


geodesics C for which this is true. The only remaining freedom in choosing 
the connection comes from the choice of the block v, which may be chosen 
arbitrarily and which therefore parametrizes the geometric isomorphism 
classes of torsion free geometries with geodesics C. 

(iii) Now we show that among the geometries constructed in (i) is a 
unique normal geometry. Since a normal geometry is torsion free, by (ii) 
only the freedom to choose the block v remains. Since a normal geometry is 
of type hı, the (1,1) block of the curvature vanishes. Let us write v = 6ta 
for some function a: U — M,,(R), so that the curvature has the form 


if Oe Y\_ o [vAré * 
Hel i) santana ( 0 E 


(an0 x 
E 0 da+8Ata+ana]'’ 


In particular, the vanishing of the (1,1) block is equivalent to the matrix 
a’s being symmetric since 


0=6a^0 = > 0504; A 0; = ` (aij — a5; )0; A 0j. 
l<i,j<n 1<i<j<n 


Finally, we study the effect on the curvature function of varying the block 
v. We see that the change v + v+6*b (where b is asymmetric nxn matrix) 
has the following effect on A: 


A=da+@Av+ahardat+O6A(vu+6'b) +aha=A+OA0D 
so that 


Apq (di, 0;) a Apa (Oi, 0;) F (8 A 0*b) pq (Ôi, 0;) 
= Apgq (Oi, Oj) + ` 0p ^ Ox Dkq (Oi, O;) 


l<k<n 
= Ap,(0;,0;) + ` (piki — Ôpjôki)Dkq 
l<k<n 
= Apg (Oi, 0;) + 6pidjg — Ôpj big. 
Since by Proposition 2.5(ii) we have 
Ricci( K) = ^ >P Aq; (0i, Og) | e; 8 e}, 
l<t,jsn \1<g<n 


it follows that 
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Ricci(K) + Ricci(K) + ` ` (baibai — gabiz) | 7 ® e3 


1<ij<n \1<q<n 


= Ricci(K)- (n-1) X` bye] ge}. 


1<i,j <n 


By Proposition 2.9, Ricci(K) takes values in the symmetric part of 
(g/b)* ® (g/b)*, so it follows that for n > 1 there is a unique choice of 
the symmetric matrix (bı) such that Ricci(K) = 0. Thus, among the pro- 
jective geometries whose geodesics are C, there is a unique normal geometry. 

E 


Corollary 3.10. Suppose we are given a manifold M” on which there is 
a system E of second-order ODEs such that M is covered by coordinate 
systems in each of which the system E assumes the form of equation E(P) 
for some P (cf. Eq. (3.1)). Then there is a unique normal projective Cartan 
geometry on M whose geodesics are the solutions of E. 


Proof. If we choose a coordinate system in which the system E has the 
form of equation E(P), then on each coordinate patch this corollary is 
just 3.8(iii). The uniqueness allows us to fit together the geometries on the 
various coordinate patches. E 


$4. The Projective Connection in a Riemannian 
Geometry 


In this study we study the geodesics in a torsion free Riemannian geometry 
on M and construct from them a normal projective Cartan geometry on 
M. Thus we have two model pairs, the Riemannian pair (grie, Drie) with 
group Hpi. and the projective pair (g,h) with group H. We shall regard 
ØRie as a subalgebra of g and HRie as a subgroup of H according to 


ee 0 0 a ae 
arie={ (9 4) LER”, A = AeM,(R)} 


ca={(¢ a ja trace A= 0}, 


Hre = e R ce R", Ae 0,(R)} 


c H = PSl, (R) = (¢ 4 € Shn (R)} /Z. 


The proof of the following theorem is really an application of the ideas 
in the proof of Theorem 3.8. However, for the sake of clarity we include all 
the details. 
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Theorem 4.1. The equation for the geodesics in a Euclidean geometry 
is of the type E(P), so there is a canonical normal projective connection 
with these geodesics. If the geometry is Reimannian (i.e., a torsion free 
Euclidean geometry) with gauge and curvature given by 


_(0 0 _(0 0 
wale a} PD a) 


then the associated normal projective geometry has gauge and curvature 


given by 

ee 0 v 

AO al?’ 
where 
1 
= ` ` Aij (ek, e1) ? Ox 

1<k<n | 1<Il<n 

and 


m= 0 du+vA8 
-0 A+OAv )° 


Proof. By Proposition 6.2.7 the equation for the geodesics of a Euclidean 
geometry with gauge 7 is 


Ale +P) _ On(é) + Palè) 
aO T (i 


where 
Pv) = $ aig (v)6;(v). 
1<j <n 
Since this has the form of equation E(P) (see Eq. (3.1)), it follows that 
there is a unique normal projective Cartan geometry on M whose geodesics 
are the Euclidean geodesics. 
Let us determine this projective geometry explicitly in the case when 


m is torsion free. We begin by studying a projective gauge of the form 
0 v 


9 4 (i.e., 0 and a come from the Riemannian gauge, € = 0, and 
v is to be determined) so that the corresponding curvature is 


= vrO du+uN\a 
~~ \dO+ar0 datOAv+tada)- 


T= 


Since w is torsion free, it follows immediately that 7 is also torsion free. The 
equation for the projective geodesics is (by Proposition 3.5) the equality, 
for 1 <i < n, of the expressions 
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Oil) + X i<jcn Oiz (69; (6) 
0i(ė) 
Note that this is identical to the equation for the Riemannian geodesics 
and is independent of the choices for the block v. 


It remains to show how to choose the block v to obtain a normal geom- 
etry. The projective curvature mod hg is 


vO * v8 * 
n=( 0 intdnvboia) =? | 0 ae | 


Since a normal geometry is of type hj, it follows that we must choose the 
block v so that the (1, 1) block of the curvature vanishes. If we write v = 6°b 
for some function b: U — M,,(R), the (1,1) block of the curvature is 


vAO=ObAO= X` Ody AO;= X. (dig — bji)ði Að. 


I<i,jgn l<i<jgn 


In particular, the vanishing of the (1,1) block is equivalent to the matrix 
b’s being symmetric. Let us assume this from now on. We have 


1 
II = (Ipq) = b9 Hpg Epa = 9 2 Ipa (8i, 8j)0: A 0; Epa 


O<p,q<n O<p,qgn 
1<i,jgn 
1 
= — ys (Apg(O;,0;) + Op A vali, O;))0: A 0j Epa 
O<p,qsn 
1<i, j <n 


(where as usual Ep € Mn41(R) is the standard elementary matrix). It 
follows that we can write the curvature function (using the notation of 
Exercise 1.10 and the calculation of Theorem 3.8) as 


l * * 
K = 5) ` (Apa (0i, 8j) + Op A Valði, Oj))e; A e} 8 Cpg 
1<i,j, p,q <n 
mod Hom(A?(g/b), h2). 


Applying the Ricci homomorphism Ricci : Hom(A*(g/h),6) — (g/b)* S 
(g/bh)* (Definition 1.9), the curvature function is mapped (Exercise 
1.10(iii)) to 


aie 1 T 
Ricci(K) = 5 `“ NO (Agi (8i, Og) +84 A 0; (;,0q)) | ef e 
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1 
a > S brj8q Ato | ef ae 


Isijsn \Isqr<n 


=5 S | E Apa] iee 


1<i, j Kn \1lsq<n 


+ 


l * * 
2 D a br 3 (OqiOrq — Sqq5ri) | € 8 C5 


1<i,j<n \1saq,r<sn 


=5 E | E 40,0) | ef oe 


1<ijj<n \1<q<n 


l 4 x 
” ae 1) Ss” bie, © ej. 


1<i, j <n 


Since Ricci(K) takes values in the symmetric submodule of (g/h)* @ 
(g/h)* (Proposition 2.9), it follows that Ricci(K) = 0 if and only if we take 


1 
bij = 1 DD Aaj (Oi, Oq). a 


n — 
1<q<n 


The Configuration of Geodesics 


The following figures serve to remind the reader that central projections 
provide, locally, a geodesic-preserving diffeomorphism between the n-sphere 
and Euclidean space and also between n-dimensional hyperbolic space and 
Euclidean space. 


image of 
geodesic under 
central projection 


geodesic 
\ 


plane 
tangent 
to south pole 


Now we wish to show the converse of this, due to Beltrami, that a Rie- 
mannian manifold whose geodesic configuration is locally the same as Eu- 
clidean space must have constant curvature. 


Theorem 4.2. Let M be a Riemannian manifold such that each point has 
a coordinate system in which every geodesic is a straight line. Then M has 
constant curvature. 
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Proof. By Proposition 6.4.5, it suffices to show that A = c0 A 0t for some 
constant c. The hypotheses imply that the normal projective geometry on 
M with the same geodesics as the Riemannian structure on M must be 
flat. 

Projective flatness means II = 0, so in particular, by Theorem 4.1, A + 
0 Av =Q. Since A is skew symmetric, it follows that the diagonal terms of 
6A v must vanish. Thus, v; = 4,6; for some functions A;, 1 <i < n. Thus, 
Aij = —A;0; A 0j, and then the skew symmetry of A implies that A; is 
independent of i, 1 <i < n, say A; = —c. Thus, v = —c0t and A= cb A 6t, 
but we need to show that c is constant. 

For n > 2, the constancy of c is contained in Lemma 6.4.1 (it is a 
consequence of the Riemannian Bianchi identity). For n = 2, the projective 
gauge and curvature are 


0 —ch; —chə 
r=|0 0 i2 |, 
2 —0ı2 0 
0 —{d(c01) == ch» A O12} —{d(c2) + cı A 612} 
0=II = | dO, +612 A 2 0 dO12 — cB, A bə 
dO aa O10 A 0; —d0ı2 ae cô: A 02) 0 


respectively. Thus, 


0 = d(cO,) — c82 A O12 = de A 01 + cdO; — cO2 A 812 
= de A 6, — c12 A 02 — ch2 A O12 = de A Q, 

0 = d(cO2) + c01 A O12 = de A 62 + cdO2 + c1 A 842 
= de A 69 + c12 A 01 + c01 A O12 = dc A Q2. 


Hence, dc = 0 and c is constant. E 


$5. A Brief Tour of Projective Geometry 


In this section we describe very briefly a small sampling of the literature 
related to projective Cartan geometries. 


Cartan’s Notion of a Subgeometry 


Cartan studied a general (and perhaps peculiar by the usual standard) no- 
tion for the induced geometry on a submanifold. In Cartan’s version we 
have a submanifold M™ c P”. We select for each point z € M a “nor- 
mal” space for M consisting of a projective subspace P”~™ (x) transverse 
to Tz(M) and use it to obtain a reduction of the principal bundle. (A more 
usual way is to try to define a projective normal vector to a sufficiently non- 
degenerate surface. Both methods are discussed in [M.A. Akivis and V.V. 
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Goldberg, 1993], pp. 173ff). The result of this is that we obtain an induced 
projective Cartan geometry on M, but it will depend on the choice of “nor- 
mal” spaces. Chern proved [S.-S. Chern, 1937] that in the analytic category 
every projective Cartan geometry on M arises in this way, provided 


| 


Families of Submanifolds 


(m? +2m-— 1) if mis odd, 


(m? +2m+1) if mis even. 


NIE NR 


In [S.-S. Chern, 1943], Chern generalized both Cartan’s result on geodesics 
in §3 and the analogous results of Hatchtroudi on hypersurfaces by showing 
that to certain (k +1)(n—k) parameter families of k-dimensional subman- 
ifolds of M”, there may be uniquely attached a normal projective connec- 
tion. Yen [C.T. Yen, 1953] gave a geometric version of this. Chern and 
Griffiths [S.-S. Chern and P. Griffiths, 1978] showed that flat projective 
connections are characterized by having a two-parameter family of totally 
geodesic submanifolds, suitably distributed (cf. Chern’s remark on page 
xxiv of [S.-S. Chern, 1978]). 


Differential Equations 


If P? = G/H, then the bundle of contact elements (i.e., pairs (x, L) where 
L C T,(P) is a one-dimensional subspace) is B = G/K (where K c 
H is the subgroup of H, of codimension one, fixing a given line in P?). 
Cartan showed that a general ordinary second-order differential equation on 
a two dimensional manifold M°? determines a canonical Cartan geometry, 
modeled on B = G/K, on the bundle B(M) of contact elements of M. 
There is a differential invariant arising from the curvature of this geometry 
which vanishes if and only if the equation is of the type considered in §3. 
In this case the geometry is the “pull up” of the projective geometry on 
M. 

Chern [S.-S. Chern, 1940] generalized this to a third-order ODE on a 
surface M*. He also found a different invariant J that can be calculated 
from the equation. When J = 0, he associates to the equation a Cartan 
geometry on the 3-manifold of solution of the ODE modeled on Gio/Hz7, 
where Gio is the group of contact transformations in the plane (i.e., the 
Lie sphere group). On the other hand, if J Æ 0, then he associates to the 
equation a Cartan geometry with fundamental group the five-dimensional 
conformal group. 

For some purposes (e.g., in control theory) the equivalence under change 
of variables of second-order ordinary differential equations needs to be 
studied with respect to a smaller group than the group of all diffeomor- 
phisms of the space of variables. Taking the case of an equation of the form 
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y” = F(xz,y,y'), (x,y) € R?, we may wish to consider changes of variables 
of the form r+ (xz), y = (xz, y). The advantage of this kind of change 
of variables is that it preserves the role of the independent variable. It is 
studied in [N. Kamran, K.G. Lamb, and W.F. Shadwick, 1985]. 


CR Geometry 


CR Geometry is the study of the invariants of real hypersurfaces M?2"—! c 
C” that are unchanged under complex analytic change of variables of C”. 
For a recent treatment of CR geometry, see [H. Jacobowitz, 1990]. Chern 
[S.-S. Chern, 1975] showed that when M is real analytic, there is a canonical 
projective Cartan geometry induced on M which is such an invariant. 


Appendix A 


Ehresmann Connections 


Charles Ehresmann introduced his definition of an infinitesimal connection 
on a principal bundle in his paper [C. Ehresmann, 1950]. It put the notion 
of a Cartan connection on a rigorous footing and generalized it at the 
same time (cf. Proposition 3.1). Ehresmann’s definition was accepted as the 
definitive definition of a connection. The reader can find a full exposition 
of this point of view in [S. Kobayashi and K. Nomizu, 1963]. 

And yet there has been some dissatisfaction with this state of affairs, 
leading one well-known mathematician to say that the theory of connections 
was founded on the wrong definition. This is a consequence, it seems, of two 
factors. First, Ehresmann connections are extremely general and so include 
perhaps much more than is actually interesting. Secondly, Ehresmann’s 
formulation hides the similarity that connections can have to the Maurer- 
Cartan form on a Lie group and so provides an unnecessary obstacle to 
one’s understanding. 

On the other hand Ehresmann connections appear as important compo- 
nents of the Cartan connections (cf. 6.5.12 ii) and 7.4.21) as well as being 
the foundation for the notion of covariant differentiation, so they do have 
a job to do. 

Perhaps the relation between Cartan connections and Ehresmann con- 
nections is something like the relation between rings of algebraic integers 


'In a different context, Chern [S.-S. Chern, 1966, p. 167] comments on what 
is perhaps the inevitability of this situation. 
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and arbitrary commutative rings in that each degree of generality illumi- 
nates the other. 

We pass now to the definition given in Chapter 6 of an Ehresmann con- 
nection on a principal bundle. We repeat it here for convenience. 


Definition 6.2.4. Let H — P — M bean arbitrary principal bundle over 
M and let h be the Lie algebra of H. An Ehresmann connection on P is 
an h-valued form y satisfying the conditions 


(i) Ryy = Ad(h~)y, 
(ii) y(X') = X for every X € b. 


The curvature of the Ehresmann connection y is the h-valued 2-form on P 
given by dy + 3[7, 7]. ® 


In view of the apparent formal similarity between this definition and 
the definition of a Cartan connection, it is appropriate to remark on an 
important difference between them. The form y takes values in the Lie 
algebra of the fiber of the principal bundle, so its restriction to any tangent 
space of P, Yp: Tp(P) — b, must have a kernel whose dimension is at least 
the dimension of M. In fact, condition (ii) implies that y is onto, so it 
follows that dim ker yp = dim M for all p € P. This circumstance is at 
variance with that of a Cartan connection, which has no kernel at all. 

What is the relation between Ehresmann connections and Cartan con- 
nections? There are two ways of considering this issue. 

For a first-order reductive Cartan geometry, we show in §2 that the no- 
tion of a Cartan geometry is equivalent to the notion of a bundle of frames 
together with an Ehresmann connection on it. An example of this corre- 
spondence is given in Exercise 6.3.6 in the case of Riemannian geometry. 

On the other hand, we shall see in §3 how an arbitrary Cartan geometry 
(P,w) modeled on the Klein pair (G, H) determines, and is determined by, 
a special kind of Ehresmann connection on the principal G bundle P x y G. 
This correspondence is different from—and perhaps less geometric than— 
the one described in 82. 


$1. The Geometric Origin of Ehresmann 
Connections 


Perhaps the motivating reason for Levi—Civita’s search for what is now 
called the Levi-Civita connection was the need to find an analog of the 
vector gradient of Euclidean geometry (cf. Exercise 5.3.50) in the context of 
Riemannian geometry. In fact, Levi-Civita called his discovery the absolute 
derivative. The idea was generalized in 1917 by H. Weyl to arbitrary vector 
bundles and was later developed by a number of people, including Schouten, 
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T.Y. Thomas, E. Cartan, and finally C. Ehresmann. While this discovery 
had primarily analytical roots, it could also have resulted from certain 
simple geometric considerations, which I will sketch now. 

Given a vector field Y on a manifold M and a vector X, € T;(M), what 
should X,(Y) € T;(M) mean? We may of course formally write 


There is a small difficulty with giving meaning to the expression Y,41x,, 
but this may be solved using a Taylor expansion in t. More serious is 
the fact that the difference involves two vectors at different points of the 
manifold (i.e., in two different vector spaces), and so it has no meaning. 
In Euclidean space we can canonically identify any two tangent spaces by 
parallel translation, so the difference makes sense there, and in that case 
X,(Y) is just the usual vector gradient given by 


O O O O 


In a general Riemannian manifold, however, we would need to have an 
“infinitesimal connection,” that is, an affine isometry? between the tangent 
spaces of the two “infinitesimally close” points x and “x + tXz.” This will 
lead to affine isometries T, (M) ~ T,,(M) whenever z and y can be joined by 
a path, with the isometry being obtained by integration along the curve, 
that is, by composing the infinitesimal isomorphisms step by step along 
the curve. Of course, the isometry may well depend on the curve so chosen. 
This leads us to ask, “is the notion of an infinitesimal connection a natural 
one in differential geometry?” We are going to give some examples to show 
that the answer is yes. 


Involutes of Curves 


The first examples of this refer to the case of a curve M in the Euclidean 
plane. This is a trivial case, but it serves to help us orient ourselves. Up to 
translation, there is a unique orientation-preserving isometry between the 
tangent spaces of M. The geometry suggests two ways of identifying the 
tangent spaces corresponding to the Ehresmann and Cartan connections, 
respectively. The first is to slide the tangent line E4 at A along the curve 
to B so that the point of contact on the moving line is fixed on that line. 


?We do not wish to assume at the outset that the isometry preserves the origin. 
Of course, the Levi-Civita connection does preserve it. Even more generally, we 
can consider an infinitesimal connection on a manifold without any Riemannian 
structure, which would be a diffeomorphism between the tangent spaces of two 
“infinitesimally close” points. 
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We might imagine the tangent line to be fastened rigidly to a small bead 


fitted around the curve but free to slide along it as in the figure. In this 
scheme, parallel translation preserves the origin. 


Ep cM 


Ea 


The second way is to allow the tangent line to roll without slipping along 
the curve. If a thread is wound along the curve and the part not in contact 
with the curve is pulled tight, then this part is tangent to the curve, and its 
successive positions as the thread is unwound identify the various tangent 
lines. In this scenario the points of the rolling tangent line trace out the 
involutes of the curve in the plane as in Figure A.1. The origin is not 
preserved under this version of parallel translation. 


/ the involutes 
; ” are the 
_-- dotted lines 


FIGURE A.1 


In each of these cases the identification between tangent spaces at nearby 
points on the curve may be regarded as a one-dimensional distribution on 
the tangent bundle T(M) of the curve. This is perhaps clearest in the case 
of involutes, which, although they lie in the plane, may also be regarded as 
lying on the image of the canonical map 


T(M) > R?. 


(zv) => xt 


As curves in T(M), the involutes are integral curves of the distribution on 
T(M). Although the involutes have cusps, as seen in Figure A.1, this is 
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merely an artifact of the mapping from the tangent bundle into the plane. 
There are no singularities in the corresponding distribution in the tangent 
bundle itself (as in the following picture). 


fibers 


‘ (M) 
N h Xx ‘N N 
N ~N x“ N N 
x ‘N ‘N N ~‘ 
‘x N N ‘N 
x N h h 


This distribution gives an identification between the fibers of T(M) and 
indicates how, for an arbitrary manifold M of dimension n, a distribution H 
of dimension n on T(M) that is transverse to the fibers of T(M) describes 
an infinitesimal connection. 

In none of these examples have we been dealing with an Ehresmann 
connection on a principal bundle, so the reader has the right to ask, “what, 
if any, is the relationship between these notions and the definition of an 
Ehresmann connection?” We provide the answer to this question in the 
following two exercises. 


Exercise 1.2. (i) Let y be an Ehresmann connection on the principal 
bundle H — P — M. Show that the distribution D on P given by Dp = 
ker yp satisfies the conditions 


(a) T(P) = Tp(pH) ® D for all p € P, 
(b) RaxDp = Dph for all pe P,he H. 


(ii) Let H — P — M hbe a principal bundle and let D be a distribution on P 
satisfying conditions (a) and (b). Show that there is a unique Ehresmann 


connection y on P giving rise to D as in (i) (cf. [S. Kobayashi and K. 
Nomizu, 1963], pp. 63-64). Q 


Exercise 1.3. Let H — P — M bea principal H bundle and let D be a 
distribution on P satisfying conditions (a) and (b) of Exercise 1.2(i). Let 
V — E — M be the vector bundle associated to the principal bundle P 
by the representation (V, p) (i.e., E = P xy V; cf. p. 39). Show that there 
is a unique distribution Dg on E such that the derivatives of the canonical 
maps fy:P — E = P xy V sending p+ (p,v) yield isomorphisms in the 
following diagram. 
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T(P) > Dp 


he |- 


Tov (E) ~ (De )p,v) 


Show also that the distribution Dg is transverse to the fiber (i.e., no nonzero 
vector in Dg is tangent to the fiber). 


Rolling Without Slipping or Twisting Along a Surface in 
3-Space 


A procedure generalizing the notion of an involute can be carried out 
for a surface M in 3-space. Given two points A,B € M and a curve 
ao: ({a, b|, a,b) — (M, A, B), we may allow the tangent plane to “roll without 
slipping or twisting” along the curve in order to identify the tangent planes 
at A and B. If we then translate the final position of the tangent plane 
so that its origin coincides with the point B, this procedure describes the 
Levi-Civita parallelism (in the induced metric) on the surface.* The new 
ingredient here is that the distributions on the tangent bundle that arise 
in this way are generally no longer integrable, so the parallel translation 
definitely depends on the choice of the path. 

In Appendix B the notion of one manifold rolling without slipping or 
twisting on another in Euclidean space and its relationship to Levi-Civita 
connection and the Ehresmann connection on the normal bundle are stud- 
ied in detail. 


§2. The Reductive Case 


In this section our aim is to show that in the case of a first-order reductive 
Cartan geometry, we have the following equivalence: 


first-order Cartan geometries on M with 
reductive model (bh @ p, b), group H, 
and Cartan connection w = wp + wh 


principal H frame bundles P over M 
with fundamental form wp on P and 
Ehresmann connection wp on P 


bijection 

<— 
Lemma 2.1. Let (P,w) be a reductive Cartan geometry on M modeled on 
(g, h) with group H so thatg=h@®p is an H module decomposition. Let wy 


3Tf we take the raw, untranslated identification, we get the Cartan connection 
on the surface. See also the remarks at the end of 83. 
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be the h projection of w. Then wy is an Ehresmann connection on P and 
P has a canonical (up to a choice of basis for p) interpretation as a frame 
bundle with group H. 


Proof. Let us decompose the Cartan connection as w = wp + wp. 
Proof of Property 6.2.4(i) of an Ehresmann connection: By Definition 
5.3.1(c)(ii), for a Cartan connection we have Riw = Ad(h~+)w. Hence 


Ri wy + Ržwp = Ad(h~')wy + Ad(h7*)wy, or 
Rž wg — Ad(h7")wy = —Ržwp + Ad(h™*)wy. 


Since the left side takes values in h and the right side takes values in p, 
both sides vanish, and so 


Rpwy = Ad(h~*)wy z 


Proof of Property (ii) of an Ehresmann connection. By Definition 5.3.1 (c) 
(iii), for a Cartan connection we have w(X') = X for every X € h. Hence 


X = w(X1) = w (Xt) +wp(Xt), or 
X — wy(X") = wp( Xİ). 


Since the left side takes values in h and the right side takes values in p, 
both sides vanish so 
wy( Xb) = X. 


To interpret P as a frame bundle, we refer to the procedure outlined in 
Exercise 5.3.21. ie 


There is a kind of converse to this result that depends on the follow- 
ing notion of the fundamental forms on the principal frame bundle of a 
manifold. 


Definition 2.2. Let Gl,(R) — P — M” be the principal Gln (R) bundle 
of frames on M. The fundamental* forms 61, 62,...,0n are the forms on 
P defined as follows. A point p € P consists of a pair (z,e), where e = 
(€1,€2,---,€n) is a frame at z (i.e., a basis of T,(M)). Thus, for v € T(P), 
we may write Tp(V) = 01(v)e1 + O2(v)e2 +--+ On(V)en, and this defines 


4Such forms have also been called “canonical” or “solder” forms. The terminol- 
ogy depends on the context. When we are given the frame bundle of a manifold, 
the correct terminology is “fundamental” or “canonical” forms since, as described 
in the definition, they are canonically determined on the frame bundle. On the 
other hand, if we are given a principal bundle, then the “solder forms” are not 
canonical, but once they are given they allow us to uniquely identify this prin- 
cipal bundle with a bundle of frames so that the solder forms correspond to the 
restriction of the canonical forms. Thus, the solder forms allow us to “solder” (in 
the sense of “identify” ) the two bundles. 
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the fundamental forms. Moreover, given any reduction H —> Q — M, the 
restrictions of the fundamental forms to Q are called the fundamental forms 
of the frame bundle Q. & 


Proposition 2.3. Let H — P — M” be any reduction of the principal 
Gl,(R) frame bundle associated to the tangent bundle of M. Let h be the 
Lie algebra of H and let y be an Ehresmann connection on P. Let p = R” 
be the standard reprsentation of Gl,(R) restricted to H, and let g=h@p 
be the Lie algebra for which h is a subalgebra, the action of h on p is the 
standard adjoint action, and |p, p] = 0. Let 0 = (61, 62,...,0,)' denote the 
p-valued 1-form on P determined by the fundamental forms. Then 


is a Cartan connection on P modeled on the pair (g,4) with group H. 


Proof. It suffices to verify condition 5.3.1(c). 

First we verify the condition 5.3.1(c) (iii). By Definition 6.2.4(ii), we have 
y(X1) = X for every X € b. Since Xt is tangent to the fiber, by Definition 
2.2, 0p(X1) = 0. Thus, w,(Xt) = X for all X € b. 

Next we verify the condition 5.3.1(c)(i), which says that w,:T,(P) > g 
is an isomorphism for each p € P. Since the dimensions are the same, it 
suffices to show surjectivity. By the verification of condition 5.3.1(c) (iii) 
above, the algebra § lies in the image of wp. On the other hand, ker Yp has 
dimension n = dim M and is complementary to the tangent space of the 
fiber at p. Thus, by Definition 2.2, 6, | ker yp: ker Yp — p is an isomorphism 
and hence wp: Tp(P) > g is surjective. 

Finally we verify the condition 5.3.1(c)(ii), which says that (R,)*w = 
Ad(h~*)w for all h € H. The right action of H on P is given by the 
formula 


(€1,€2,---,€n)-h= ` hie, >F hi2€1,..., ` hinei) ) 


1<i<n 1<i<n l<i<n 


where h € H C Gl,(R). Now, writing p = (e1, €2,...,€n) € P, the defining 
equation T.p(V) = 01 (v)eı +---+On(v)en for the fundamental form yields 


0, (vey +... + On (V en 


= Wap 


(mo Rn)apV (since m o Rp = T) 

= Taph(Rnsv) 

O1(Rnsv)(€1-h) +--+ On(Rnsv) (en - h) 
NO 0;(Rnav)hizes 


1<i,j<n 
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= ` 0j(Rnav)hije T AE ` 0j (RhxV)hnjen, 


1<j<n 1<j<n 


from which it follows that 6:(v) = $ i<j<n 0j(RhsY)hij and hence that 
R0 = h~'6. Thus, 


Riw = Riy + Rio 
= Ad(h™+)y + h10 (the first term comes from Definition 6.2.4(i)) 
= Ad(h7!)w. m 


Exercise 2.4. Verify that the correspondences given in Propositions 2.1 
and 2.3 are inverse to each other and so complete the verification of the 
equivalence given at the beginning of §2. LI 


§3. Ehresmann Connections Generalize Cartan 
Connections 


Suppose we are given a Cartan geometry (P,w) on M modeled on the 
Klein geometry (G, H) with Lie algebras (g,). From the right principal 
H bundle H + P — M and the action of H on G by left multiplication, 
we obtain the associated right principal G bundle G — Q — M and we 
have the canonical inclusion P C Q = P xy G sending p+ (p,e). We are 
going to show that certain Ehresmann connections on Q restrict to give all 
Cartan connections on P. 


Proposition 3.1. Let (G,H) be a Klein geometry and let P and Q be 
principal H and G bundles, respectively, over a manifold M. Assume that 
dim G = dim P and that p: P — Q is an H bundle map. Then the corre- 
spondence 


Ehresmann connections . Cartan 
on Q whose kernels do £, l connections 
not meet y,(T(P)) on P 


is a bijection of sets. 


Proof. The correspondence w > w = y*w. We must show that w is a 
Cartan connection. 

Since y,(T(P))Nker w = 0, it follows that w = y*m is a g-valued 1-form 
on P with no kernel. 

First we verify condition 5.3.1(c)(i). Since dim P = dim g and 
wp: Tp(P) — g is injective, it follows that it is an isomorphism. 

Next we verify condition 5.3.1(c)(iii). Since y: P — Q is an H bundle 
map, it follows from Exercise 3.2.15(b) that for all v € h, the vector fields 
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X = vt on P (calculated via the right H action on P) and Y = vt on Q 
(calculated via the right G action on Q) are ọ related (i.e., Pap(Xp) = Yocp) 
for all p € P). Thus w(Xp) = y*w(Xp) = W(ys(Xp)) = w(Yp(p)) = v for 
alv €g. 


Finally, we verify condition 5.3.1(c)(ii). We have 


Ryw = Rpp“ = (pRa) w = (Rap) w = yp Rho 
= p*Ad(h ‘jw = Ad(h™")yp*w. 


Thus, w = y*o@ is indeed a Cartan connection. 
The correspondence w +> w = j(w). Given a Cartan connection w on P, 
we may extend it to a form w = j(w) on P x G by means of the formula 


D(p.g) = Ad(g7*)miw + Tawa, 


where mtp: P x G — P and rg: P x G — G are the canonical projections. 

We are going to show first that w is the pull-up of an Ehresmann con- 
nection on P xp G whose kernel does not meet ¢,(7(P)). This will show 
that 7 is a map 


Cartan l Ehresmann connections 
connections $ + ¢ on Q whose kernels do }, 
on P not meet y,(T(P)) 


which means that it is a possible inverse for the map y*. 

Note that the form w satisfies the condition w(0 x v?) = v for all v € g. 
This verifies condition 6.2.4(ii) for (the pull-up to P x G of) an Ehresmann 
connection on P xp G. We also see that w restricts to w on P xe. In 
particular, w does not vanish on T(P x e). 

Now we study the effect on w of right multiplication by y € G on the 
second factor of P x G, which we denote by id x Ry. Under this map, w 
pulls back by 


(id x Ry)"@(p,97) = M(p,g7) © (id x Ry). 
= (Ad(gy)~* mw + mwa) o (id x Ry)* 
= Ad(gy)~*w(tps © (id x Ry)«) + wa (Tas o (id x Ry)x) 
= Ad(gy)~*)w(tp«) + wa (Rys © Tex) 
= Ad(gy)~*apw + Ad(y~")we(ta«) 
= Ad(y)~*(Ad(g)~*apw + Gwe) 
= Ad(y) tw. 
This verifies condition 6.2.4(i) for (the pull-up to P x G of) an Ehresmann 
connection on P xy G. 
Finally, let us verify that w is basic for the H bundle map P x G > 
P xy G (i.e., that it is the pull-up of a form on P xp G). By Lemma 
1.5.21, it suffices to show that w is invariant under the maps 
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/ ap: PxGo PxG 


(p,g) > (ph,h—*g) 
/ 


and vanishes in the fiber directions of P x G — P XH G. For the former 
condition, we calculate 


(1,77) (p,9) = T (ph,h-1g) ° Qh» 
= Ad(h`tg) tT hpw o Qh + TGWG © Qhx 
= Ad(h~*g)~*w 0 TP» © One + WG O MGs O hx 
= Ad(h71'g)7*w o Rp O Tp twa © Lh-1x O TEx 
= Ad(h—1g)~1Ad(h7 "wo TP + WG O TGx 
( 


= Ad(g) tr pw + Twa = Wp,g)- 


Now consider the latter condition. Fix v € h C g. Let vi be the vector on 
P x G corresponding to v with respect to the right H action on P x G 


given by 


(v") (pg) = ((up X pa) o (id x id xu x id) o (id x A x id) © p)«(p,9,e) (0, 0, v) 
= (up X a)» o (id x id xu x id), o (id x A x id). © Px(p,g,e) (0, 0, v) 
= (up x UG) O (id xid xx id) «(p,e,e,g) (9; V, v, 0) 
= (UP X UG) «(p,e,e,) (0,4) —¥; 0) 
= (H Px(p,e) (0, V); UGx(e,g)(—4 0) 
= (w*(v)p, -w *(Ad(g)v)q); 


so that 


(p,q) (V") = Gl (pg) (w*(v), —we'(Ad(g~*)v)) 
= Ad(g7!)rpw(w™1(v), -wg"(Ad(g~")v)) 
+ néwe(w *(v), -wg (Ad(g7")v)) 
= Ad(g~)v — (Ad(g~")v) 
== 0: 


Since the vector fields vt span the space of fiber directions, this finishes the 
proof of the second condition. Thus, w does pass down to yield a g-valued 
form on P xy G. The resulting form obviously satisfies conditions (i) and 
(ii) for an Ehresmann connection as well as the condition that ker w meets 
~,(T(P)) only in zero. | 

The correspondences p* and j are inverse to each other. To see this, we 
first calculate 
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g" (J(Wp)) = P“ W(p,e) 
= Ad(e~*)p* n pwp + p“ TGWGe 
= (Tp o p)“wp +0 


= Wp, 


showing that the composite y*7 is the identity. 

On the other hand, y”* is injective, for if p*(w1) = y*(mwe), then w, 
and w2 agree on the image »y,(T(P)) and hence on all the right translates 
R,«~.(T(P)). But they also agree on the vector fields vt for all v € g, and 
these two kinds of vectors span the whole of T(Q). 

Thus, y* and 7 are inverse to each other. E 


Two Notions of Development 


Suppose the manifold M is equipped with a Cartan geometry modeled on 
the Klein pair (G, H). Let o: I — M be a path on M. In §4 of Chapter 5, 
we showed how to develop the path o to a path õ: I — G/H on the model 
space G/H. The same methods showed how to associate to a loop o on M 
the (Cartan) holonomy of ø which is an element of H. For an Ehresmann 
connection on a principal bundle over M, there is, in general, no analog of 
the development of a path on M. However, there is always an analog of the 
holonomy of a loop. It is this concept that we study here. 

Our study depends on the following generalization of the notion of hori- 
zontal vectors given in Definition 5.3.44. 


Definition 3.2. Let H — P — M bea principal H bundle over M, let b 
be the Lie algebra of H, and let y be an Ehresmann connection on P. A 
vector v € T,(P) is horizontal if y(v) = 0. A path o: I — P is horizontal if 
o*y = 0 (i.e., the tangent vectors of ø are all horizontal). ® 


Exercise 3.3.* Let M be equipped with a principal bundle Q and an 
Ehresmann connection on it. 


(i) Show that the map Tp: Tp(P) — T,(M) induced by the projection 
7: P — M restricts to give an isomorphism between the horizontal 
vectors at p € P and T,(M) (cf. Lemma 5.3.45). 


(ii) Fix to € M and fix a point go € Q lying over it. Show that every 
path on M starting at ro is covered by a unique horizontal path on 
Q starting at qo (cf. the proof of Proposition B.2.3). Q 


Definition 3.4. Let Q — M be a principal G bundle equipped with an 
Ehresmann connection and let c: (1,01) — (M, 20) be a closed path on M. 
Fix qo € Q lying over zo, and let č: (7,0,1) — (Q, qo, qı) be the unique 
horizontal lift of c starting at qo. Since go and qı lie in the same fiber of 
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Q, we may write qo = qig for some g € G. The (Ehresmann) holonomy of 
c with respect to qo is g. Æ 


The behavior of this notion of holonomy is somewhat different than that 
of the notion of Cartan geometries given in Definition 5.4.18. Here is a 
table comparing these behaviors of holonomies of loops on M. 


Comparison of Holonomy of Loops 


Cartan Holonomy Ehresmann Holonomy 

e Has values in G e Has values in H 

e Varies by conjugacy according e Varies by conjugacy according 
to the starting point of the lift. to the starting point of the lift. 

e Only applies to loops on M e Applies to all loops on M. 


that lift to loops on P. 


Proposition 3.5. Assume the context of Definition 3.4. If the Ehresmann 
holonomy of c with respect to qo is g, then the Ehresmann holonomy of c 
with respect to qoh is h~gh. 


Proof. Let č: (7,0,1) — (Q, qo, q1) be the unique horizontal lift of c starting 
at qo. We claim that the unique horizontal lift of c starting at qoh is Rp o 
č: (1,0, 1) > (Q, qoh, qih). Clearly, this is a lift of c, but it is also horizontal 
since 

(Rn oé)*y = @ Rpy = &Ad(h7")y = Ad(h71)é*y = 0 


(since č is horizontal). But qoh = qigh = qh(h~'gh), so h~‘gh is the 
holonomy of c starting at qoh. | 


Since the Ehresmann connection may be regarded as a generalization of 
the Cartan connection in two distinct ways, we may compare the notions 
of holonomy in each of these two ways. 

We study first the relation between the holonomy of a Cartan connec- 
tion and the Ehresmann connection derived from it via the procedure of 
Proposition 3.1. 


Proposition 3.6. Let (P,w) be a Cartan geometry on M modeled on 
(G, H) and let (Q, w) be the corresponding Ehresmann connection as given 
in Proposition 3.1. Fiz a point xo € M and a loop c:(I,0I) — (M, zo) 
that lifts to a loop based at qo € Py. Then the Cartan and Ehresmann 
holonomies of c are the same. 


Proof. Let ĉ: (1,0,1) — (P x u G, (po, e), (po, g)) be any horizontal lift of c 
and let ĉ = (c1, c2): (1,0, 1) + (P x G, (po, e), (po, g)) be a lift of ĉê to P xG. 
By Definition 3.4, the Ehresmann holonomy of c is g~?. 

On the other hand, according to the proof of Proposition 3.1, 
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0=C apg) > 0 = Ad(g7!)é rw + ent, = Ad(cy*)ciw + chwe, 
so that by Proposition 3.4.10(ii) 
ckw = —Ad(c2)chwg = (c3 )*wa. 


Since c; is a lift to P of c, it follows (cf. Definition 3.7.2) that cz* is the 
development of c in the Cartan sense, so that the Cartan holonomy of c is 
c3 (1) = g7}. Thus, the two holonomies are the same. E 

Finally, we study a simple case of the relation between the holonomy of a 
Cartan connection and an Ehresmann connection when the two connections 


are related as in §2. 


Proposition 3.7. Let (P,w) be such a Cartan geometry on M modeled 
on (G = H x, L, H), where H x, L is a semidirect product (with L the 
normal subgroup). Fix a point xo € M and a loop c: (I, ðI) — (M, zo) that 
lifts to a loop based at qo € Po (lying over xo). Let g, h, and p be the Lie 
algebras of G, H, and L, respectively. Decompose the Cartan connections 
as w = Wh +wp, so that (by Lemma 2.1) wy is an Ehresmann connection on 
P. Then the Ehresmann holonomy of c is the H component of the Cartan 
holonomy of c. 


Proof. On the one hand, we may fix a lift c: (7,0,1) — (P, qo, 40) of c to 
a closed loop on P. On the other hand, by Exercise 3.3(ii), the loop c also 
has a unique horizontal lift co: (I,0,1) — (Q, qo, q1) starting at qo. 
Because cı and cp are both lifts of the same loop c, there is a unique map 
h: (1,0) — (H,e) such that co(t) = c1(t)A(t). Let h(t) = h(1 — t). We have 
qı = €o(1) = c1 (1)h(1) = qoh(1). Thus, h(1)~* is the Ehresmann holonomy 
of c based at go. On the other hand, the Cartan holonomy of c is obtained 
as the endpoint of the development, starting at the identity, of any loop 
on P based at go and covering the loop c; for instance, the loop (qoh) * c2. 
The development of this loop is obtained (cf. Exercise 3.7.5(b)) by path 
multiplication of the development of c2 with the development of qoh. 


@(1)A(1) 


Now cw = cžwp (here we use the fact that c}w, = 0, which holds since 
C2 is a horizontal curve). Thus, chw is a form with values in p C g, so its 
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development on G, starting at e xe € H x, L, lies entirely on the subgroup 
L and hence ends at an element of the form e x l € H x, L. On the other 
hand, the curve ggh on P develops (cf. Lemma 5.4.12) to the curve, starting 
at exe € Hx,L, given by h(1)~*h and hence it also develops to the curve, 
starting at e x l € H x, L, given by (e x !)h(1)~'h. Thus, the development 
of (qoh) x cz, starting at ex e € H X, L, ends at 


(e x DATA) = h(1)~* x p(A(1)) (0). 


This is the Cartan holonomy and its H component is the Ehresmann holon- 
omy. | 


It is interesting to compare this result to the case of rolling without 
slipping or twisting described in Appendix B. For a 2-sphere rolling on 
a plane along a closed loop on the sphere, the initial and final points of 
contact are the same on the sphere but differ by a translation on the plane. 
The total effect on the sphere is to undergo a two-dimensional rotation and 
translation. The rotation part is the Ehresmann holonomy of the loop on 
the sphere, whereas the rotation and translation are the Cartan holonomy 
of the loop on the sphere. 


$4. Covariant Derivative 


In Chapter 5 we discussed the covariant derivative associated to a reductive 
Cartan geometry (cf. Definition 5.3.46 through Exercise 5.3.52). In this 
section we show this notion generalizes to arbitrary Ehresmann connec- 
tions (Proposition 4.4). As in Definition 5.3.46, the definition of covariant 
derivative depends on the notion of a horizontal vector given, in the present 
context, in Definition 3.2. 


Definition 4.1. Let 
(i) G—Q-M bea principal bundle over M, 
(ii) y be an Ehresmann connection on Q, 


(iii) E be the vector bundle associated to a representation (V, p) of G (i.e., 
E = Q xg V), and 


(iv) Y be a tangent vector field on M and Y its horizontal lift to Q. 


The covariant derivative Dy: (E) — T(E) associated to these data is 
defined by the following diagram. 
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AO, ~p) —— AO, 1 
WV | = = p 
DyX 
Me) "> re 


(Cf. Exercise 1.3.28 for a description of the isomorphism 7.) Æ 


In preparation for the calculation given in Proposition B.3.7, it is useful 
to reformulate the definition of covariant derivative for the case where Q 
can be interpreted as a frame bundle of E. 


Proposition 4.2. When the representation (V, p) in Definition 4.1 is faith- 
ful, then 


(i) given a fixed basis €1,...,é, for V, there is a canonical interpretation 
of Q as the bundle of frames of E given by 


q E Q= (eı(q),...,ex(q)), where eilq) = (q,ēi) E Q xG V =E, 


(ii) the covariant derivative Dy X, where X € T(E), may be calculated as 
follows. Express the vector field X in terms of the basis €i(q) as X = 
ai(q)e1(q) +--- + a,(q)er(q). Let Y, = T,(Q) denote the horizontal 
lift of Yz. Then (Dy X)z = Yq(ai)e1(q) +--+: + Y,(av)e(q). 


Proof. (i) For this we refer the reader to the discussion on page 37. 
(ii) Define f:Q — V by f(q) = 2 i<j<v 4j(q)é;. We claim that f € 
A°(Q, p). To see this, first note that 


ej(qh) = (qh, é;) EQ xe V 
= (q, p(h)é;) 
= X o(h) jx (4, ek). 
k 


Thus, 
>, alela) =X = So a;(qh)ej(qh)= Y a;(gh)p(h);xex(q) 
l<jsv l<j<v 1<j,k<v 
and hence 
ar(q) = ` aj(qh)p(h)jk, 
1<j<v 
or 


a;(qh) = ` ar(q)o(h™>)kj. 


1l<k<v 
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It follows that 


F(gh)= X` aj(qh)e;= Y akla olh aye; 


T 1<jk<v 
=p(h™) X` ax(qéx = ph!) f(a). 
l<j,k<v 


Next we claim that w#(f) = X, which follows from the fact that wif) € 
P(E) =T(Q xg V) is induced by the map Q — Q x V sending 


1> (af) = (a Dd) aua = DP ulala) 
= Do aj(a)e(q) = X. 


Now, according to Definition 4.1 we have (Dy X), = ¥(Y¥,(f)), and the 
latter is induced by the map Q — Q x V sending 


q+ (4, Yq(f)) = q, Y; > aje; = 149; ye Yq(aj)e; 
1<j<v 1<j<v 
= X Y¥4(a;)(q, é;). 
1<j<v = 


We note that in the case described in Proposition 4.2, it is clear that the 
covariant derivative (Dy X)s depends only on the value of Y at x. This is 
also true in general. 


Exercise 4.3. (i) Verify that the properties of Proposition 5.3.48 remain 
true for the covariant derivative of Definition 4.1. 

(ii) Verify that, for each z € M, the vector (Dy X)z € Es (= the fiber of 
E over x) depends only on the value of Y at x and the values of X along 
any curve in M tangent to Y at X. 

(iii) Strengthen the result of (ii) by showing that the dependence on the 
curve is actually only a dependence on the first two terms of the Taylor 
series” for the curve at z. LI 


Proposition 4.4. The covariant derivative associated to a reductive Car- 
tan geometry is the same as the covariant derivative associated to the Ehres- 
mann geometry obtained from it by the procedure of §2. 


Proof. Let us decompose the Cartan connection as w = Wy + Wp, as in 
Lemma 2.1. Then wp is an Ehresmann connection, and the procedure for 
associating a covariant derivative to it described in Definitions 5.3.46 and 
5.3.47 is identical to that of Definitions 3.2 and 4.1. = 


°In any coordinate system. 


Appendix B 


Rolling Without Slipping or 
Twisting 


In this appendix we study the most classical of all nonholonomic differential 
systems, the system describing how one manifold may roll without slipping 
or twisting on another in Euclidean space. 


A sphere rolling along the central line of a helicoid without slipping or twisting. 


Such a system plays a role, for instance, in robotics, where one wishes to 
use robotic fingers to manipulate some object. Our interest, however, is to 
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show the relationship of this concrete physical notion to the idea of Levi- 
Civita connection of a Riemannian manifold and the canonical Ehresmann 
connection on its normal bundle in Euclidean space.! 

In §1 we give a definition of the notion of rolling without slipping or 
twisting in an “elementary” form which appeals directly to the intuition 
in Euclidean space. In §2 we reformulate this definition in terms of a dif- 
ferential sysem (i.e., a distribution) on a state space. In this formulation 
we easily obtain the existence and uniqueness of rolling without slipping or 
twisting. In particular, this yields isometries between the ambient tangent 
spaces at each point of the rolling. In §3 we show how this notion gives 
rise to both the Levi-Civita connection and the normal connection for a 
submanifold of Euclidean space. The section ends by relating the notion 
of rolling a manifold M” on R” to the notion of development described in 
Chapter 5. In particular, we show that a curve on M rolls without slipping 
on a straight line in R” if and only if the curve is a geodesic. We also 
show that a vector field along a curve in M is parallel if and only if its 
image in R” is parallel. This result (Proposition 3.5) makes the notion of 
the Levi-Civita connection and the normal connection for a submanifold 
of Euclidean space quite concrete. Finally, in §4, we study what happens 
when we roll one manifold on a second while the second is itself rolling on 
a third. 


$1. Rolling Maps 


In order to study rolling maps we need to have a way to represent elements 
of Eucy(R), the group of isometries of Euclidean N space. If g € Eucy(R), 
then we may write 

g: R” — R”, 


Vv œ Av+p 


where A € O,,(R) and p € R”. It is easy to verify that the map 


Eucy(R) > ib a € Giny (R) | A € On(R),p € R”) 


is an isomorphism. 

A rolling map will be a certain kind of one-parameter family 
g:I — Eucn(R). We write g(t)v = A(t)v + p(t). For fixed t € I, we have 
g(t): RY — RX with derivative g(t), = A(t): RN — RN; here “*” refers to 
the partial derivative with respect to the space coordinates. We write the 


*Both of these connections are described in Chapter 6. See also [C. Dodson 
and T. Poston, 1991], pp. 207ff., for a treatment of the tangential part of this 
result. We also refer the reader to [R.L. Bryant and L. Hsu, 1993], p. 456, for a 
more advanced study of aspects of this kind of differential system. 
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partial derivative of g(t) with respect to the parameter t as g(t): R” — R”. 
In particular, the composite mapping g(t)g(t)~!: RY — R^ makes sense. 

The following definition formalizes the intuitive notion of one manifold 
rolling on another in Euclidean space without slipping or twisting. The 
subsequent interpretation is meant to explain the sense in which it does so. 


Definition 1.1. Let MẸ, M?” C RY (where N =n +r) be submanifolds. 
Then a map g: I — Eucy(R) satisfying the following properties for each 
t € I is called a rolling of Mı on Mo without slipping or twisting. More 
briefly, we shall call g a rolling map. 

The “rolling” condition: 


(1) There is a piecewise smooth “rolling curve on Mı” o1: I — Mı such 
that 


(a) g(t)oi(t) € Mo, and 
(b) Ty (t)o1(t)(9(t) Mi) = To (t) (Mo) for all t. 


The curve go: I — Mo defined by oo(t) = g(t)oi(t) is called the develop- 
ment? of a1 on Mo. 
The “no-slip” condition: 


(2) g(t)g(t)~oo(t) = 0 for all t. 

The tangential part of the “no-twist” condition: 
(3) (9(t)9(t)~1)«Too(t) (Mo) C Tooc) (Mo)™ for all t. 
The normal part of the “no-twist” condition: 


(4) (OI) t) Too) (Mo) t C Tooc) (Mo) for all t. & 


Interpretation 


Condition (1) says that Mı moves under the action of g(t) so as to be 
tangent to Mp at the point oo(t) = g(t)oi(t) at time t. Condition (2) 
says that the infinitesimal isometry 9(t)g(t)~* fixes oo(t), namely, that it 
is an infinitesimal rotation about the point oo(t). This is the “no-slip” 
condition. Next we consider conditions (3) and (4). Each tangent vector 
w € T,(M;) (respectively, normal vector w € T,(M1)~), as it is carried 
along by the motion g(t), determines a one-parameter family of vectors 
we = g(t)xw E€ Tot)q(9(t)M1) (respectively, Ty (t)q(g(t)M1)~) with velocity 
w,. Now suppose v € T)(t9)01(to)(9(to) M1) (= Too(to)(Mo)). Setting w = 
q(to); tv, we have v = wz, = g(to).«w and 


“See §5 for the relationship of this to the definition of development given in 
84 of Chapter 5. 
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Wel, 4, = 9(to)«w = G(to)«9(to)s v = (G(to)g(to)*)«¥. 


Thus, condition (3) says that the motion of a vector v € Ty(to)o1 (to) (9(to) M1) 
(= Too(to)(Mo)) that is “stuck to g(t)M,” has no component of velocity in 
the tangential direction. This is the tangential part of the “no-twist” con- 
dition. Condition (4) says that a vector v € T,(1)(g(t)M1)~, as it is carried 
along by g(t), has no component of velocity in the normal direction. This 
is the normal part of the “no twist” condition. 


$2. The Existence and Uniqueness of Rolling Maps 


The interpretation given in §1 makes it clear that the conditions of Def- 
inition 1.1 should be required of a rolling map. What is not clear is the 
existence and uniqueness, for each curve a(t), of a rolling map with o(t) as 
its rolling curve. 

The most convenient way to deal with the existence and uniqueness 
question is to reformulate the equations of Definition 1.1 as a differential 
system, that is, as an n-dimensional distribution on a certain configuration 
space X. Roughly speaking, the configuration space ÈX is the space of all 
positions of Mı in which it is tangent to Mo. More precisely, we define the 
configuration space to be 


X = {(p, A, q) E€ Mo x On(R) x Mı | AT, (Mı) = T,(Mo)} 


(where we are identifying T,(Mo) and T,(M,) with subspaces of R^ in the 
usual way). 

Why should © be regarded as the configuration space? First note that 
there is a canonical smooth map 


g: 4 — Euc,(R), 


(p,A,q) > g 
where g = ¢(p, A, q) is defined by 


gR” — R”. 
z + A(x—q)+p 


Since gq = p and g, = A, it follows that g,T,(Mi) = T,(Mo). Thus we see 
that a point in X determines a point p € Mo and an isometry g E€ Eucy(R) 
such that gM, is tangent to Mp at p = gq. This explains the sense in which 
2% may be called the configuration space of all positions of Mı in which it 
is tangent to Mp. 


3This is instructive as well as convenient, as it introduces the reader to a 
beautiful application of differential systems. 
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The first order of business is to determine the tangent bundle of X. It 
is not difficult to verify that the canonical projection © — Mop x Mı isa 
fiber bundle with fibers O,(R) x O,(R). It follows that X is a manifold of 
dimension 2n + n(n — 1) + ¿r(r — 1). We shall also need to use the second 
fundamental form as it is described in Exercise 1.2.24. In particular, we 
shall interpret the second fundamental form as having values in the normal 
bundle of the manifold on which it is defined. 


Proposition 2.1. Let Bo and B, denote the second fundamental forms for 
Mo and M,, respectively. Let V C Tp(Mo) x Ta(On(R)) x Tp(Mo) be given 
by 


V = {(p, A, ġ) | AA7*u = AB, (q, Aù) — Bo(p, u) mod Tp (Mo), 
Vu € Tp(Mo)}. 


Then Tp, A (È) a V 


Proof. We know that (p, Å å) € T(p,A,q) (©) if and only if it is the derivative 
at (p, A,q) of a curve (p(t), A(t), q(t)) on È. Let u(t) be a vector field 
tangent to Mı defined along q(t). Then, by the definition of &, the vector 
field uo(t) = A(t)uı (t) is tangent to Mo along p(t). Differentiating produces 
tio (t) = A(t)us(t) + A(t)ta (t). 
By Exercise 1.2.24, we have 
to (t) = — Bo(p, uo )mod Tp(Mo) and w(t) = — B,(q, uı)mod Tq(M1). 
Thus, at (p, A,q) we have 
—Bo(p, uo) = Au, — AB,(qg, ui) mod T,(Mo), or 


—Bo(p,u) = AA~*u — AB,(q, A7~'u) mod T,(Mo) for all u € T,(M). 
(2.2) 
Thus, To, A, p(X) C V. 

On the other hand, we claim that dim V < 2n + ¿n(n — 1) + ġr(r — 1), 
from which the proposition follows. 

To see this, we note that ÅA} is skew symmetric (since AAt = I > 
AAt+AAt = 0 = AA7!4(AA7')! = 0). If we express the skew-symmetric 
matrix ÅA! with respect to an orthonormal basis of R that is adapted 
to Ty(M;) (i.e., the first n basis elements span T,(M,), which implies that 
the last r basis elements span T,(M,)+), then Eq. (2.2) determines the 
(2,1) block of AA~! in terms of p and q, so we have (in the given basis) 


unknown n x n known 
AA“) = skew-symmetric matrix by symmetry 
-— esa unknown r xr 


skew-symmetric matrix 
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Thus, we see that specifying the variables p € T,(Mo) and q € T,(M,), 
each with at most n degrees of freedom, forces AA~! to lie in a subspace 


of dimension $n(n — 1) + 57(r — 1). It follows that we have the inequality 


1 
dim V < 2n + arn —1)+ pr —1). = 


A smooth curve c: I — © determines a smooth curve doc: I — Eucy(R). 
The next order of business is to determine the conditions on c that will 
ensure that ¢ o c is a rolling map. 


Lemma 2.3. poc is a rolling map if and only if c is tangent to the n- 
dimensional distribution R, on X given by 


(i) p= Aq, 
(ii) ÅA" tu = AB,(A7!p, A~!u) — Bo(p, u) for allu € T>(Mb), 


(iii) AA“ty = —AB}{(A~'p, A~1v) + Bi(p, v) for all v € Ty(Mo)+. (See 
Exercise 1.2.24(iii) for the definition of Bt.) 


Moreover, the derivative of the canonical map X — M induces the isomor- 
phism shown in the following diagram. 


Kpag(2) D Rea.q) 


Aw 


TM) 


Proof. Let c(t) be any curve on X. We write c = (p, A, q) and é¢ = (p, A, q) 
and we try to express conditions (2), (3), and (4) of Definition 1.1 in terms 
of ċ. (Condition (1) is, of course, built into the very definiton of X.) We 
have 


gv = A(v—q)+p so ġv = A(v—q)+p— Aq 


and 
gv =A (v - p) +q, 
so that 
gg v = ÀA(A™> (v — p)) +p — AG 
and 
(g9°'),v = AA7v. 
Since gg-'o = gq-'!p = p — Ad, it follows that condition 1.1(2), namely, 

gg +0 = 0, is equivalent to p = Ad. 


Now (gq~!), = AA! implies that condition 1.1(3), namely, 
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(997 ')«Too(t)(Mo) C Too(t)(Mo)~ 


(and, respectively, condition 1.1(4), i.e., (997*1)*«Tp(Mo)* C Tp(Mo)), is 
equivalent to AA~!T,(Mo) C Tp(Mo)+ (respectively, AA~*T,(Mo)* C 
T (Mo)), which by Proposition 2.1, is equivalent to the equation AA~1u = 
AB,(A7~1p, A~'u) — Bo(p, u) for all u € Tp(Mo) (respectively, to the equa- 
tion AA~!y = —ABt(A7!p, A7!v) + BS(p,v) for all v € Tp(Mo)~). Of 
course, by Exercise 1.2.24, this latter equation is always true mod Tp(Mo) 
(respectively, mod Ty(Mo)*), and the right-hand side always takes values 
in the normal bundle (respectively, the tangent bundle) of Mo. But here 
the left side also lies in T,(Mo)* (respectively, mod T,(Mo)), so we get 
equality. 

Thus, ¢oc is a rolling map if and only if c is tangent to the distribution 


To calculate the dimension of R, we again fix, as in the proof of Propo- 
sition 2.1, an orthonormal basis of R"*” that is adapted to T,(Mj) and 
consider the matrix AA~! which is skew symmetric in this basis. By Defi- 
nition 1.1(3) and 1.1(4), AA! must, in this basis, have the form 


0 -=S 
(s) 
Thus ÅA! is completely determined by its value on T,(Mo), which is 
known by equation 2.3(ii) at the point (p, A, q) once either p or ġ is known. 
By equation 2.3(i), ġ determines p, so it follows that dim R < n. On 
the other hand, for any choice of ġ € T,(Mi) equations (i), (ii), and (iii) 
can be solved for p and A so that dim R = n. Finally, this same argu- 
ment shows that the canonical projection 7: — M inducing the map 
Tx(p,A,q): L(p,A,q) (1) — Tp(M) has the property that 7.(p,4,q) | R is an 
isomorphism. E 


Now we are in a position to obtain the existence and uniqueness of rolling 
maps. 


Proposition 2.4. Let Mg, M? C R”*" be submanifolds and let (po, Ao, qo) 
€ E. Assume we are given a piecewise smooth curve o1: (1,0) —> (Mi, qo) 
(respectively, oo: (I,0) — (Mo, po)). Then there is a unique rolling map 
g: (I,0) — (Eucn(R),id) with rolling curve o, (respectively, development 
Oo). 

Proof. We may as well assume that the curve is smooth since we can patch 
the smooth pieces together to obtain the general case. We will deal only 


with the case of o;:(I,0) — (Mi,qo), as the other case is similar in the 
configuration space setting we are using. Pulling back the bundle 


Mo x On(R) x O,(R) > X > My 


382 Appendix B. Rolling Without Slipping or Twisting 


over I along c, yields a bundle 
Mo x SOn(R) x SO,(R) > Es, > I 


on which the restriction R, of the distribution R has dimension 1. Since 
a one-dimensional distribution is always integrable, there exists a unique 
curve in Xo, through (po, Ao, go) € Eo, which is tangent to Rp. The image 
of this curve in X is tangent to R and covers g1. By Lemma 2.3, this proves 
the existence and uniqueness of the rolling map given in Definition 1.1. 


63. Relation to Levi-Civita and Normal 
Connections 


In this section we relate our discussion of “rolling without slipping or twist- 
ing” to the Levi-Civita connection and to the Ehresmann connection on 
the normal bundle. Some of this material necessarily covers ground similar 
to that of §6.5. 

We consider the case of the standard n-plane R” (= M; in the notation 
above) C R rolling on a manifold M” (= Mọ in the notation above) C 
R^. Then 


= = {(p, A4, q) € M x On(R) x R” | AR" = T,(M)} 


is the configuration space for this pair of manifolds, and we again have the 
distribution R on it described in Lemma 2.3. We are going to study the 
following diagram of fiber bundles. 


A Fan 


=x—P. 
Por 


The three spaces Pian, Paor and P, are the bundles over M that we have 
already considered in §6.5. We are going to describe the images of R under 
these maps and show in particular that its images in T(Pyan) and T(Pror) 
are (the kernels of) the Levi-Civita and the normal connections. Since, 
by Exercise A.1.3, these kernels determine the connections, we see that 
for a manifold in Euclidean space the notion of rolling without slipping or 
twisting includes the notions of the Levi-Civita connection on the tangent 
bundle and the Ehresmann connection on the normal bundle. 
We define 


Iso(R*, R^) = {¢ € Hom(R*, RY) | (p(u), p(v)) = (u,v) Vu, v € RF} 


and set 
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P, = {(p, A) € M x On(R) | A(R") = T)(M)}, 
Pran = {(p, 9) € M x Iso(R", R“) | o(R”) = T,(M)}, 
Paor = {(p, 9) € M x Iso(R", R”) | y(R”) = T,(M)~}. 


Lemma 3.1. The map P, — M (respectively, Pian > M, Paor > M) 
induced by canonical projection is a principal On (R) x O, (R) (respectively, 
On(R), O,(R)) bundle map. 


Proof. We deal with the map P, — M only, the others being similar. 
Consider the right action 


P, x On(R) x O,;(R) > P,. 


0 
(P-A) (pA ( : J) 


This action is free and proper (note that O,(R) x O,(R) is compact) and 
acts transitively on the fibers of the projection P, — M. It follows from 
Theorem 4.2.4 that P, — M is a principal bundle with group O,(R) x 
O,(R). = 


Exercise 3.2. Verify that Pian and Paor are the tangent and normal or- 
thonormal frame bundles associated to the inclusion M cC RW as in 86.5. 
Show also that P, corresponds to the bundle of the same name in 86.5. © 


Lemma 3.3. For p € M let V C T(R”) x Ta(On(R)) be defined by 
(D, Å) E V & ù and Å satisfy the following conditions 
(i) A` tu = —B(p,u) mod T,(M) for all u € T (M). 
(ii) AAT tw = Bt (p, v) mod T,(M)+ for all v € T,(M)+. 


Then Tip, A) (P+) CV. 


Proof. Let (p, A) € P,, and consider the vector space V. In an orthonor- 
mal basis of T,(R^) adapted to T,(M) (cf. the proof of Proposition 2.1), 
conditions (i) and (ii) imply that the matrix AA~! has the block form 


AA = arbitrary determined by p 
~ \ determined by p arbitrary l 


In particular, the dimension of V is 
dim M + dim On (R) + dim O,(R) = dim P}. 


Thus, it suffices to verify the inclusion Tip, a) (Pr) C V. Suppose that 
(ù, Å) € Tp,a) (Pr). Let (p(t), A(t)) be a curve on P, with tangent (p, A) at 
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(p, A). Let u(t) be a tangent field (respectively, normal field) to M along the 
curve p(t). Then A~'(t)u(t) € R” x0 (respectively, 0x R"). Differentiating, 
we get 


—A~'(t)A(t)A7*(t)u(t) + A7}(t)u(t) € R” x 0 respectively, 0 x R”) 


—A(t)A71(t)u(t) + a(t) € T,(M) (respectively, T,(M)+)). 


But we know from Exercise 1.2.24(i) (respectively, (iii)) that 


ù(t) = —B(p(t), u(t)) mod Tp(M) 


respectively, 
u(t) = B* (p(t), u(t))modT,(M)*), 
SO 
A(t)A~*(t)u(t) + B(p(t), u(t) € Tp(M) 
respectively, 
A(t)A~*(t)u(t) — B’ (p(t), u(t)) € Tp(M)+). 
This verifies the inclusion C. E 


Exercise 3.4. Show that 


Tipo) (Pran) = {(Ż, $) € Tp(M) x Hom(R”, RY) | g = —B(p, p(—)) 
mod Tp(M)}, 

T(p,¢)(Paor) = {(B, $) € Tp(M) x Hom(R"”, RY) | ¢ = -Bt (p, p(—)) 
mod T,(M)~}. E 

It is convenient now to regard the group of Euclidean isometries Euc N(R) 


as the matrix group (with 1 x 1 and N x N blocks down the diagonal in 
the block form) 


Buew(R) = { (7 A E€ Gln (R) IpERY, Acon(R)} 
with Lie algebra 
0 0 N À 
eucy(R) = p A Mny (R)| ER", A€on(R) >. 


In this picture, the isometry given by gv = Av +p corresponds to the matrix 
1 l j 
( ap and the (left invariant) Maurer—Cartan form on Eucy (R) may 


be expressed as 
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afk OV TO OY 4 0 \/0 0 
WEucn(R) = p A D ÀJ- —A`tp AĄ-? D À 


A 0 0 . 
ZAA ATA 


Let us express the Maurer-Cartan form on Eucy(R) (with 1x 1, n xn, 
and r x r blocks down the diagonal in the block form) as 


0 0 0 
WEucn+r(R) F7 | * Q — p* 
x BY 


Then we have 
Proposition 3.5. The inclusion M C R”™* is covered by the right 
O,(R) x O,(R) equivariant map 


Pec Eür R): 
aes 1 0 
P, p A 


Let us define H = ker(a | P) N ker(6 | P,). Then, for each (p, A, q) € È, 
the derivative of the canonical map = — P, induces the isomorphism in 
the following diagram. 


Kp A(Z) D R opAq) 


L f 


Tp a(R) > Hoa) 


Proof. Since 
R (R) ) (p,A) (D, A) 


= Aa oy BAY = (aap ata) 
p A 


using the block form of the Maurer-Cartan form, we have 
b, A) y, A) 

The proof of Lemma 3.1 shows that P, C Eucn+r (R) is a right On (R) x 
O,(R) equivariant map. Now the derivative of the map & — P, is given 
by (p, A,q) +» (ù, A), and so, according to the description of R in Lemma 
2.3, (and in the present case, By) = B and B, = 0) the image of Rp, 4,4) 
under this map is Wi, 4) C Tp(M) x T4(On(R)) where 


(p, A) E W(p,a) = the following two conditions hold: 
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(i) Atu = —B(p, wu), for all u € T,(M) 

(ii) AA-!v = —B*(p,v), for all v € T,(M)+. 
Thus, 
AA7!T,(M ae ge and 
AA- 1T (M +c T,(M) 


(D, A) E Wip, A) i l 
p AA poi ae and 


a A™À(OxX R") CR” x0 
a(p, A) = 0, and 
ôl, A) = 0 


=> (p, A ) E€ Hp, A): 


Thus Wipa) C p,a). On the other hand, by Lemma 2.3, the composite 
Rp, Aq) — Tp,a)(Pr) > Tp(M) is an isomorphism, so that Rp Aa) > 
Tp a) (P+) is injective. Since P, is a principal O,(R) x O,(R) bundle over 
M and a È y restricts to the fiber of P, to yield the Maurer—Cartan form 
on O,(R) x O,(R), it follows that dim H = n = dim R, and so the image 
of Rp, A,q) 18 Hip,a)- E 


=> 


Corollary 3.6. For each (p, A) € P,, the canonical projections P, — Pian 
and P, — Panor induces the isomorphisms in the following diagram. 


Toa (PR) > Hepa) To a(R) > Hepa) 
Tp aran) D ker (wir) Topar Chor) D ker (y)@ AR) 


Proof. The proofs are similar, so we consider only the projection P, —> 
Pan. Now the form a on P, is basic for this projection (Proposition 6.5.12) 
so the distribution ker œa makes sense as a distribution on Pian. Since H = 
ker(a | P,)Mker(6 | P,), the canonical projection maps H to ker a. Finally, 
since the derivative of the composite map P, — Pan — M is injective on 
H, it follows that H — ker a is injective, and since the dimensions are the 
same, it is an isomorphism. a 


Proposition 3.5 establishes the link between “rolling without slipping or 
twisting” and the usual connection forms on a submanifold of R since 
we know from Proposition 6.5.12 that ker(a | P,) Mker(6 | P,) projects to 
the Levi-Civita connection on Pan and to the canonical normal connection 
P nor: 


Proposition 3.7. Let t +> (o9(t), A(t), 1(t)) € È be an integral curve for 
the distribution R. 
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(i) tr a(t) € R” is the development (in the sense of Definition 5.4.15) 
oft > olt) E€ M. 


(ii) If v(t) is a vector field along t ++ oo(t) € M which is tangent 
(respectively, normal) to M, then 


D5.(yv(t) = A(t)(A(t)*v(¢)), 


where Dg (v(t) is the Levi-Civita (respectively, the canonical 
normal) covariant derivative. 


(iii) A vector field v(t) along t ++ oo(t) E M which is tangent (respectively, 
normal) to M is parallel if and only if A(t)~!v(t) is constant. 


Proof. (i) Exercise 5.4.14 tells us how to develop a curve t +> o9(t) € M 
to a curve on the model space of a reductive geometry. It says we must first 
take the horizontal lift ô: (I,a) — (Pian, p), which in the present case is the 
projection of t ++ (o9(t), A(t), o1(t)) € E, to Pian. Then we must solve the 
equation G*wtan = do (i.e. , Wtan(O) = = a) for the development a: (I,a) — 
(R”,0). But this soua on is, in the present eicumgtande, the equation 
A(t)~160(t) = (t). But since, by the definition of R, A(t)~!60(t) = 61(t), 
the uniqueness of development implies a(t) = o1(t) for all t. 

(ii) Case (1): v(t) is a tangent vector field. According to Definition A.4.1, 
the covariant derivative Dx Y, for X € T,(M) and Y a tangent vector field 
on M, is calculated as follows: express Y as a function fy: P — g/b; lift X 
to a horizontal vector X, = T,(P); compute X p( fy) € g/b; and then set 
DxY = p5 *(Xp(fy)) € Tz(M). 

First consider the tangent vector field v(t) on M. It determines the func- 
tion t > Y(t), A(t)) (U(t)) E g/b. 

Next, since the curve t ++ go(t) has the lift t > (oo(t), A(t), o1(t)) € È, 
which is an integral curve for the distribution R, it follows by Corollary 3.6 
that the curve t +> (o9(t), A(t) | R” x 0) is a horizontal lift to Pian, that 
is, (60(t), A(t) | R” x 0)) is a horizontal vector covering ċo(t). 

Putting this all together, we have 


Y(o(t),A(t)) (Deo ty ¥(t)) = (Yet), a(t) lelt) 
= (A(t)  (v(t))) 
= Polt) aa (A(t) (A(E)~*(v(2)))). 


Since Y(o(t),A(t)) 18 injective, this verifies case (1). 

Case (2): v(t) is a normal vector field. This time the covariant derivative 
is taken with respect to the Ehresmann connection on the principal O, (R) 
bundle O,(R) — Q — M of normal frames on M. 

According to Definition A.4.1, the covariant derivative DxY, for X € 
T,(M) and Y a normal vector field on M, may be calculated as follows: 
express Y as a function fy:Q — R” (i.e., write Y in terms of the basis 
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given by the frame q € Q); lift X to a horizontal vector Xa E (Q); 
compute X,(fy) € R”. Then DxY is the normal vector to M which, when 
expressed in the basis q € Q, is X alfy). 

First consider the normal vector field v(t) on M. It determines the func- 
tion t+» A(t) u(t) € R” with derivative t+ (A(t)~!v(t)) € R°. 

Since the curve t +> go(t) has the lift t — (o9(t), A(t), o1(t)) € E, which 
is an integral curve for the distribution R, it follows by Corollary 3.6 that 
the curve t +> (ao(t), A(t) | 0 x R”) is a horizontal lift to Paor, that is, for 
each t, (g(t), A(t) | 0 x R”) is a horizontal vector covering c(t). 

Putting all this together, we have 


Dso(xyv(t) = AAT (v(t). 


(iii) This is an immediate consequence of (ii). E 


84. Transitivity of Rolling Without Slipping or 
Twisting 


In this section we will study the “composite” of two “rollings without slip- 
ping or twisting.” 


Theorem 4.1. Let three submanifolds Mo, Mı, Mz C RY be given which 
are tangent to each other at some point p E€ Mo N Mı N M3, and let a path 

oo: (1,0) — (Mo, p) be given. Suppose that 
(a) Mı rolls on Mo along o1: (1,0) —> (Mj, p) without slipping or twisting 
via gi: (1,0) — (Euen(R), 1), with development oo: (1,0) > (Mo, p), 


(b) Mp rolls on Mı along oz without slipping or twisting via gz: (I,0) > 
(Eucn(R), I), with development o,:(I,0) —> (M1, p). 


Then it follows that 


(c) Mg rolls on Mo along oz without slipping or twisting via g1g2: (I,0) > 
(Eucn(R), I), with development oo: (1,0) —> (Mo, p). 


Proof. It suffices to show that gi g2 verifies properties (1), (2), (3), and (4) 
of Definition 1.1. 

(1) By (a), oo(t) = gi(t)oi(t) and T,, (4) (91 (t)M1) = Toot) (Mo). 

By (b), o1(¢) = ga(t)oa(t) and To, ç) (g2(t) M2) = To a) (Mı). 
Thus, 01(t) = gi(t)ge(t)o3(t) and 
(t) 


= 91 (t)«T59(t) (M2) 
= Ty, (+) (g(t) M2) 
= Ty, (Mı). 
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In the proof of the remaining parts, we shall need the (easily proved) for- 
mula 


(91 (t)g2(t)) (g1 (t)g2(t))~* = gr (tga (t)~* + g1 (t)g2(t)g2(t)*a1 (t)*. 
(2) 


(91 (t)g2(t)) (gi(t)go(t)) t01 (t) 
= gi(t)gi(t)~*o1(t) + gi(t)go(t)g2(t)~* gi (t)~*o1 (Et) 
0 + gi(t)go(t)go(t)~*o2(t) = 0. 


(3) 


((91(t)g2(t))' (g1 (t)g2(t))~* «To, (4) (M1) 
= (gr (t)gi(t)~") Tore (Mi) + (91 (#)g2(t)go(t)~* gi (t)~*) «To, (4) (M1) 
C Ty, (1)(Mi)~ + 91(t)«(G2(t)ga(t)~*)«91(0)5 To, (ty (Ma) 
C To (M1) + 91(t)«(Go(t)go(t)*)«Too(e) (Ma) 
C Ty, y(Mi)~ + gi(t)*To.(t)(Ma)~ C Toara (M >. 


(4) is similar to (3). m 


Corollary 4.2. Suppose that two manifolds Mı, Mz C R™ are given which 
are tangent to each other at some point p E€ Mı N Mə, and let a path 
oi: (1,0) — (M1, p) be given. Suppose that 


(a) Mg rolls on Mı along cı without slipping or twisting via g1: (I,0) > 
(Eucn(R), I), with development o2: (I,0) —> (Mo, p). 


Then it follows that 


(b) Mı rolls on Mz along oz without slipping or twisting via go = o 
(1,0) — (Eucn(R, I), with development o1: (1,0) — (Mi, p). 


Proof. Apply the theorem to the case M3 = M; to see that Mı rolls on M, 
along cı without slipping or twisting via gigo: (1,0) — (Euc,(R), J), with 
development a3: (1,0) — (M2, p). But obviously g1g2 = I and o3 = cı. ®@ 


Corollary 4.3. The “rolling data” consisting of a fixed manifold M and a 
curve o on it depend only on the curve in space and the tangent spaces to 
M along the curve. 


Proof. Construct a manifold Mı out of o and the tangent spaces along 
the curve by letting V; be the subspace of Tj(4)(M) orthogonal to o’(t) 
and setting Mı = UV. It is easy to see that Mı is a manifold in some 
neighborhood of ø which is a smooth curve on Mı. Moreover, the rolling 


a, 2 
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map of Mı on M is the identity. Thus, by multiplication, if we wish to find 
the rolling map of M along (M, c), it is enough to roll it along (M1, 0) or 
indeed any other manifold tangent to M along ø. E 


Exercise 4.4. Verify that the picture given at the beginning of this ap- 
pendix is correct. That is, show that a sphere rolling on the central line of 
a helicoid rolls along a line of longitude. [ Hint: use the fact that the central 
line of a helicoid is a geodesic. | J 


Appendix C 


Classification of One-Dimensional 
Effective Klein Pairs 


The classification of the one-dimensional effective Klein pairs was first given 
by Lie in the nineteenth century. In §1 we give a modern proof. In fact, the 
method we follow forms the basis for the “rough” classification of the prim- 
itive effective Klein pairs of any dimension over any field of characteristic 
zero (cf., e.g., [K. DePaepe, 1996]). More information on the classification 
of Klein pairs over the real and complex fields may be found in [K. Yam- 
aguchi, 1993]. 


$1. Classification of One-Dimensional Effective 
Klein Pairs 


Proposition 4.3.19. Let (g,) be an effective Klein pair with dim g/h = 
1. Then (g,) is isomorphic to one of the three Klein pairs described in 
Definition 4.3.18. 


Proof. Assume first that the adjoint action ad: — End(g/b) is injective. 
Since dim g/h = 1, we get End (g/h) = R. This means that either 

(i) h = 0, in which case (g, b) = (R,0), or 

(ii) h = R and the adjoint map is an isomorphism. 

In this latter case we may choose a unique h € h such that ad(h) = idg/y. 
Thus, if gı € g represents a basis element of g/h, then we have [h, gi] = 
gı +h, for some hı €E b. But then the element g = gı +h, also represents the 
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same basis element of g/h, and moreover [h, g] = [h, gı + hi] = [h, g1] +0 = 
gi + hı = g. The map sending 


establishes the isomorphism with the Klein pair of the affine line. 


This leaves us with the most complicated case where the adjoint action 
ad:h — End(g/h) has a non zero kernel, which we assume for the rest of 
the proof. Define a sequence of subalgebras U_; D Up D U1 D U2 D... by 
setting U_; = g, Uo = h, and then, inductively, Us41 = {x € Us | [g,z] C 
U,} for s = 0,1,.... In particular, we note that 


U, = ker(ad: h — End(g/h) Æ 0. 
Sublemma 1.1. 
(i) [U;, U;] C Ui+3. 


(ii) For some u > 0, we have dim(Us/Us+1) = 1 for —1 < s < u and 
U,=0 fors >u. 


(iii) [U—1, Us] ZU; for0 < s < u. 


Proof. (i) The result is obviously true if i < 0 and j < 0. Fix s > 1, 


and assume by induction that the result is true for —1 < i, —1 < j, and 
i+ j < s. Suppose i + j = s. Then 


C [Uj-1,U;] + [Ui, U;j-1] C Ui+j-1 (by induction). 


Thus, [U;, U;] C Uizj- 

(ii) Since dim g < œ and Up D Ui D U2..., it follows that, for some 
minimal u, U,41 = Up+2. But then [g, Up+1] C Up+1. Thus, U „+1 is an ideal 
in g contained in h and hence vanishes by the hypothesis of effectiveness. 
Since U; # 0, u > 0. Next consider the maps ad: Us — Hom(g, Us—1). These 
induce maps 


Us/Us+1 TR Hom(g, U,_1/Us), 


which are injective because, by definition of the Uss, if x € U, and fz, g] C 
Us, then x € Us+1. Since [Us, b] C Us, these maps induce injective maps 


Us/Us+ı — Hom(g/b, U,_1/Us). 


Since dim g/h = 1, it follows that dim(U,/Us41) < dim(U,_,/U;). But dim 
U_,/Uo = dim g/h = 1. Assuming inductively that dim(U,_,/U,) = 1, it 
follows that dim(Us/Us+1) < 1. Either dim(U,/U;41) = 1, in which case 
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s < p and the induction continues, or dim(Us/Us+1) = 0, in which case 
U, = Us+ı so that s= p+. 
(ii) [UU] C Us> UC Usar UU Ss > E 


Sublemma 1.2. The associated graded Lie algebra U_,/Up ®Up/U1 ©: --® 
U./Un+i has a basis es E€ Us/Us41,5 = —1,0..., u, such that 


(i) [e0, €s] = —2se, for s = —1,0,1,... and 


(ii) [e—1,€s+1] = €s for s = 0,1,.... 


Proof. Part (ii) of the Sublemma 1.1 tells us that the associated graded 
Lie algebra U—1/Uo ®U0/Ui $- --®U,/Up +1 has every grade of dimension 
one, and part (iii) says that [U_,/Uo, Us/Us+1] # 0 for 0 < s < u. Fix 
basis elements e_; € U—ı/Uo and (temporarily) ep € U,/U,,41, and define 
es = [€_-1,€s41| for s = w—1,...,0 inductively. By Sublemma 1.1(iii) none 
of the ess vanish. Now define A; by [e9,es] = Ases for s = —1,0,1,..., p, 
and note that 


Ases = [€0, es] 
= [eo, [e-1, €s+1]] 
= [[eo, e-1], es+1] + [e-1, leo, €s+1]] 
= [A_1e-1, €s41] + [e—1, As41€s41] 
= rA_1€s + As41€s- 


This yields A541 = As—A_1. Thus, As = —sA_ 1. Since [U_1/Uo, Up /U;] has 
—_ 1e_1 = [e_1, eo] as a basis, it follows that A_; Æ 0. If we replace our 
choice of e, by 2e,/A-1, this replaces es by 2e,/A_1 for s = w—1,...,0 
and also replaces A_; by 2 so that A_, = —2s. However, the equations 
es = [€-1,€s41|] for s = w—1,...,0 continue to hold. oe 


Sublemma 1.3. The Lie algebra g has a basis x,, -1<s < u, with £s € U; 
a lift of es E€ Us/Us+1, such that 


(i) |ro,25]=—2sz, fors=-—1,0,1,...,u and 
(ii) [£—-1,£s+ı] =£: fors=0,1,...,u-1 and 
(iii) fies E (Lt+s) (the span of Tite) 


Proof. (i) Let zo € h be any lift of e9. We know from linear algebra 
that the characteristic polynomials of ad(xọ) and ad(eg) are the same. 
Since, by Sublemma 1.2, ad(eg) is diagonalizable, with all eigenspaces of 
dimension one and eigenvalues 2,0, —2,...,—2, the equality of the char- 
acteristic polynomials shows the same is true of ad(xzp). For s Æ 0, let 
xs denote an eigenvector of ad(zq) with eigenvalue —2s. Replacing each 
Ls5,-l1<s<p,s 0, by some multiple, we may assume that z, € U, is a 


394 Appendix C. Classification of One-Dimensional Effective Klein Pairs 


lift of es E€ Us/Us+1 for —1 < s < u. It is clear that £s — 1 < s < u forms 
a basis for g. This proves (i). 
Now note that 


ad(xo)[£t, £s] = [ad (£0)£t, £s] + [£+, ad(z0)Ts] 
= —2t|Li, £| — 28[£+, £8] 
= —2(t + s)[£r, rs]. 


(ii) Now [£—1, £s+1] E Us covers [e—1, €s+1] = es € Us/Us+1 for all s. Since, 
by the preceding formula, 


ad(xo)[£-1, £s+1] = —2s[£-1, F541], 
we see that [£—1, 2541] is the unique eigenvector of ad(xo) lifting es. Thus 
[v_1,2%541| = Ts for s = 0,1,...,u— 1. 


(iii) Since ad(xo)[£t, £s] = —2(t + s)[£t, £s] we see that [z+, £s] lies in the 
—2(t + s)-eigenspace of ad(zo) which, by (i), is (£t+s). ` 


Next we use the Killing form B on g defined by 
B(x, y) = Trace(ad(x)ad(y)). 
Note that 


B(x, £0) = Trace(ad(zp)*) = (—2)? +0? 4+ 274+ 4° 4+---+ 4p? >O. 


Sublemma 1.4. B([z, y], z) = B(x, [y, z|) for all x,y,z € g. Moreover, the 
radical of B is an ideal of g. 


Proof. We have ad({z,y]) = [ad(x),ad(y)] € End(g), so, setting X = 
ad(x), Y = ad(y), Z = ad(z), we have 


Biz, yl, z) — B(x, ly, z]) = Trace(ad[z, y]ad(z)) — Trace(ad(z)ad|[y, z]) 
= Trace(|X, Y]Z) — Trace( XY, Z]) 
= Kuo YXZ=(XYZ=XZYJ 
(-YXZ+ XZY) 
= Trace([X Z, Y]) = 0. 


By definition Rad(B) = {x € g | B(xz,g) = 0} is the radical of B. If 
x € Rad(B) and y € g, then B([z, y], g) = B(x, [y, g]) = 0 by the first part 
of the lemma. Thus, Rad(B) is an ideal. i 


Now we are in a position to complete the proof of the proposition using 
the basis r_1, £o, ... for g constructed in Sublemma 1.3. Sublemma 1.3(iii) 
shows us that ad(z,)ad(x:)%y E (£s+t+u). It follows that for s +t Æ 0, 
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ad(zs)ad(x+) is nilpotent. In particular, B(£s, £+) = 0 unless s + t = 0. 
Thus, Rad B D U2. 

Suppose U2 Æ 0. We derive a contradiction as follows. 

Since 0 Æ U2 C Rad(B) and Rad(B) É þh (since (g,h) is effective) it 
follows that there is an element of the form 


azı + bzo + ya; E Rad(B) with a £0. 
Since B(zo, £o) Æ 0, we have 


0 = B(az—ı + bzo + YT1, £o) 
= GBB(x0, £0) => B =a] 


Since Rad(B) is an ideal we also have 
[£—1,&£—1 + yx1| = yzxo € Rad(B) 
so y = 0. Finally we have 
[z1,L_ 1] = azo € Rad(B) 


so œ = 0, which is a contradiction. 
Thus, U2 = 0 and so u < 1. But by Sublemma 1.1(ii), u > 1. Thus, y = 1 
and the map sending 


n o0! 
: 0 0 


establishes an isomorphism between (g,) and the Klein pair of the pro- 
jective line. E 


Appendix D 


Differential Operators Obtained 
from Symmetry 


In this appendix we apply the ideas about geometric differential operators 
described toward the end of §5 of Chapter 3 to show how curl, divergence, 
and the Cauchy—Riemann operator arise from symmetry considerations on 
a two-dimensional Riemannian manifold. This appendix may be regarded 
as an introduction to [E. Cartan, 1966]. The main aim of that book is to 
obtain the Dirac operator on a four-dimensional Lorentzian manifold. We 
present the simplest case of Cartan’s method, with the aim of clarifying 
the principles involved in obtaining geometric differential operators from 
symmetry considerations in a Cartan geometry.! 

Throughout this appendix we are considering an oriented Riemannian 
surface with model (g, ġ) = (euco(R), soo(R)) and group H = SO2(R). 

In 81 we give a very pedestrian introduction to the “plethysm” of rep- 
resentations of the circle group. In §2 we apply this to decompose the 
covariant derivative on Riemannian surfaces. 


§1. Real Representations of SO2(R) 


Let Vi = (R’, px), k € Z, denote the real two-dimensional representation 
of SO2(R) given by 


*On p. 55 of [E. Cartan, 1966] one can find a very brief description of the 
analogous material in the case of Euclidean 3-space. 
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cos@ —siné@ cosk@ —sinké 
Pk e cos 0 ) 7 bea cos k0 ) € 502(R). 


The isomorphism 


SO\(R) —-U,(C) 
cos@ -—sin@ = 210 
oe cos 0 ) 
allows us to make the reinterpretation Vi = (C, px), with pg(e 
Let ex, fk denote the standard real basis for Vp and let ež, ff € Vý be the 


dual basis.* Under the identification R? ~ C we have the correspondence 
Trek + Ykfk S Zk = Tk + typ. 


20) = etkO 


Exercise 1.1. Show that the representations V+ are isomorphic (over R). 
LJ 


Note that Vo = U ®U, where U is the trivial one-dimensional represen- 
tation. In fact, the representations Vk, k > 0, together with U, constitute a 
complete set of isomorphism classes of all the irreducible representations. 
Every finite-dimensional representation is isomorphic to a direct sum of 
copies of these representations. However, we don’t really need these facts. 
What is important for our study is the Clebsch—Gordan (or plethysm) prob- 
lem of describing the decomposition of the tensor products of the represen- 
tations Vķ. This is given in Lemma 1.2. Further information on plethysm 
may be found in [W. Fulton and J. Harris, 1991]. 


Lemma 1.2. (i) For k,l 4 0, there is an isomorphism of representations 
@: Vk @ Vi = Vk- D Vea defined by 


plek Q er) = žek- + Sex 41, 
b( fk ® fr) = Fee—-1 — Fek+1, 
plek Q fi) = —4 fk- + 5 fet, 
b( fe ® er) = fk- + 5 fkr 


or, equivalently, 

pi (enti) = ex @ er — fr ® fi, 
` en 1) =er@ert+ fe ® fi, 
o"(frtt) = ek @ fit fr ® en, 
o-*(fr-1) = fk 8 € — ek Q fi. 


(ii) There is an isomorphism of representations T: Vý —> Vx defined by 


Note that the left SO,(R) module structure on Homp(R",R) is always 
taken to be (h- y)(v) = y(h~*v). While it would be possible to drop the inverse 
in the present abelian (n = 2) case, there would eventually be conflict with the 
other cases. 
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oe = ? 


Proof. (i) It is clear that ¢ is a linear isomorphism. Let z, € Vp, zı € Vi, 
regarding these as complex numbers. Then the formulas above imply that 
OZ, Q z1) = (42421, 5 Zk 21) E€ Vk- D Vk+ı, which makes obvious the fact 
that ¢ is an SO2(R) module isomorphism. 

(ii) Clearly, 7 is a linear isomorphism. We must see that it satisfies 


r(e? - p) =e - r() for all y € Vý = Homgr (Wp, R). 


We may write 
p= plek)ek + P(fr) fk 


so that we have 


otb p= (e i0 - y)(ex ex + (e? DP) (fe) fk 


=e" e, Jet + o(e ** fr) ff. 
Thus 
r(e? - p) = r(y(e** ex ex + ole’ fx) fE) 
= y(eexex + ple fr) fr 
= —(cos(k@)ex, — sin(k@) fx )ex, + p(sin(kO)ex, + cos(kO) fk) fx 
= (ex) (cos(k@)ex + sin(k0) fk) + p( fe)(— sin(k0)ex, + cos(k0) fk) 
= plex)(e” - ex) + o(fe)(e”? - fr) 
= a (plex )ex + P( fr) fr) 
= e’? -T(y). 
Let 
0 0 0 0 0 0 0 0 0 
Eo= {0 0 -1], A={1 00 , bo2=|0 0 0] Eg, 
0 1 0 0 0 0 1 0 0 


and let £5, Eï, E3 € g* be the dual basis. 
Corollary 1.3. Vi @g* ~ Vk-1 ® Vk Ð Vk+1, where the isomorphism sends 


ek Q Ep + ex, fk @ Eò > fr, 
1 1 1 1 
Ch @ ET ++ Seker + 5ek41, fe ET 5fe-1 t+ 5 fei, 
1 1 
ek © E3 > —} fk- 1 +4 fet, fk 8 EZ 2ĉk—1 — 3ĉk+1- 


Proof. Since h ~ U and p+ V,, it follows from Lemma 1.2(ii) that 
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g=h op ~U 9V. 


E? + u (a generator of U) 
EY > ej 
ES r+ fı 
The rest is a direct application of Lemma 1.2(i). E 


Exercise 1.4. Find analogs of Exercise 1.1, Lemma 1.2, and Corollary 1.3 
for the group O2(R). m 


§2. Operators on Riemannian Surfaces 


Let M be an oriented Riemannian surface and let P be the oriented or- 
thonormal frame bundle over M with canonical projection 7:P — M. 
Namely, 

P = {(x,e1,e2) | £ E€ M,e1,e2 € T,(M)} 


where the pairs (e1,€2) are oriented orthonormal bases of T,(M) and 
W(x, €1,€2) = x. The right action of SO2(R) on P is given by 


(x, €1,€2)- R(s) = (z,e; cos s + sin seg, —e; sin s + cos Sea), 
where 


sin s COS S 


hie = cong | 


We are going to link up the representation theory of §1 with the derivative 
on P. We begin by expressing the Cartan connection form on P as 


0 0 0 
w= | 0 0 —a | € A'(P,euc2(R)). 
A> Q 0 


The forms a, 01, 02 are defined (cf. Chapter 6) by the equations 


T(V) = Oi (ve, + 02(v)e2 for all v € Tieu u2) (P), 
dhi — œ A b2 = 0, 
dł +a A 0; = 0. 


Let Xo, X1, X2 denote the vector fields on P dual to a, 6, 02. 


Lemma 2.1. 
(i) Tx(X1) = ĉĉ], Tx ( X2) = €9. 


(ii) If X is an arbitrary vector field on M, its horizontal lift (i.e., the 
unique lift on which a vanishes) at (x,e€1,e2) E P is given by X = 
(X : e1)Xı + (X i e2)X2. 
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Proof. (i) This follows from the equation m,(v) = 01 (v)eı + 02(v)eg and 
the fact that X,, X2 are dual to 6), 02. 

(ii) Since a(X1) = a(X2) = 0, it follows that (X - e1)Xı + (X - e2)X2 is 
horizontal, and by (i) it is a lift of X. E 


Lemma 2.2. 
(i) Fiz p € P, and define c: I > P by c(s) = p- R(s). Then c'(0) = Xop. 
(ii) Let F:P — V, transform according to F(ph) = px(h7!)F(p) for 


h € SO2(R). Then (XoF)(p) = k & 3) F(p). 


(iii) Let X be a vector field on M, and consider the functions X - e;: P — 
R, i= 1,2. Then 


Proof. (i) Factor the curve c as the composite. Then 


=150(id* x R*)op*w 

(3 o (id* x R*)(Ad(R(s)~") kw +THWH) 

Ad(R(s)~*)(mp 0 (id x R) 0 t2)*w + (my 0 (id x R) o t2)*wy 
= Ad(R(s)~*)(mp 0t2)*w+ Rtwy = Rwy, 


d 
-n( 3) 
s=0 ds s=0 
d d 1 —1 
vin(nd)| =m (2) 2( a) 
Thus, c’(0) = Xo. 


(ii) Fix p € P, and take c as in (i). Then by (i) we have (XpF)(p) = 
F(c(s))'| _»- Now 


F(c(s)) = F(p: R(s)) = pk(R(8)) F (p) = R(—ks) F(p), 
so (XoF)(p) = R(—ks})'| __ F(p). But 


c*w = (po (id x R) o 2)*w 
2 


| 


since Tp O lg is constant. Thus, 


e@)=4(a()|_)=co(4) 


s=0 


s=0 


R(—ks)’| _ (ù cosks sinks ! _ (—ksinks kcosks 
$= —sinks cosks} |, \—kcosks —ksinks 


“La F 


s=0 
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(X, €1) 


(iii) Define F: P — R? by F(p) = 3 me! where p = (Z, €1, e2). 


Then 


| _ ù (X, cos se; + sin seg) 
F(p- R(s)) = o — sin se, + COS Seg) 


_f coss sins (A eE N a ae 
= (oe =e (oo ee 5) F(p). 
Thus, F transforms as a function F': P —> Vi. Hence, 


(XoF) (p) = & 4 F(p), 


or 


o a ). 


Proposition 2.3. LetT (k) denote the space of smooth functions F: P —> V; 
transforming according to F(ph) = pz(h~')F(p) forh € H = SO2(R).3 
Write F ET (k) as 


F = a = Frey + F2 fk- 
2 


(i) The universal covariant derivative DF: P > W% ® g* ts given by 


DF = X, (F) @ Et + X2(F) ® Ej + Xo(F) @ EX. 


(ii) Decomposing DF in terms of the components of Vz Q Go = Veni ® 
Vk © Vk+1ı yields (when k #0) the three operators 


) P(e — 1) OL (k) @L(k +1), 


Proof. For v € g, we have (DF)v = w\(v)F: P —> V,. In particular, 
(DF)E; = X;(F), 0 <i < 2, which verifies (i). Now calculate 


3Of course, IT (k) may also be interpreted as the space of smooth sections of 
the associated 2-plane bundle P x y Vk. 
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DF = Xo(Fyex + Fo fk) @ EG + Xi(Fiex + Fofi) Q E% 
+ Xo(Fiex + Fofr) 8 Ez 
= Xo(Fi)e, 8 Eğ + Xo(Fz2) fk © Eò 
+ Xı(Fi)ek 8 Ey + Xı(Fz2)fk @ Eï + X2(Fi)ek 8 Ez 
+ Xo(Fo) fk Q Ez. 


Breaking up this expression according to the decomposition of Vk ® g* 
indicated in Corollary 1.3 yields 


DF = Xo(Fi)ek + Xo(F2) fk 


1 1 1 1 
+ X (Fi) (Fern + sees: | + X1(F2) (3r + zf) 


+ X2(Fı) (fe T zf) + X2(F2) (Sern a T 
= Xo(Fi)ex + Xo(F2) fk 
i 5 (Xi (Fi) + X2(F2))ex—1 + (X1(F2) — X2(F1)) fe-1) 


1 
+ 5 ((X1 (Fi) — Xa(Fe) enti + (X1(F2) + X2(F1))fk+1). 
This, together with Lemma 2.2, yields the result. i 


Corollary 2.4. The covariant derivative DF: P > Vk Q p* is given by 
DF = X,(F) 9 Ef + Xo(F)@ E3 


and decomposes as 
r(k) —+ T(k-—1) @T(k +1). 


Proof. This follows directly from the proposition. 


Definition 2.5. The operator ô is called the Cauchy—Riemann operator. 
Æ 
The following lemma prepares the way for the calculation of 0 and ð in 

a gauge. 


Lemma 2.6. Fiz a local section o(x) = (£,€1,€2) of P (so e1,€2 is an 
orthonormal frame on M). 


(i) At points of P in the image of o, we have X; = 0,(e;) —a(ox(e;)) Xo, 
i = 1,2. Now let 


0 0 0 
0, 0 — qQ 
bə Q 0 


denote the infinitesimal gauge corresponding to o. 
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(ii) 
E ae ioe, Tg: 
Xi (X ej) = ae — a(e;)X -e, if 7 — 2 


Proof. (i) By Lemma 2.1(i), 7.(Xi) = e;, i = 1,2, so 7.(X; — 0, (e;)) = 0. 
Thus, X; = o,(e;) + AXo for some function À. Applying a to this equation 
yields 0 = a(o,(e;)) + A. 

(ii) 


Xi(X - ej) = (e; — a(e:)Xo)(X -e;) by (i) 
= e;(X -e;) — a(e;)Xo(X - e;) 


_ Je(X-e,)-—al(e;)X-eg iff =1, 
| e(X -e2) -a(e;)X-e, if 7 = 2, 


where the final equalities come from Corollary 2.2(iii). E 


Theorem 2.7. (i) If we interpret the operator 0:T'(1) — T (0) as a map 
from vector fields on M to pairs of functions on M, it assumes the form, 
with respect to the gauge above, 


_ 1 /ei(X-e1)+e2(X-e2)—a(e2)X -e1 —qa(e1)X -e 
G 2 Era A Net Ri 8 


In particular, in the case when M is the Euclidean plane with the stan- 
dard coordinates £1, £2, we may take e; = O0/Ox1, e2 = O/Ozx_ (in which 
case, a = 0), and the last expression reduces to 

Of. 4 Ofe 
OF = 1 DE a T2 
2 \ f2 _ of 
Or, Oxr2 
whose components are half of the usual expressions for divergence and curl. 

(ii) If we reinterpret 0:T(0) —T(1) as a map from R2-valued functions 

on M to vector fields on M, this operator takes the form 


of = 5 ((ex(f1) — €2(f2))e1 + (e2(f1) + e1(f2))e2). 


The right side is the same no matter what orthonormal basis (e1, e2) is used. 
In particular, when M is the Euclidean (x1,22) plane and e, = 0/021, 
e2 = 0/O0x2, the equation Of = 0 becomes the Cauchy—Riemann equations 


Oh _ af h_ ðh 


Ox} 7 Oxo’ Ox2 Ox} 


Proof. (i) The vector field X on M corresponds (cf. Corollary 5.3.16) to 
the function F': P + V, given by F(a, e€1, e2) = (X - e1, X - e2). Thus, 
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a=} (%, H) (B) -L(A ) 
1 ( X1(X -e1)+ X2(X - e2) ; 


2 \ —Xo(X -e1) + Xi(X - e2) 


By Lemma 2.6 we get 


i ( e,(X -e1)— a(e,)X - e2 + €2(X - e2) — a(eg)X - € ) , 


OF = 2 \ —e2(X - e1) + a(eg)X - e2 +e1(X - eg) — a(e1)X -€ 


which yields the formula. Thus the final remark is clear. 


(ii) Reinterpreting f = a :M — R? as the element F = n*f = 


m* fy 
€ I'(0), we calculate 
(TF) ero 


a3 (Me x) (EA) a ten) teed) 
_i on = sig oa _l eps = a) 
2 \ (ws(X2)) fr + (1 (X1)) fe eo(fi) + e1(f2) 


2 
= E otee (lelh) == e2(f2))er T (e2(f1) 3 e1(f2))e2). 


Interpreting this as a vector field on M gives the result. 


We remark that the Cauchy—Riemann operator on a Riemannian surface 
is a special case of the Dirac operator on an even-dimensional manifold. 


Appendix E 


Characterization of Principal 
Bundles 


We give a proof of the following result stated in Chapter 4. 


Theorem 4.2.4. Let P be a smooth manifold, H a Lie group, and u: P x 
H — P a smooth, free, proper right action. Then 


(i) P/H with the quotient topology is a topological manifold (dim P/H = 
dim P — dim H), 


(ii) P/H has a unique smooth structure for which the canonical projection 
P — P/H is a submersion, 


(iii) € = (P,n, M, H) is a smooth principal right H bundle. 


Proof. (i) Step 1. The orbits of H yield a foliation on P. 

Since the composite wo Ap: P — P x H — P sending p+ (p,h) + ph 
is a diffeomorphism for all h € H, it follows that the action u: P x H — P 
is a submersion and hence induces a foliation on P x H with leaves of the 
form 


Ly = {(q,h) € P x H | gh = p} 


The leaves of this foliation are permuted under right action of H on the 
second factor of P x H. This foliation projects, via the first factor projection 
P x H — P, to a foliation on P whose leaves are the orbits of H. 


Step 2. The leaves of the foliation on P are properly embedded subman- 
ifolds. 
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Define y,: H 
Pp — P by h — ph. Every leaf is the image of one of thes 
e 


maps. Since the ma oo 
P Yp facto = 2 ` 
hs Gch) ite Saol TS aS Pp = HO Pp, where pp: H > Px H send Voon% D | |Vn=e 
; since the action is free E ee me = 
, Pp 1S injective. n=1 


If K c P isa com 
Sse 5 pact set, then y>!(K) = 
which yp (K)={heH 
se : compact since {p} and K are compact ithe | {p ph N K #0}, such that each set TV,, meets the complement of U. Now choose sequences 
eee ee e a that yp: H — P is an immersion ee - R tn E T and Un € V,, with tnYn in the complement of U. Since T and Vn 
o a or some h € H the map Ypxn: Th( H) : ne an mi have compact closures, we may, by passing to subsequences, assume that 
a a u Nia the commutativity of the diagrams aR ) eevee tn and Vn converge tote Tande€ H, respectively. Thus, tnUn — t, which 
qa fora € H) e fa: P > P again lies in the complement of U. But this is impossible since t ET CU. 
This proves the existence of V c H such that TV CU. 
H P, p Replacing V C H by its identity component, we may assume that it is 
== P T,(H) Riad T,,(P) an open path-connected neighborhood of the identity satisfying TV C U. 
[Re |r ~ |R ` Set K. = K = {hE H | ThAoT F Ø}. Now since T is compact and the 
H —> P oe ee action is proper, it follows that K is compact. We claim that e € K is an 
P, Tra(H) 0; Tpha(P) isolated point of K so that K — {e} is again compact. It suffices to show 
ve that VNK = {e}. Let h € VAK, and choose a path ø: (1,0, 1) — (V,e, h). 
shows that Ypxe: Te (H Since the path 
. p*e: te — T(P) ji Fad . 
if v € ker Ppxe, then - V o : i WA (take a= ht) and that po. (1,0, 1) Ta (U, p, ph) 
and let Y: R = pxa tor all a € H. Choose 
Poe is et a A ae ae subgroup pester (1) # 0, lies in a single plaque and both p,ph € T, it follows that ph = p so that 
2 = (s). Now the derivativ eC ee h =e. 
dicted T;(R) > Th(H) > Tpn(P), a oa ae oy Next we claim that for some € > 0, the map Q = Qe: T.xH —P sending 
area rani Dome ne constant, and in particular y, is not injecti T the (t,h) — th is injective. Suppose not. Then we may choose, for each n, two 
o OT P Joepie Walch ig unequal pairs of points (tn, hn), (Un, kn) E Ti/n X H with tnan = Unkn for 
ep 3. For each point all n. Thus, tn = UnAn (where \. = knhz!) and hence An € Kin CK 
f p € P there i . . » in n\n n nly n 1/n is 
y:(U,p) > (R? x R™-™,0) and re is a foliated chart (U,y), with Now if we were to have tn = Un, it would follow that An = e, Since the 
’ and a set T = p 1(0 x Be) Withee 3-0 
E ’ 


such that the map a:T x H — P sendi action is free, and then the pairs (tn, hn), (Un, kn) would be equal. Since 

onto its image. ing (t, h) +> th is a diffeomorphism we assume this fails, it follows that we must have An E€ Ki — {e} for all n. 

Fix p € P, and let L be the leaf Since Kı is compact, a subsequence of the Ans converges to some Aso Fe: 
choose a foliated chart (U poet One cee Pines But tn = UnAn and ün both ; theref king the limi 

9), with y: (U UAL 7 Der we may ut tn = UnAn an Un Gl converge to P; t ereiore, ta, ing the imit, we 

0 x 0). Now we set T = T; = y ‘(0 ae > (R"xR™™”, R” x0, get p = Poo», which implies that Noo = €, Since the action is free. This is 

radius € about the origin in R™~”, so th eS ), where B?’—” is a ball of a contradiction. Since for the choice of € in the last paragraph the map a 

at T' has compact closure. is a smooth injection, and the dimensions of its domain and range are the 

same, we need only show that it is an immersion to finish step 3. Because 


R”” 
Be È p of the commutative diagram 
R” TxH —“— P 
id X Ra| |z 
T TxH —“— P 


it suffices to show that a.: Tae (T X H) > T,(P) is injective for all t € T: 
But T, (T X H) =T,(T) ® T.(H), and the restriction of a, to the first 
factor is the inclusion-induced map T(T) > T (P), while the restriction 
to the second factor is a map p: Te(H) > T;(P). These maps are both 


We claim that there i i 
s a neighborhood of j j 
E e een of the identity V C H 
raat or eae we can find a sequence of ee 
j ,2,..., Which all have compact closures and satisfy 
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inclusions, and the i 
eae e ima ie i 
is injective. ges lie in subspaces having only 0 in co 
Ste , ” 
T n o space P/H is Hausdorff 
, ) ie in disti l ; 
ee oe pie H orbits. Choose a transversal T oe 
of T, for it meets the a that the oribit of q does not a Pra p 
which we ma ; rdinate system ab h e closure 
y avoid ki out p in at 
transversal eae a ee hae the transversal T A T lg 
the orbits ŪH f whose closure does not l y, let U bea 
orm a closed ot meet the orbit of 
p € T — To and th set that meets T i of p. Now 
2 z el ; i in a cl 
TH NUH = Q. In nits i open in T, we may ea = a Se 
i 
separate the images of p os a , UH are disjoint ere SO that 
qın H. ) ir images 


Step 5. The i 
l l quot ; 
dim P—dim H Tf Ae peau /H is locally Euclidean of dimensi 
3 and 7: P > P/H is th eo the transversals through p gu ension equal to 
oe eer e canonical projection m guaranteed by step 
ae te chart for P/H. ap, then (q(T), (r | T)~?) 
ces t 
morphism. It a the induced map 7 | T:T > , 
ako open fev if U n y continuous, and by step 3 it i Coes a homeo- 
in m(T). Finally, di is open, then UH is o is bijective. But it is 
(ii) The 4 A dim P/H = dim T = dim P ee and hence 7(U) is open 
; charts E — dim H. 
yield a smooth (1(T), (m | T)~*) arising fro 
ae F structure of G/H m the transversals of step 3 
ces to show that 
(m | UJ!) sa two such charts, (7(T 
’ y ) —1 
TOUH and (n ered compatible. But re oe ? and (m(U), 
coordinate mapping is j (T)N x(T)) = TH ANU. Mor (T) Ave L)) = 
Ekari t g is just the “sliding” m eover, the change of 
(iii) € r3 smooth from Chapter 2 ap POUH > TH NU, which 
= TT, M H) is - ) 
Tena bea 4 , a smooth principal right H 
Define ransversal as in step 3. Then (7) i ee 
pen set in P/H 
w:n(T) x = 
(T) x Hn *(n(T)) by (a(t), h) = th. 


This was sho 
wn to be a diff ; 
and T2, we get t eomorphism in step 3. Gi 
’ wo ma p 3. Given t 
ps %ı and we and the associated ieee tae, Tı 
ion function 


Shi... 
Wo pi: 7(T1) N 1(To) x H — n(T,) N 2(T2) x H 


Define f:T, — H 
smooth a by setting w)'y(m(t),e) = (z(t), f(t). Then f 
’ . en is 


—1 
— by wi(m(t),h) = (m(t), f(t)*h). 
maps y constitute an H atlas for the bundle P 
ndle P > P/H. E 
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isomorphism, 176, 185 
local isomorphism, 185 
locally symmetric, 225 
moduli space of, 217 
normal, 202 
of g-curvature type V, 201 
of curvature type V, 201 
primitive, 184 
reductive, 184, 197 
space form, 221 
special curvature, 201 
tangent bundle of, 188 
tensors of type (V, p), 194 
torsion free, 184 
torsion, 184 
Cartan structure, 176 
Cartan’s formula, 263 
Cauchy—Riemann operator, 403 
charts, 5 
compatible, 6 
compatible along a path, 7 
Clebsch—Gordan problem, 398 
collinear points in P”, 332, 337 
complete 
1-form, 129 
vector field, 69 
complex projective line, 144 
conformal 
arclength, 320 
curvature, 320 
metric, 277 
transformation, 271 
conformally flat, 236 
constant curvature, 236 
constant of integration, 115 
contact elements, 354 
covariant constant, 198 
covariant derivative, 371 


base version, 199 
universal, 194 
CR geometry, 355 

curl, 404 
curvature, 176 


Darboux derivative, 115 
derivation, 50 
at p, 42 
development, 368, 377 
of a g-valued 1-form, 119, 120 
diffeomorphism, 11 
differential equation, 331, 354 
differential form 
1-form, 52 
p-forms, 54 
basic and semibasic, 62 
transforming according to a 
representation, 195 
differential operators, 195 
Dirac operator, 405 
directional derivative in R”, 42 
distribution, 74 
associated to a foliation, 82 
integral submanifold, 75 
involutive or integrable, 74 
local basis, 74 
divergence, 404 
dual principal curvature, 256 


Ehresmann connection, 235, 358 
curvature of, 358 
Einstein manifold, 236 
elliptic curve, 24 
elliptic plane, 141 
embedding, 16 
weak, 17 
equivalence problem 
for conformal metrics, 285 
for Weyl structure, 292 
Euclidean n-space, 242 
Euclidean geometry, 227, 234 
Euclidean group, 228 
Euclidean model, 228 
Euclidean plane, 140 
exterior derivative 
of a p-form, 56 
of a function, 52 
exterior product of p-forms, 55 


Families of submanifolds, 354 
fiber, 29 
flow generated by a vector field, 73 
foliation, 82 
characterization of simple, 90 
leaf, 82 
production or trivial, 83 
simple, 90 
vertical foliation of a bundle, 83 
frame bundle 
fundamental forms, 363 
Frobenius theorem, 76 
theorem, differential form 
version, 81 
fundamental theorem of calculus, 
124 


Gauge, 165 

gauge symmetry, 169, 178 

generalized circle, 337 

geodesics, 236, 344 
configuration of, 352 

geometric rigidity, 216 

geometry of similarity, 141 

Grassmannian, 147 

group of periods, 122 


Holonomy group, 210 

restricted, 211 
holonomy 

Cartan 210 

Ehresmann, 369 

of a leaf, 86 
homogeneous space, 153 
homomorphism, 13 
Hopf fibration, 33 
horizontal 

curve, 368 

distribution, 198 

vector, 269, 368 
hyperbolic n-space, 242 
hyperbolic plane, 140 


Infinitesimal gauge, 167 

integral of a g- valued 1-form, 115 
involutes of curves, 359 
isoparametric, 259 


Jacobian variety, 136 
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Klein geometry, 151 
associated effective, 151 
effective, 151 
first order, 164 
fundamental property, 160 
geometric isomorphism, 153 
geometrically oriented, 151 
higher order, 164 
infinitesimal, 156 
kernel, 151 
Lie theoretic properties, 153 
locally effective, 151 
one-dimensional effective 

geometries, 157 
primitive, 151 
principal group, 151 
space, 151 
tangent bundle, 163 

Klein pair, 156 
effective, 156 
reductive, 156 

Klein space, 153 


Leaves, space of, 90 
Levi-Civita 
connection, 235, 358 
parallelism, 362 
Lie algebra, 103 
representation, 127 
subalgebra and ideal, 103 
Lie group, 12 
adjoint action and representation, 
110 
characterization, 130 
completeness of left-invariant 
fields of, 106 
left and right translation, 96 
left invariant field vt, 102 
left invariant vector fields, 101 
Lie group—Lie algebra 
correspondence, 107, 126 
one-dimensional subgroups, 105 
product and quotient rules, 113 
standard examples, 63 
structural equation, 108 
vector field X' induced by action 
of, 107 
Lie sphere plane, 143 
light cone, 142 


420 Index 


lightlike 

subspace, 268 

vector, 268 
line in P”, 337 
locally ambient geometry, 247 
locally Klein geometry, 154 
locally, flat, 18 
Lorentz plane, 141 


Mobius band, 30 
Mobius geometry, 277 
locally ambient, 305 
normal, 280 
normal submodule, 275 
Ricci homomorphism, 275 
special curvature, 278 
three-dimensional normal, 281 
Mobius model, 269 
Lie algebra for, 272 
Mobius plane, 142 
Mobius group, 269 
manifold 
G structure, 48 
immersed, 26 
orientable, 6 
reduction of structure group, 48 
smooth, 6 
topological, 3 
topological orientation, 7 
Maurer—Cartan form, 98 
mean curvature vector, 256 
method of equivalence, 331 
model algebra 
Mobius geometry, 271 
Mobius subgeometry, 295 
projective geometry, 332, 338 
Riemannian geometry, 228 
Riemannian subgeometry, 245 
model geometry, 174 
effective, 174 
kernel, 174 
primitive, 174 
reductive, 174 
moduli space of Cartan geometries, 
217 
monodromy and covering 
transformations, 128 
monodromy, 122 
monodromy group, 122 


monodromy representation, 122 
mutation, 154, 217, 243 


n-sphere, 3, 5, 24, 242, 273 

no-slip condition, 377 

no-twist condition, 377 

normal bundle, 247, 248, 305 
relatively flat, 254 

normal submodule, 202, 275, 336 


One-parameter groups, 71, 72 


pth exterior power, 38 
parallel, 198 
period group, 122 
defined up to conjugacy, 122 
period map, 115 
classical, 136 
plaque, 18 
chart, 18 
plethysm, 397 
Poincaré, first return map, 86 
primitive models, 218 
principal bundle, 36, 37 
reduction, 147 
principal curvature decomposition, 
256 
principal curvatures, 253 
constant, 259 
principal subspaces, 256 
projective completion, 143 
projective geometry, 338 
curvature function, 340 
normal, 342 
normal space, 353 
special geometries, 341 
subgeometry, 353 
symmetric, 342 
torsion free, 339 
projective group, 334 
projective model, 334 
projective model of Mobius n space, 
268 
projective, space, 4 
proper, 16 


Quotient bundle, 38 


Rank, 12 


real projective plane, 142 
reduction 

compatible with a distribution, 

258 

of principal bundle, 147 
reductive, 220 
Ricci curvature, 236 
Ricci homomorphism, 229 
Ricci submodule, 232 
Riemannian geometry, 234 

locally ambient, 246 
Riemannian metric, 227, 238 
Riemannian space form, 242 
rolling map, 377 


Scalar curvature, 236 
scalar submodule, 232 
second fundamental form, 27, 253, 
310 
section, parallel, 200 
sectional curvature, 243 
shape operator, 253 
slide map, 84 
smooth 
map, 11 
structure, 6 
solder form, 235, 363 
sphere, 3, 24 
submanifold 
described implicitly, 23 
described parametrically, 25 
immersed, 18, 26 
proper, 23 
regular, 22 
smooth, 19 
topology, 20 
subspace, affine, 18 
symmetric submodule, 336 
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Tangent bundle, 41, 46 
tangent space, 27 
tensor 
gauge expression of, 194 
of type (V, p), 194 
trace zero, 310 
traceless Ricci, 236 


Umbilic hypersurface, 260 
umbilic point, 310 


Vector bundle 
geometric, 190 
isomorphism, 37 
vector field, 49 
w-constant, 129 
algebraically involutive or 
integrable system of, 76 
bracket, 51 
complete, 69 
horizontal lift, 198 
linearization, 68 
related by a map, 50 
vectors 
analytic, 42 
geometric, 39 


Wedge product of p-forms, 55 
Weingarten map, 253, 310 

Weyl curvature, 236 

Weyl geometry, 282 

Weyl structure, 292 

Weyl submodule, 232 

Whitney sum, 38 

Whitney’s embedding theorem, 26 
Willmore curvature, 314 


